
SPATIAL DIFFUSION 
ANALYSIS

Example Application Areas

• Diffusion of Information 

• Diffusion of Toxic Wastes

• Spread of Infectious Diseases

Product Adoption Example 
( http://www.seas.upenn.edu~tesmith )

• Basic Model 

• Steady State Analysis

• Parameter Estimation

• Philadelphia Application



BASIC MODEL
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STEADY STATE ANALYSIS

State Probability Mapping
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Fixed Point Property
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MAXIMUM LIKELIHOOD

Observed Data: 0 1( , ,.., )Ny y y y=

Log Likelihood Function
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Problem: Can have

Example: 18, 2, 200, rs rsR J N c d= = = =

( | ) ( ) , 1,..,n n np y f p y n Nθ β< =

1β

2β

λ

θ 0.99999-2838.63110.0

0.00000-18056460.30

0.00000-2.17340-2.0

0.000021.000381.0

P-valueEstimateValueParam



BAYESIAN ESTIMATION

Prior Distributions:
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Maximum Aposteriori (MAP) Estimates

[ ]( , , | ) ( , , | ) ( 1) log log(1 )y L y aΦ β λ θ = β λ θ + − λ + −λ

a = 1.01 a = 2.00
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λ

θ 0.99999153.96310.0

0.920340.000010.30

0.00000-2.17165-2.0

0.000020.999391.0

P-valueEstimateValueParam



FULL BAYES MODEL

Prior Distributions:

Posterior Distributions:
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Conditional Probability Model:
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BAYES MONTE CARLO

Gibbs Sampling Procedure:

• Start with any initial values 0 0 0( , , )λ β θ

• Sample new 1 0 0~ ( | , , )p yλ λ β θ

• Sample new

• Sample new

1 1 0~ ( | , , )p yβ β λ θ

1 1 1~ ( | , , )p yθ θ λ β

• Now start with                   and continue1 1 1( , , )λ β θ

Save final values [ ]0 1( , , ) : ,..,m m m m M Mλ β θ =

Plot marginal sampling distributions
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SIMULATION RESULTS

00.0980.9991.0082000
00.1591.0021.0121000
00.3721.0171.077500
00.4131.0291.102200
00.6151.0571.173100
% < 0StdevMednMeanSize

00.0610.2750.2802000
00.0710.2740.2741000
0.0010.0960.2630.269500
0.0050.1060.2610.259200
0.0290.1300.2660.264100
% < .01StdevMednMeanSize

01.789.489.402000
02.219.429.311000
0.002130.49.075.11500
0.020123.79.1311.12200
0.041169.29.6716.38100
% < 0StdevMednMeanSize

BETA 1

LAMBDA

THETA



PHILADELPHIA APPLICATION

First purchases at Netgrocer.com

( N = 1288 over 3 yrs., R = 46 zipcode areas )

1997 1998 1999

Concentrated in University Area



PHILADELPHIA DATA

Number of Supermarkets 
per person

SUPMAS

% of Households with 
exactly one member

SOLO

% of Households with 
more that 5 members

FAMLARG

% of population over 65 
years old.

ELDERLY

% of Households with 
both parents working.

DIWK

% of over 25 year-olds 
with College Degrees

COLDEG

% of Housing units with 
more than 5 Bedrooms

BDR5

DescriptionVariable

INTRINSIC VARIABLES

CONTACT COSTS = Centroid Distances



ESTIMATION RESULTS

< .00000.678LAMBDA
0.6186-158.74SUPMAS
0.00947.781SOLO
0.0041-13.58FAMLARG
0.0182-7.728ELDERLY
0.5611-0.467DIWK
0.1637-3.952COLDEG
0.13026.045BDR5

0.99961195.9THETA

P-ValueEstimateVariable

All significant values are consistent with 
the student populations where adoptions 
are concentrated.

(                       P-value not meaningful )

Lambda+Theta shows strong local contacts

θ→ −∞ ⇒


