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Abstract

We present a simple and scalable algorithm for large-masgfimation
of structured models, including an important class of Marketworks
and combinatorial models. The estimation problem can braditated as
a quadratic program (QP) that exploits the problem straectoiachieve
polynomial number of variables and constraints. Howeviiithe-shelf
QP solvers scale poorly with problem and training sample.si¥e re-
cast the formulation as a convex-concave saddle point @nolthat al-
lows us to use simple projection methods. We show the piojestep
can be solved using combinatorial algorithms for min-castvex flow.
We provide linear convergence guarantees for our methodpoegsbnt
experiments on two very different structured predictioski&a 3D im-
age segmentation and word alignment, illustrating theravie scaling
properties of our algorithm.

1 Introduction

The scope of discriminative learning methods has been elipato encompass prediction
tasks with increasingly complex structure. Much of thisargcdevelopment builds upon
graphical models to capture sequential, spatial, receimivelational structure, but as we
will discuss in this paper, the structured prediction peoblis broader still. For graphical
models, two major approaches to discriminative estiméti@re been explored: (1) maxi-
mum conditional likelihood [16, 17] and (2) maximum margh L, 27]. For the broader
class of models that we consider here, the conditionalilikeld approach is intractable,
but the large margin formulation yields a tractable conuegpam.

We interpret the ternstructured modelery broadly, as a compact scoring scheme over a
(possibly very large) set of combinatorial structures amdedhod for finding the highest
scoring structure. In graphical models, the scoring schisneenbodied in a probability
distribution over possible assignments of the predictiariables as a function of input
variables. In models based on combinatorial problems, ¢beirgy scheme is usually a



simple sum of weights associated with vertices, edges araomponents of a structure;
these weights are often represented as parametric fusatiba set of features. Given
training data consisting of instances labeled by desimegtsired outputs (e.g., matchings)
and a set of features that parameterize the scoring fune¢tiedearning problem is to find

parameters such that the highest scoring outputs are as atopossible to the desired
outputs.

Example of prediction tasks solved via combinatorial otation problems include bipar-
tite and non-bipartite matching in alignment of 2D shapdsy®rd alignment in natural
language translation [19] and disulfide connectivity pcddh for proteins [3]. All of these
problems can be formulated in terms of a tractable optinungiroblem.

Itis also possible to find interesting subfamilies of graphimodels for which large-margin
methods are tractable whereas likelihood-based methedwaran example is the class of
Markov random fields used for object segmentation in visits) R].

Tractability is not necessarily sufficient to obtain algloms that work effectively in prac-

tice. In particular, although the problem of large margitineation can be formulated as a
guadratic program (QP) in several cases of interest [25,a2f)] although this formulation

exploits enough of the problem structure so as to achievdyapamial representation in

terms of the number of variables and constraints, off-thefQP solvers scale poorly with
problem and training sample size for these models.

In this paper, we present a solution methodology for stmectyrediction problems that
does not require a general-purpose QP solver. Rather, wetklabthe key computational
bottleneck for these problems can be formulated as a minemywex flow problem, a
problem for which specialized efficient algorithms are lze. We illustrate the effec-
tiveness of this approach on two very different large-sstlgctured prediction tasks: 3D
image segmentation and word alignment in translation.

2 Structured models

We begin by discussing two special cases of the general fvankehat we present subse-
quently: (1) a class of Markov networks used for segmentatiad (2) a bipartite matching
model for word alignment. Despite significant differenaeghie setup for these models,
they share the property that in both cases the problem offjrtiie highest-scoring output
can be formulated as a linear program (LP).

Markov networks. We consider a special class of Markov networks, common iiowis
applications, in which inference reduces to a tractable-cninproblem [9]. Focusing on
binary variablesy = {y1,...,y~}, and pairwise potentials, we define a joint distribution
over{0,1}" via P(y) [Licv @5 (Wi) [ ikee ik (y5, yx), where(V, €) is an undirected
graph, and wheré¢,(y;); 7 € V} are the node potentials ada, (y;,yx), jk € £} are
the edge potentials.

In image segmentation (see Fig. 1a), the node potentialaredpcal evidence about the la-
bel of a pixel or laser scan point. Edges usually connectiygakels in an image, and serve
to correlate their labels. Assuming that such correlattensl to bepositive (connected
nodes tend to have the same label) leads us to restrict thredbedge potentials to be of
the forme¢, (y;, yr) = exp{—s;x1(y; # yr)}, wheres;; is a non-negative penalty for
assigningy; andy; different labels. Expressing node potentialspagy;) = exp{s;y;},

we haveP(y) o exp{zjev $jYj — D inee Sik Ay # yk)}. Under this restriction of

the potentials, it is known that the problem of computing thaximizing assignment,
y* = argmax P(y | x), has a tractable formulation as a min-cut problem [9]. In par
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Figure 1: Structured prediction applications: (a) Artateld object detection; (b) Word
alignment in machine translation.

ticular, we obtain the following LP:
Hl?X Z Sj25 — Zk SjkZjk
J J

st. 0<%z <1,VjeV,;
2j — 2k < Zjk, 2k — 25 < Zjg, Vik € E. (1)

In the above LP, continuous variablgscorrespond to the relaxation of the binary variables
y;. Note that the last line is equivalent to; — z;| < z;;. Becauses;; is positive,
zjk = |z — z;| at the maximum, which is equivalent t@¢} # zy) if the z;, z;, variables
are binary. An integral optimal solution always existsgsitthe constraint matrix is totally
unimodular [23].

We can parametrize the node and edge weigasids ;. in terms of user-provided features
x; andx;, associated with the nodes and edges. In particular, in 3gerdatax; might be
spin image features or spatial occupancy histograms ofra poivhile x;;, might include
the distance between pointsand k, the dot-product of their normals, etc. The simplest
model of dependence is a linear combination of featusgs= w, f,(x;) ands;; =
wjfe(xjk), wherew,, andw, are node and edge parameters, #ndndf. are node
and edge feature mappings, of dimensibnandd., respectively. We assume that the
feature mapping$ are provided by the user and our goal is to estimate parasneter
from labeled data. We abbreviate the score assigned to &nlighe for an inputx as

w (%, y) = 32, yiw, £ (%) — 22 view, fe(xjx ), wherey;, = A(y; # y)-

Matchings. Consider modeling the task of word alignment of paralleéhigilal sentences
(Fig. 1b) as a maximum weight bipartite matching problemexghnodes correspond to
the words in the two sentences. For simplicity, assume thel @ord aligns to one or
zero words in the other sentence. The edge weightrepresents the degree to which
word j in one sentence can translate into the whiid the other sentence. Our objective
is to find an alignment that maximizes the sum of edge scoresréfesent a matching
using a set of binary variablgs,. that are set td if word j is assigned to word in

the other sentence, afdtherwise. The score of an assignment is the sum of edgesscore

To ensure non-negativity of;;, we assume the edge featufeso be non-negative and restrict
w. > 0. This constraint is easily incorporated into the formuatie present below, but for brevity,
we do not include it explicitly.



s(y) = ij sjkYjk- The maximum weight bipartite matching problemg max, y, s(y),
can be found by solving the following LP:

max Zsjkzjk s.t. szk <1, szk <1, 0<z; <1, (2)
ik J k

where again the continuous variablgs correspond to the relaxation of the binary vari-
ablesy;;. As in the min-cut problem, this LP is guaranteed to havegirstiesolutions for
any scoring function(y) [23].

For word alignment, the scoreg, can be defined in terms of the word pgir and input
features associated wiit};,. We can include the identity of the two words, relative posit
in the respective sentences, part-of-speech tags, strmasty (for detecting cognates),
etc. We lets;, = w' f(x;)) for some user-provided feature mappih@nd abbreviate

wf(x,y) = 35 yirw T E(xn)-

General structure. More generally, we consider prediction problems in whicé ih-
putx € X is an arbitrary structured object and the output is a vectoratuesy =
(va,-..,yL,), for example, a matching or a cut in the graph. We assumetibdength
Ly and the structure of depend deterministically on the inpxit In our word alignment
example, the output space is defined by the length of the tmi@sees. Denote the output
space for a given input as)/(x) and the entire output space is= (J, . » V(x).

Consider the class of structured prediction modéldefined by the linear family:

hw(x) = argmaxw ' f(x,y), 3)
yEYV(X)

wheref(x,y) is a vector of function§ : X x Y — IR". This formulation is very general.
Indeed, it is too general for our purposes—for mdny pairs, finding the optimay is

intractable. We specialize to the class of models in whighdhtimization problem in
Eq. (3) can be solved in polynomial time; this is still a veayde class of models.

3 Max-margin estimation

We assume a set of training instances- {(x(*,y(®)}™ ,, where each instance consists
of a structured object(?) (such as a graph) and a target soluydi (such as a matching).
Consider learning the parametewvsin the conditional likelihood setting. We can define
Py(y | x) = #(x)exp{w—rf(x,y)}, whereZy (x) = >, cy(x) exp{w ' f(x(, y)},
and maximize the conditional log-likelihool, log Py (y® | x(V), perhaps with ad-
ditional regularization of the parametess However, computing the partition function
Zw(x) is #P-complete [29, 12] for the two structured prediction pevb$ we presented
above, matchings and min-cuts.

Instead, we adopt the max-margin formulation of [27], whidtectly seeks to find param-
etersw such that: . ‘

arg max WTf(x(Z),y) ~ y9, v,

yiey®
whereY® = Y(x()) andy, denotes the appropriate vector of variables for example

The solution spac@(Y) depends on the structured objedt); for example, the space of
possible matchings depends on the precise set of nodes gaed iadhe graph.

As in univariate prediction, we measure the error of prégiicusing a loss function
((y™,y;). To obtain a convex formulation, we upper bound the 16889, h, (x())
using the hinge functionmax,, ¢y [w ' f;(y;) + i(y:) — w' £i(y)], wheret;(y;) =



(yD,y,), andfi(y;) = £(x@,y;). Minimizing this upper bound will force the true
structurey®) to be optimal with respect te for each instancé

; TE (v (v — w i (v®
min max [w ' £;(y;) + 4i(y; w ' f; , 4
min Zi:yiew[ () + ti(yi)] (™) (4)
where~ is a regularization parameter. Note that this formulat®aduivalent to the stan-
dard formulation using slack variabl¢snd slack penaltg’ presented in [27]

The key to solving Eq. (4) efficiently is thdoss-augmented inference problem
maxy,, ¢y [w T f;(y:)+4(y;)]. This optimization problem has precisely the same form as
the prediction problem whose parameters we are trying todeaaxy, ) w ' fi(y;)—

but with an additional term corresponding to the loss fuorcti Tractability of the loss-
augmented inference thus depends not only on the tra¢yadifilinax,, ;) w'f; (yi), but
also on the form of the loss terfy(y;). A natural choice in this regard is the Hamming
distance, which simply counts the number of variables inciwtda candidate solutiog;
differs from the target outpyt®. In general, we need only assume that the loss function
decomposes over the variablegyify .

For example, in the case of bipartite matchings the Hamnogg tounts the number of
different edges in the matchings andy(® and can be written ag (y;) = ij ygz) +
ij(l — 2y§?)yi,jk. Thus the loss-augmented matching problem for exarplan be

written as an LP similar to Eqg. (2) (without the constant terin, yj(.i)):

max Z Zi ik [WTf(xlgg) +1- 29%)]

jk
s.t. Z%gk <1, Zzi,jk <1, 0< 2z, <1
J k

Generally, when we can expressax, cyo w' £(x(V),y;) as an LPmax,,cz, w'Fiz;,
whereZ; = {z; : A;z; < b;, z; > 0}, for appropriately defined constraints;, b;
and feature matri¥';, we have a similar LP for the loss-augmented inference foh ea
examplei: d; +max,, ¢z, (w ' F; +c;) z; for appropriately defined;, F;, c;, A;, b;. Let
z={z1,...,Zmh Z =21 X ... X Zp,.

We could proceed by making use of Lagrangian duality, whieihdg a joint convex op-

timization problem; this is the approach explored in [25]. 2Brevious problem-specific
algorithms for solving the resulting programs include stwed SMO [27, 24] and struc-
tured exponentiated gradient [4]. Both algorithms, howesely work for decomposable
models (e.g., sequences, trees, triangulated grapheg, thiay essentially exploit dynamic
programming decompositions of such problems. Unfortupaseich decompositions do
not hold for matchings and min-cuts (this makes computiegptirtition function and con-
ditional likelihood estimation intractable).

Instead we take a different tack here, posing the problens imatural saddle-point form:

Hgl}lﬁlv max Z w' Fiz; +¢)z; —w' Fiy®. (5)
K3

2The correspondence can be seen as followsy &) be a solution to the optimization problem
with slack penaltyC' and definey(C) = ||w*(C)||. Thenw™ is also a solution to Eq. (4). Con-
versely, one can invert the mapping:) to obtain the set of values @ that give rise to the same
solution as Eq. (4) for a specific



4 Extragradient method
Eq. (5) can be written asiin ||y <, maxe z L(w, z), where
L(w,z) = Z w' F,z; + c;rzi — WTFiy(i).

L(w, z) is bilinear inw andz, with gradient given by V., L(w,z) = >, Fi(z; — y?)
andV,, L(w,z) = F] w + c;.

We denote the Euclidean projection of a vector aBf@s Pz, (v) = arg min
and projection onto the bdlw|| < v asP,(w) = yw/ max(v, ||w|]).

We need to solve a saddle-point problem. Consider a simptatite method based on
gradient projections:

whtl = P’y(wk - Bkva(Wka Zk)); k+1 = Pz, (Z + BkVZlL(W z ))

wheregy, is a step size. This method is generally not guaranteed teecge for bilinear
objectives [14, 13, 11].

A well-known solution strategy for saddle-point optimizetis provided by thextragra-
dient method14]. An iteration of the extragradient method consistsved tvery simple
steps, prediction and correction:

. whtl = P (wF — 3,V L(wWF, ));
(Prediction) { Z§+1 = Pz (2 + BuVy, L(WF, 2%)); (6)
. k+1 P v L k+1 —k+1
(Correction) { vzvfﬂ _ P;f(z +BZVZ¢L(( k+1 —k+1)))) (7)

which translates into:
(P) W = Py(wh 4 B Y Fi(yW —2f)); 2t = Pz (2F + Be(F] wF + c)));

(©) W =Py (wh 3. Y Fiy"Y —2i ) 2t = Pa (e + BB W+ ),

wheregy, is an appropriately chosen step size. The algorithm stéattsavfeasible point
w? = 0,2 = y() and step sizg, = 1. After each prediction step, it computes

IVL(w", 2%) — VL(w"*!, 28]
N e )
If 4 is greater than a threshold the step size is decreased using an Armijo type rule:
Br = (2/3)Brmin(1,1/r), and a new prediction step is computed unjil< v, where

v € (0,1) is a parameter of the algorithm. Under mild conditions, tieghod is guaranteed
to converge linearly to a solution™, z* [14, 11]. See Appendix A for details.

T = B 8)

The key step influencing the efficiency of the algorithm is Eheclidean projection onto
the feasible setg;. In case of word alignmeng; is the convex hull of bipartite matchings
and the problem reduces to the much-studied minimum costrgtia flow problem [6].
The projection problen®z, (z’-) is given by

2
min E Zi ik — Zijk)

s.t. Z%gk <1, Zzi,jk <1, 0< 2z, <1
J k



01f mﬁM\ "”

SV
P NN AU Aot

L L L L L L L L L L L L L L L
o 50 100 150 200 250 300 400 450 500 0 100 200 300 400 500 600 700 800 900 1000
iterations.

€Y (b)

Figure 2: (a) Object segmentation test error rate for theqron, the averaged percep-
tron and the extragradient. (b) Alignment error rate (ordgtdtaset) for the perceptron,
the averaged perceptron and the extragradient, named o, @ @spectively (from up to
bottom on image). 500 and 5000 refer to the number of sergéndbe training data. This
legend is used for the remaining plots.

We can now use a standard reduction of bipartite matchingnaost flow by introducing
a source node connected to all the words in one sentence amklrzosle connected to all
the words in the other sentence, using edges of caphaityl cost). The original edgegk

have a quadratic co%t(zgyjk — 2; jx)? and capacityl. Now the minimum cost flow from

the source to the sink computes projectiopbnto Z;.

The reduction of the min-cut polytope projection to a conaexwork flow problem can
also be done and is shown in Appendix B. Algorithms for sajvimis problem are nearly
as efficient as those for solving regular min-cost flow protdeWe use standard, publicly-
available code for solving this problem [£0]

5 Experiments

Object segmentation. We tested our algorithm for 3D scan segmentation using the re
stricted class of MRFs we described above. The dataset isléebing collection of
cluttered scenes containing articulated wooden puppeatentains eleven different single-
view scans of three puppets of different sizes and in diffep@sitions. It also contains
clutter and occluding objects such as rope, sticks and.riegsh scan has aroug@s, 000
points, which we subsampled to around00 points with standard software. Our goal was
to segment the scenes into two classesippet andbackground. Five of the scenes com-
prise our training set, and the rest are kept for testing. @@astans from the training and
test set can be seen latp://www.cs.berkeley.edu/ taskar/3DSegment/ . We
used features described in [2] for node potentials, anddgeeotentials we used the sur-
face links that are output by the scanner. Figure 2 showssttstrror as a function of
(batch) iterations the extragradient algorithm and the wersions of the perceptron al-
gorithm of [7] (standard perceptron and the averaged paep We used five scenes
as the training data, containing appropriatély000 nodes and 07,000 edges. Training
time took about an hour on a 2.80GHz Pentium 4 machine. BExdignt is much more
stable than regular perceptron and has a consistently lemwer rate (about 1% absolute
difference) than the averaged perceptron.

3Available from http://www.math.washington.eduseng/netflowgnl/.



Word alignment. We also tested our matching algorithm on word-level alignesing

a data set from the 2003 NAACL set [20], the English-Frenchddads task. This corpus
consists of 1.1M automatically aligned sentences, and sowih a validation set of 39
sentence pairs and a test set of 447 sentences. The validattbtest sentences have
been hand-aligned and are marked with bstine and possiblealignments. Using these
alignmentsalignment error rate AER) is calculated as:

|[ANS|+ AN P
A+ 5]

Here, A is a set of proposed index paiis,is the set of sure gold pairs, afitlis the set of
possible gold pairs (wherg C P).

AER(A,S,P)=1-—

Since our method is a supervised algorithm, we need labetathgles. We used
GIZA++ [21] to produce intersected bidirectional model fgaments for the unlabeled
sentence pairs. We then took the first 5K sentence pairs fnesetl.1M model 4 align-
ments. This gave us more training data, but of course thdslatere noisier. However,
since most of our features were fairly general, this seernaglork just as well (results
below).

For the feature design, first, and most importantly, we warih¢lude information about
word association; translation pairs are likely to co-odoua bilingual text. This feature
can be captured using the Dice coefficient:

| _ 2Cer(e.f)
dice(e, f) = Ce(e)Cr(f)

Here,Cr and Cr are counts of word occurrences in each language, while is the
number of co-occurrences of the two words. With just thigudemaon a pair of word to-
kens (which depends only on their types), we can already matab at word alignment,
aligning, say, each English word with the French word (of)nwith the highest Dice
value, simply as a matching-free heuristic model. In addito these features, we included
other kinds of information, including difference betweeard positions, word-similarity
features designed to capture cognate (and exact matchjriafion, and identity of the
top five most frequently occurring words. In Fig. 2b, we conepst word alignment er-
ror rates using the extragradient method and the two vessibthe perceptron algorithm
(standard perceptron and the averaged perceptron). Werptotfor two different training
set sizes for both algorithms, with 500 and 5000 sentenckighworrespond to 37,000
and 555,000 edges respectively. It took roughly 10 minutes3hours respectively to do
500 training iterations on those training sets using a 2.88ehtium 4 machine, showing
the linear scaling of the algorithm (linear in the number d§es). This graph shows the
significant oscillation in the performance of the perceptras can be expected from non-
separable data. A zoomed version of the graph is shown in3&ign order to compare
the averaged perceptron with the extragradient more ¢loskkir performance is similar,
though the extragradient does slightly better (3% bettavierage). The slightly larger
oscillation for the averaged perceptron could be due todbtthat it was implemented as
an online algorithm whereas we implemented the extragnadiea batch fashion. Fig. 3b
shows the evolution of the objective:

()
>y + max L(w, z) (9)
i,7k
which is the hinge upper bound of the loss function that werai@mizing in Eq. (5).

From it, we can see that the extragradient seemed to have st/ within the first 500
iterations.

Implementations details and other observations. We plot a measure which is better
related to the objective we are trying to optimize in Fig. Ae error rate is defined as
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the number of correctly labelled edges over the total nurobedges. This is an overly
optimistic measure as most edges are 0 by the constraint ddouulation (a word aligns
to zero or one word in the other sentence), but its evolutieer ime can be interesting.
The training error of the averaged perceptron and the endtdignt are similar, but the
extragradient performs consistently better after cormecg on the test dat&% better in
average), probably because it is maximizing the margin.eNloat the training error is
greater on the 500 sentences than on the 5000 sentenceséddtawaverage length was
longer for the 5000 sentences and so the proportion of O eslgegreater for the 5000
sentences.

In our experiments, we used a very large valug ¢£000-10000), the limit on the norm for
the parameter vector. The particular value chosen did reshde have a significant effect
on performance.

6 Conclusion

We have presented a general solution strategy for larde-staictured prediction prob-
lems. We have shown that these problems can be formulatedidiespoint optimization
problems, problems that are amenable to solution by thagoadient algorithm. Key to
our approach is the recognition that the projection stepéneixtragradient algorithm can
be solved by network flow algorithms. Network flow algoritherse among the most well-
developed in the field of combinatorial optimization, anelgistable, efficient algorithmic
platforms. We have exhibited the favorable scaling of thisrall approach in two concrete,
large-scale learning problems. Itis also important to tlwdethe general approach extends
to a much broader class of problems.
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A Convergence analysis

the convergence analysis of the extragradient method &dlaasa more general framework
of variational inequalites [8]. We begin by establishingngonotation and definitions.
Because the optimization is over a convex set, a feasiblet pai*, z*), with ||w*|| <
v,z* € Z,is a solution of Eq. (5) if and only if

VwL(w*,2*) T (w —w*) >0, Vw | |wl| < s

Va L(w*,2*) " (z; —2}) <0, Vi, Vz; € Z;.
Let us combinew andz into one vector:

w w

Z1 VAl .
u= ) U= : :||W||§’71ziezi7 Vi 9

Zm, Zm

and denote the projection operator obt@s P, (v) = argmin, g, ||u — v||. Note tha@/
is convex since itis a direct product of convex sets. We detiat (affine) gradient operator
on this joint space as

VwL(w,z) 0 Fi---Fp w S Fy®
_vz1L(w7 Z) _FI Z C1
T(u) = . = . 0 e . =Fu-—a.
—Va., L(W, z) —F;; Z;n C;n

With these definitions, the optimality condition for a poirit € &/ becomes:
T) (W —u*)>0, W cl. (10)

We denote the set of solutions satisfying these conditied& aProblems of this form are
called variational inequalities and arise in many impdrggwplications such as optimiza-
tion, solving system of equations and market equilibriuin [8

Let us define a residual error function for Eq. (10):
e(u, 8) =u— Py(u—pT(v)).
Note that for3 > 0, the zeros oé(u, 3) are precisely the solutions of Eq. (10):
e(u,f) =0 <& uel” (12)

This is a consequence of a characterization of the projecti@n arbitrary poin¥ onto a
convex sel{; letu € U, then we have:

v—u)' (W -u) <0,V ecld & u=Pyv). (12)

Assumee(u,3) = 0,8 > 0 and letv = u — 7(u). Sincee(u,3) = 0, u = Py(v) =
Py(u — T (u)). Pluggingv in Eqg. (12), shows thah satisfies the optimality condition
in Eg. (10). Conversely, assume satisfies Eq. (10) and lett = Py (u* — T (u*)).
By Eq. (12), we have

(0" =BT (u*)—uh) T (0 —ut) = (u*—ut) " (v—ut) BT (") (W—u") <0, Vu' €U,

In particular, foru’ = u*, we have||u* — ut|? < BT (u*)"(u* — ut). Since the
right-hand-side3T'(u*) " (u* — ut), is non-positive by Eq. (10), and the left-hand-side is
non-negative, we hawe = u* and hence(u, 8) = 0.

We will make use of the following theorem (which holds for regeneral operatofB(u))
to prove the convergence of the extragradient method foctstred prediction problems.



Theorem A.1(Theorem 2.1in [11]) Let {5r} be a sequence such thaif,{8;} =
Bmin > 0 and letcy > 0 be a constant. If the sequenfa”} satisfies:

[uf " —u*|? < lu® = u[]? = colle(u”, Bo)|I?, vut e U, (13)

then{u*} converges to a solution point of Eq. (10).

The extragradient algorithm can be written as:
(P) " = Py(u* - BT (u"));
(€) W = Ry(u* - BT (@),

with 7y, = Bi||T(u*) — T(@*+1)||/||u* — @**1||. Under the assumption that < v < 1,
Korpelevich [14] showed that for the extragradiegt= (1 — v)? in Eq. (13):

[t — a2 < [Ju? =[] = (1= v)?le(u”, Bl vut e U,

It remains to show that we can lower boufiglaway from zero for the Armijo type rule
Br = (2/3)Br min(1, 1/r). Note that

T(u)—-T(v
ax T =T e (= (11
uv ju—v llull=1
where||F|| is the standard matrix norm induced by the Euclidean vecioni| - ||. Hence,
Br < v/||F|| ensures, < v, which leaveg3; constant and away from zero. The norm of
F ultimately depends on the problem (mincut or matching),rthmber of examples and
the feature maf(x, y).

The local linear convergence of the extragradient methaeikestablished for affin@ (u)
and polyhedral/ [18, 28]. If the norm constraintw|| < ~ is not active near the limit
point of the sequence, this is effectively our settinf the norm constraint is active, the
situation is more complicated.

Let d(u,U*) be the shortest distance from to a solution of Eq. (10):d(u,U*) =

infy«ey+ |Ju — u*||. Note that Eqg. (13) implies that
A U*)? < d(u®, U*)? — colle(u, B (14)
To prove local linear convergence, it suffices to show thaséone constants> 0, ¢; > 0,
d(u,U*) < c1lle(u, Bg)||, Yuel, whenever lle(u, Bi)|| < e,

which implies that for sufficiently largk,

d(ukH,L{*) Co
b Sl AV _ 0
dluk,u*) —\ ! ¢ (15)

For polyhedral spacé$ = {u: u > 0; Au < b}, the constant is given by
1 =[|AT[|[/ABB"),

whereA(BB ) is the smallest eigenvalue of the mat®B ", with B formed by linearly
independent rows oA corresponding to constraints active at the solution [22, 18

For the case of active norm constrajhw|| < ~ near the limit point of the sequence,
the feasible regio@/ is not polyhedral, and no linear convergence proofs are kniow
us. However, this setting is equivalent to the penalizedigearof the problem, where the
constraint is moved into the objective:

1 _
minmax o [[wl|* + Z w Fiz; + ¢ z; — w Fiy®. (16)

“Which was the case in our experiments as we have used ajarge



Inthis caseL(w, z) = 55||w||? + >, wFiz; + ¢/ z; — w F;y(", with gradient given
by: VwL(w,z) = ¥ + >, Fi(z; — y)) andV,, L(w,z) = F] w + c;. Lettingu andi/
be as before, but omitting the norm constraintvonwe define the gradient operator which
differs from the previous definition only in the upper lefroer of F:

VwL(w,z) & F1-- Fy w S Fy®
—Vz, L(w,2) -F/ Z1 c1 .
T(u) = . = . . - . = Fu-—a.
: : 0 : :
—VZmL(W, Z) —F;; Zm Cm

In this form, T(u) is affine andl/ is polyhedral, so local linear convergence is guaran-
teed. We experimented with both forms of reguralizatiorttiwi andC) and found their
convergence behavior very similar.

B Min-cut polytope projections

Consider projection for asinge examp)ie

mm Z z ) —|—Z —ng 17)

JGV Jk€€
st. 0<%z <1, V3, zj—zr < zjk, 2x—25 <2z, Vjk.

Let h*(zj) = ;(zj —z;)?if 0 < z;, elseco. We introduce non-negative Lagrangian

varlablesxjk, Ay; for the two constraints for each edgleand) o for the constraing; < 1
each nodg.

The Lagrangian is given by:
Z th ZJ + Z ij - Z(l — Zj)AjO
J
- Z Zik = 2 + 2Nk — (25K — 2k + %) Mg
jk
Letting \o; = Ajo + Zk:jkeg()\jk — \ij), hote that
Zz-j)\o-j = ZZj/\jQ + 2(27 - Z;g)/\j]g + Z(Zk - Zj))\kj.
J J Jk Jk
So the Lagrangian becomes:
= Z h;r(zj) + zjAoj — Ajo + Z ij ij(/\jk + /\kj)-
J
Now, minimizing L(z, \) with respect tez, we have
1nfL (z,\) quk (Ajk + Akj) + Z(JOJ Aoj) = Ajos

where g;i(A\jr + Agj) = inf., [%(Z,;'k — zjk)? — 2z (Njr + /\kj)} and qoj(Aoj) =
inf [hj(zj) + z;A0j]. The minimizing values of are:

) 0 Xoj > 253
2 = ar%ﬂlnf [P (25) + 2jhoj] = { 2% — Aoj )\O.Jj = ZZ‘;
. 1
2, = arginf [5(4”@ —zjk)? — zje( Nk + /\kj)} = 20+ Nk + Ay
Zjk



Hence, we have:

1
Gr(Nje + Mej) = =25 (N + Aj) — 5 Ak + Akj)?
1.2 ’
) — 3% Aoj = 25
QOJ (/\OJ) { Z_;‘)\O] %/\%J /\OJ < Z;

The dual of the projection problem is thus:
1
max Z 05 (Aoj) — Ajo + ZI; — 2 (Nj =+ Akj) — 5 Ak + Aij)? (18)
J J

s.t. Ajo — Aoj + Z()\jk - )\kj) =0, Vj;
jk
Ajks Akj =20, Vik; Xjo >0, Vj.

Interpreting;;, as flow from nodg to nodek, and; as flow fromk to j andX o, Ao; as
flow from and to a special nodg we can identify the constraints of Eq. (18) as conservation
of flow constraints. The last transformation we need is toresklthe presence of cross-
terms\;r A\, in the objective. Note that in the flow conservation constsi)x, Ax;
always appear together as, — \;;. Since we are minimizing\;, + A\x;)? subject to
constraints on;;, — Ay, at least one ok;, Ax; will be zero at the optimum and the cross-
terms can be ignored. Note that allvariables are non-negative except fqr;'s. Many
standard flow packages support this problem form, but we Isante@ansform the problem

to have all non-negative flows by introducing extra variabl€he final form has a convex
cost for each edge:

J Jk Jk
s.t. Ajo — Aoj + Z Ajk — Ak =0, Vj;

Jk
Ajks Akj = 0, Vjk;  Ajo >0, Vj.



