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A very simple GADT example

data R :: * -> * where
Rint :: R Int
Rbool :: R Bool

inc :: forall a. R a -> a -> a
inc Rint x =x + 1
inc Rbool x = True
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A very simple GADT example

inc :: forall a. R a -> a -> a
inc Rint x=x + 1
inc Rbool x True

This is a strange function:
» Can't apply inc to all types.
» The argument of type a is not treated parametrically.

» So, what does parametricity mean in this language?
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. System F + this GADT
. Parametricity theorem for this language

1
2
3. Free theorems
4. Other GADTs
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1. System F + this GADT
2. Parametricity theorem for this language
3

. Free theorems
. Other GADTs

N

This is all work in progress.
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T,0 == int] bool| x| o— o] Va.o
e = | b|Axel|e | Axe]elo]] ...
v = i|Ax.e
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System F + R

T,0 == int]|bool|ax|o—o|Vaoc|RT
e = | b|Axel|e | Axe]elo]] ...
| Rint | Rpool | case e €jnt €pool

v = i | Ax.e| Rint | Rbool
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System F + R

T,0 == int]|bool|ax|o—o|Vaoc|RT
e = | b|Axel|e | Axe]elo]] ...
| Rint | Rpool | case e €jnt €pool

v = i | Ax.e| Rint | Rbool

inc:Va.Ro— o —
inc = Ax.case x (Ay.y + 1) (Az.true)
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Typing rules

't Rt - R int

' Rpool : R bool

'Fe:RT
I'E ejnt : ofint/o}
' epoos : 0{bool /oc}
' case e eint €pool : 01T/}
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Bigstep, CBN Operational Semantics

viv
e1 | Ax.e eflea/x} | v er |} Na.ef ef{o/a} |} v
ere v eilo] J v
€ iL Rint €int *LL v € il Rbool €bool *LL v
case € €int €pool I V case e €int €pool 1 V
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Some Definitions

Definition (Typed value relations)

Let V(71,T>) be the set of relations between closed values of
closed type T1 and T».

D Vytiniotis, S Weirich Parametricity and GADTs



Some Definitions

Definition (Typed value relations)
Let V(71,T>) be the set of relations between closed values of
closed type T1 and T».

Definition (Type substitution)

A type substitution 1 is a map from type variables to (71,72, r)
where T and 15 are closed types and r € V(11,7T2). If

N(«) = (11,72, r), then let N1 () = 11, N2(x) = T and 1, () = r.
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Some Definitions

Definition (Typed value relations)

Let V(71,T>) be the set of relations between closed values of
closed type T1 and T».

Definition (Type substitution)

A type substitution 1 is a map from type variables to (71,72, r)
where T and 15 are closed types and r € V(11,7T2). If
n(«) = (t1,72,r), then let N1 () = 11, N2(x) = T2 and n,(x) = r.

Definition (Computational closure)

If r € V(71,72), then define r° as
{le, @) [0 e :iADF e :2Aer f viNe L voA(vy, v2) € 1},
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Logical Relation (System F)

lint], = {(i,i)}
[booll, = {(b,b)}
[or = o2y = {(v1,v2) |

@ H %1 :1’]1(0‘1 — 0'2) /\@ - Vo :1’]2(0‘1 — 0'2)
V(er, e) € [o1ly” =
(vi e1,v2 &) € [02]1°}
Va.oly = {(vi,w) |0F vi:m(V.o) AD F vy : Mo (Vex.0)
\V/Tl,"fz,r S V(Tl,TQ),
(vilt1], volt2]) € [0l 0 (1 1))
[[‘X]]n = nr((x)
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Parametricity Theorem

Definition (Related substitution)

Let v be a mapping from term variables to pairs of closed
expressions. Say I, F v iff Vx: 0 €T, (v1(x),v2(x)) € [oly°.
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Parametricity Theorem

Definition (Related substitution)

Let v be a mapping from term variables to pairs of closed
expressions. Say I, F v iff Vx: 0 €T, (v1(x),v2(x)) € [oly°.

Theorem (Fundamental theorem)
IfTHe:o and ftv(T, e, o) = dom(n) and T)n -y then
(vile),v2(e)) € [oly°.
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Relation for R types

IR int]]n = {(Rint, Rint)}
[R bOOI]]n = {(Rbool, Rbool)}

[Rtlp  whenni(a) =mo(a) =7
- and nr( ) = [[T]]Q)
[Rady - and T is a closed monotype
otherwise
IR I, = 0 otherW|se
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Relation for R types

[R I'nt]]n = {(Rint, Rint)}
[R booll, = {(Rbools Rbool)}

CIRt] when ni(a) =m2(a) =7
_ and 1, («) = C[7]
(R N and T is a closed monotype
otherwise
[R <], =0 otherW|se
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Closed relation

Clint] = {(i, 1}
Cloy — 02l = {(vi,w) |

O viini(or — 02) ADF vo:imp(o1 — 02)
V(er, &) € Clo1]° =
(v1 e1,v2 &) € Cloa]°}

CIR int] = {(Rint, Rint)}
C[[R bOOI]] = {(Rbool, Rbool)}
Clol = () otherwise
Lemma

If T is a closed monotype then [tly = C[T]
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A free theorem

Consider a closed expression f of type Vo.cx — «. The free
theorem for this type is:

VTI)T2) re V(TI)T2))
V(x,y) € r° = (fltilx, fltaly) € r°

D Vytiniotis, S Weirich Parametricity and GADTs



A free theorem

Consider a closed expression f of type Vo.cx — «. The free
theorem for this type is:

VTI)T2) re V(TI)T2))
V(x,y) € r° = (fltilx, fltaly) € r°

We can use this theorem to show that forall values v of type T,
fltlv { v.
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A free theorem

Consider a closed expression f of type Vo.cx — «. The free
theorem for this type is:

VTI)T2) re V(TI)T2))
V(x,y) € r° = (fltilx, fltaly) € r°

We can use this theorem to show that forall values v of type T,
fltlv { v.
Let r be the relation {(v, v)}.
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A free theorem

Consider a closed expression f of type Vo.cx — «. The free
theorem for this type is:

VTI)T2) re V(TI)T2))
V(x,y) € r° = (fltilx, fltaly) € r°

We can use this theorem to show that forall values v of type T,
fltlv { v.

Let r be the relation {(v, v)}.

Now, V(x,y) € r° = (f[tlx, ftly) € r°.
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A free theorem

Consider a closed expression f of type Vo.cx — «. The free
theorem for this type is:

VTI)T2) re V(TI)T2))
V(x,y) € r° = (fltilx, fltaly) € r°

We can use this theorem to show that forall values v of type T,
fltlv { v.

Let r be the relation {(v, v)}.

Now, V(x,y) € r° = (f[tlx, ftly) € r°.

So (v,v) € r° = (f[tlv, fltlv) € r°.
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Free theorem for inc

Now consider a closed expression f of type Vo..Rox — o« — «.
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Free theorem for inc

Now consider a closed expression f of type Vo..Rox — o« — «.

VTl,T2, re V(T1)T2))
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Free theorem for inc

Now consider a closed expression f of type Vo..Rox — o« — «.

VTl,T2,r S V(T1)T2))
(t1 =T Ar=1[t1ly’ = V(v,w) € [RTly°,
V(x,y) € r° = (flt1] v x, flta]l w y) € r°)
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Free theorem for inc

Now consider a closed expression f of type Vo..Rox — o« — «.

VT]_,TQ,I’ € V(Tl,’fz),
(1 =2 A r=[1ly° = V(v,w) € [RT]y°,
V(x,y) € r° = (flt1] v x, 1] w y) € r°)
Nt #TVr#[ul® = Viv,w) e,
Y(x,y) € r°, (flt1] v x, fl12] w y) € r°)

D Vytiniotis, S Weirich Parametricity and GADTs



You get what you pay for

Now consider a closed expression f of type Vao.Rox — R, which is
an identity function.
The free theorem for this type is:

V’Tl,TQ, r e V(Tl,"fz),
(1 =T Ar=[uly’ =
V(x,y) € [Rt1ly°, (flt1] x, flTt2] y) € [Rtlp°)
ANt #1Vr#[uly’ =
V(x,y) € 0°, (flt1] x, flta] y) € 0°)

This theorem is also uninteresting—all it says is that when given
equal arguments, f will produce equal results.
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Not always useless

Consider a closed expression f of type Voo.Ro. The free theorem
for this type is:
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Not always useless

Consider a closed expression f of type Voo.Ro. The free theorem
for this type is:

VT1>T2)r € V(TI)T2))
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Not always useless

Consider a closed expression f of type Voo.Ro. The free theorem
for this type is:

VT1>T2) re V(TI)T2))
(t1 =T Ar=1[tuly’ = (flril, fltal) € [RT1ly°)
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Not always useless

Consider a closed expression f of type Voo.Ro. The free theorem
for this type is:

VT1>T2) re V(TI)T2))
(t1 =T Ar=1[tuly’ = (flril, fltal) € [RT1ly°)
N (11 £V r#[tuly® = (fltl, flt]) € 0°)
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Not always useless

Consider a closed expression f of type Voo.Ro. The free theorem
for this type is:

VT1>T2) re V(TI)T2))
(t1 =T Ar=1[tuly’ = (flril, fltal) € [RT1ly°)
N (11 £V r#[tuly® = (fltl, flt]) € 0°)

By this theorem, (flint], f[bool]) € ()°. So there cannot be any
such f.
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Alternative reasoning

Lemma (Canonical forms)

1. If0F v:R int then v = Rjp.
2. If0F v: R bool then v = Rpoe.

3. There are no closed values of type R o, when o is not int or
bool.
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Alternative reasoning

Lemma (Canonical forms)

1. If0F v:R int then v = Rjp.
2. If0F v: R bool then v = Rpoe.

3. There are no closed values of type R o, when o is not int or
bool.

Using this this lemma, we can show that if f : Va.Rx — R then
forall 0 - v: Rx, flt] v { v.
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Vector GADT

Consider another GADT.

data Z :: *
data S :: *x -> x
data Vec :: *x => x -> x yhere
Nil :: Vec Z a
Cons :: a -> Vecna->Vec (Sn) a
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More formally

' Nil :Va.Vec Z «
't Cons :Vaf.oc — Vec B o« — Vec (S Bla

'Fe:Vec 0jpg O

N-e,:o0'{Z/a}

Mkec:VR.o— o'{B/a} — o'{S B/}
't case e e, ec : 0'{n/o}
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Logical relation

[[Z]]n — @

[Sal, = 0

[Vec Z ol = {(Nil, Nil)}

[Vec (S o) ol = {(Consmi(o)lmi(oi)] x1 y1,

Consnz( )I2(0i)] x2 y2) |
(x1,x2) € [oly, (y1,y2) € [Vec o; o]y}
[Vec T o], whenni(a) =m2(c) =7
[Vec « ol { otherwise
0

[Vec o; ol = otherwise
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Logical relation

[[Z]]n — @

[Sal, = 0

[Vec Z ol = {(Nil, Nil)}

[Vec (S o) ol, = {(Consmi(o)lMmi(oi)] x1 y1,

Cons| 112(0) M2(oi)] x2 y2) |
(x1,x2) € [oly, (y1,y2) € [Vec o; oly}
[Vec T o], whenni(a) =mo(a) =7
otherwise
otherwise

[Vec « ol = {
0

[Vec o; ol =

Note: Because the index type is empty, don’t need to restrict
(o).
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Where to next?

More free theorems.
Leave the “pure” world.

Parametricity for general GADTs.

vV v.v Yy

Mechanize everything in a theorem prover. Dimitrios has a
good start in Isabelle/HOL.
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