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A methodology for v€rifyinS lhe stabilily and pcrformance ofa controller. whcn thc process model is
incompletely known. is demonslralcd for a polymerization reaclo. Model uncertainty arises when eithcr
thc paramelers are known only appoximalely (parametric unccnainly). or when the form of the cquations
is not known exacdy (non-pammctric uncertainty). Two techniqucs arc used lo $olve the semi_
quanlitative models to predicl all of lhe possible bchaviors. One involves qualilalive analysis.
implemeDled in thc NSIM prog.am.lhal uscs symbolic manipuladon lo boild bounding equations. and
thc olher is a non-pammcfic Mont€-Carb lechniquc. TcmF}oml ktSic operators arc uscd lo lbrmaliTe lhe
posing of and automadc answering of qualitalivc qucslions about the r€sponse of lhc syslcm

Conlrollcr verification. Non-pamncErc unceflainly, Monle-Carlo simulations, Qualiuive analysis.
Sty€ne polymcrization.

lnaroduct ion

Mosl chernical ptoccsscs are tnodeled by ordinary
diffcrcotial equations (ODES) that exhibit subslantial
unccnainlies in lhe modcl paramclers, inputs aod inilial
condirioos. of(en. the terms and rhe form o[ the equalions
arc uocerlain because fte mcchanisms are not wcll
undcrslood. As ao example. thc dependeoce of the rales of
rsrction on temperaturc and composition is oflen nol
accurately known for complex reaction mechanisms, In
these cascs. experimental dala can help lo delermine
bounding envelopes, using the melhods describcd by Kay
and Ungar (1993). The true functions arc nol likely Io be
coincideni wirh eilhcr of the envelop€s, but confidence
l€vels can be established that they lie bclwccn lhem.
Although rcchniques cxist  lo dcal wi lh parrmelr ic
unce(ainly. the rcprcscntalion and simnliadon of nonlinear
mod€ls with inexact functional relalionshios ha-s nol been
addrcssed as effectively.

Several qualilatiyely disliocl behaviors may be
consistcn( wirh a singfe s&h seni quo itative mc/.l€l. Fol
examplc. an increas€ in the reetor (cmperalure may result
in eilher a dcsirable incroase in lhe i:aclion rates or

undesirable insubilily, dcpending on the values of lhc
pammeters. Two lechniqucs arc inl.roduced lo solve semi
quantitative m(xiels lo prcdict all of the possible behaviors,
One involv€s qualiEtive analysis, impl€mented in thc
NSIM progmm. that uscs symbolic manipulalron lo build
boundiog equatioos. and lhc other is a non-parametric
Monte-Carlo lechnique- T\cn. temporal logb o4€ral<rs ac
us€d to formaiizr tfte poding of and automalic answering of
questions of the type: "can the system opcmte adequat€ly
if a disturbance/fault occurs?" This methodology applies
for thc automalic verification of control actions to
guarantee that proccsscs will not move into hazardous
operating regimes when faults are encounlered: lhal is, in
thc dcsign ofrqfea] ret contol actions. Wilh such off-line
verificalion. targc ovcrdcsigD facto$, thal are often uscd to
cunpensate for modcl unceftainties, can be avoided.

SimulaaioD of Uncerlain Models

In this scction, (he two techniques are dcscribed- Il is
assumcd ttral the unblown functions, y = f{x}. arc boudcd
between envelopcs, such thal fi{x} < y < folx}. and arc
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rnonolonic (Fig. l). The monotonicily assumption is very
impo.rmt tor rhc a',rtysir. bur is nor overty resrricrire.
srnce any non-monolonic function can bf constructcd by
combining monotonic ones. ln addition, it is ofteo known
lhal physical quanlities are telatcd lo each othcr
monoonically, cven though the retarions may nor be
xnown accurately:  e.9..  rcact ion fates incrcase
monotonically with temperalure, and friction factors
ncrcase monolonically with velocity.
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guaranteed to include a// of thc behaviors consislent $ith
lhe apprcximale model.

Civen a SQDE and an initial condirion. NSIM derives
and numerically inl€grates an ,'extremal" syst€m of ODES.
whose solution is guaranteed to bound all of the solulions
of lhc SQDE. This is referred ro as NSIM rin{/drior.
The extremal $yslem is generated automatically. using
symbolic manipulalion, based on a sct of rulcs (Kay and
Kuipers, 1993). An exrcmal equatioo is a bouod on lhc
first derivative of a sratc variable. Minimal and a maximai
equalrons are derived for the state variables. definins a
dynanic cNelop? for cach variablc, and hence. an n--th
order syslem is tmnsformed lo a 2n{h ordcr syslem. As a
result, the €x|'cmal ODES are not genem y members of
lhc class of ODES rcprcsented by lhe SeDE. TherEfffc, the
dynamic envelopcs do nol nccessarily have thc $jme snap€
as lhe be}l3viors of rhe SQDE.

Thc extremal system is integmtcd using a standard
Runge-Kutta technique. Il is provcn theoretically (Kay.
l99l) that, whcn lhe extrcmal systcm bounds the solulion
oflhe SQDE al I = 0, it bounds the solution for all times.

A SQDE is an abstraction of an ODE wilh
incomplelely specified functions and pamheter valucs.
One NSIM "simulalion" covers an infinilc numbcr of
nodels. Sioce lhe NSIM bounds are guaranleed to bound
all the sohtions to the SQDE. NSIM can bc os€d for
automttic proof conslruction. Howevcr, rne maln
disadvantagc of this tcchniquc is Ihat thc bounds are
conservativc, as illus|mted by Cazi et al. (1994).

7 he Non-paruntetric Mmte-Corlo Teth ique

To extend the Monte-Carlo techniquc to handlc non-
parametric uncerlainty. a large numbcr of monolonic
functions are raodonly gcnerated wilhin the cnvclopes that
bound the incomplclcly known nonotonic functions.
Each gcncmted function is inco4Dralcd into the ODES thar
rnodcl the proccss. which when inlegrated proilucc
laajcctories of the slatc variablcs that arc syslematically
chccked for "inrcrcsling" behaviors. as described in thc next
scction. This is accomplishcd using rhe following
algorihm:

l. M inlervals in x are formed.
2. At x = xt. yl is select€d mndomly such lhar

t { x r l < y r  <  f " l x r } .
At x = xr. yr is sclccted randomly such rhat
f i l x l ]  <  y r  <  f u { x k }  a n d  y r  >  y k - r ,  k  =
2 . . . .  M

3. Thc poinls (xr, yr). k = 1,.... M, are €onnecrcd
with st-aighl liocs.

4. The system ofODEs is integrated.
5. Steps (2)-(4) arc repeated.

In this analysis. il is impo(anl 10 ensure a satisfactory
covemge of fte spdce of possible functions. cazi €l al.
(1995) show rhat lhe monotonicity constraint cluslers the
gonerated funclions close lo the upper envelope, as x
rncrcases. when the y's are selected from uniform

Figwe L Boundite ekyetopes lor flr) .

Thc lwo lechniques presenled hc.ein are based on
endrely differcnl philisophies, The firsl involves a worsl-
cas€ , delerminislic analysis, thal dcrivcs ODES whose
solulion is guaranteed to bound all of the solutions of the
incxml modcl, and is based on ftc NSIM algorithm. The
sccoDd is a statistical analysis. that extcnds the Montc-
Carlo techniquc for syslerns wilh non-paramc[ic
uncenainty. The advantagcs and disadvantagcs of each
approach are discuss€d bclow.

7he NSIM Aleorithn

The QSIM algori thn (Kuipcrs. 1986) providcs a
fmmcwork for dcveloping modcls in Ihc form of qualibtive
diffcrcntiat equarions (QDE\,. which are absrr;ctions of
ordinary differential equarions (ODES), wherc rhe values of
lhc variablcs are described qualilalively and the functional
relationships betwccn the variables may be tnown
incompletely. The con\rrrints arc quatirative cxprcssions
involving the common malhcmatical operadons. sucn as
addirion, mulliplication, and diffcrenliation as well as
monotonicity. civen a QDE and a qualihrive dcsc ption
of an inilial siate, QSIM derivcs a ree of qualihtive slare
descriptions, where the paths from the rmt lo lh€ lcaves of
the r€e represenl the F)ssiblc behaviors of rfte system.

In NSIM (Kuip€rs. 1989; Kay and Kuipers, 1993). an
extcnsion of QSIM, paramcters may bc assigned tower and
upper bounds and monotonic functions may be bounded by
lower and upper envelopos, thus fofming Semi,
Qoantitative Differenrial Equarions (SeDEs). Thesc
pcrmir NSIM to etiminate behaviors rhat are inconsistenl
with rhe numerical information, while dcscdbins the
remaining brhaviors morc qu titarively. NStM prJuces
bounds on lh€ fajectories of lhe stale variabtcs that arc
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dislributions. To avoid this, yl and yM are sclccled
nndomly first. and then thc x coordinate is suMivided
rccursively.

A largc number of simulations (onc wilh each
generated funclion) is required. and lhc tcsults are
guar_anleed lo include all possible behaviors only in lhe
limir as lhe number ol samples approachcs Infinity.

Conaroll€r Verification

During process design, with substantial uncerlainlies
presenl. the specific tmjccloncs produced by numerical
simulalions may be unrcliable. It should be helpful to lhe
engineer, in carrying out prGess aod coatrollcr dcsign, 10
preparc qualitative descriptions of the possiblc closcdloop
behaviorc. with this, the enginccr would csrablish the
bounds on a dcsircd nominal region oJ operation anl
automatically vedfy offline whelher. for eramplc, thc
conlrollcr would retum lhe proaess lo a steady stale, wilhin
thc nominal rcgion, in the face of anticigated disturbances
and faults.

Given the nominal, semi-qoantitativc. model for the
process and lhe controller, as wcll as thc potcntial faulls,
thc proposcd verificalion scheme is as follows. Thc
engineer asks a qucstion of fte typc. "what may happen if
lhis fauh occurs?" In resoonse. the fault model is
aulomatically built and integrated (using eithcr of lhc
techniques describ€d abovc). Thcn, rcmporul logic
operators lEmetwr. 1990) arc uscd to cxprcss fornu.lly the
user-supplied questions about lhe syslem behavior, and
provide qualitative answcn.

A similar scheme has been applied for thc vcrificalion
of discrele-event control systems by sevcral aulhors, For
cxample. Moon er al. (1992) build a rcc rhar includcs all
of thc possible behaviors of the sy$en (a succcssion ol
discrcle cvcn(s in limc) and check il sysrcmalically lo
determine $e Euth of thc qucstion. Hc|cin. lhe trajectorios
of lhe state variables produced by cach Monlc-Carlo
simulalion may be viewed asone hehavior.
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"necessarily" by defaul{. For each individual trai:clory. a
question mighl refer to lhe whole limc range (always). or
only over lime inlewals (cvenlually, unlil). The logical
opemlors :re lhe conventional Boolean connectives, An
example qucslion expressed using thc lemporal logic
opcmlors is given in tlrc next scclion.

Appl icat ion ao Styren€ Polymerizat ion

This mc(hodology is illustraled for the free-.adical
polymerization of styrene in a jackclcd CSTR (Figure 2:
Higaldo and Brosilow, 1990). The ohjeclives are lo
stabilize thc rcactor at an unstable steady-state and control
the average molecular weight and lhc molccular weighl
distribution of fte polymer. The flow ralc of lhc cmling
waler. F., is us€d as the pdmary aclion for lhc control of
thc rcactor tcmpc|alure, with the monomer flow rate. Fm,
thc sccondary conlrol aclion in response to largc
disturbanccs. The flow rale of the initialor. Fi, is
manipulalcd to kccp the weight-average molecular wciShl,
Mw. closc lo ils setpoint. A combination of PID
controllers. using sliding-8ain schedulinS. rcgulales rhe
rcactor in the face of uncertainlics and larsc dislurbonccs.

Table 1. lenpo,al Loeic Operutorc

lcmporu logical

nece.ssarily

possibly evenlually

unul

rd

nol

The tempolal logic opcmtors used arc shown in Table
l. Through the modal operators, th€ user can spe.ify
whether lhe question must t'c truc fm all Monte-Carlo
simulations (necessarily) or al lcasl one (possibly). In lhe
case of NSIM simulalions. lhe modal oDeralor is sel to
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Figue 2. Schenati. of a ja&eted CSTR for
sryrene po lymeti zati on.

The models for thc slyrcne polymerization reaclol
contain substantial uncertainties, As an example. the ratc
conslant for lhe terminalion reaclion is of lhe form, lq =
kto gr. where lqo N Oe valuc ot rhc .atc consant at viry
low monomer conversioos. and is $sumed to havc an
Arrhenius dependence wirh panmetric unccnainty. g, is a
funalion thal monotronically incrcascs witi lempemture and
dcarcases wilh reactor composition, reflecting fie fact lhat

\ talls duc ro dittusion limilarions ar higher conversion.
This functionality is unknown. but can bc bounded by
cnvclopcs based upon experimental  data (Fig.3).
Moreover, the weighi-avenge molecular weight canmt be
measured ooline. Ralher. the visrosity is measur€d. but its
relarionship lo M- is unccnain.

Figures 4 and 5 show the response of the closed-lmp
system. as predicted by NSIM and Monre-carlo
simulations. respeclively. in answer to the question:
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"If the r€act6 temperaiure secpoint ircrsses by 68K, is it
(necesshl, ((aha/als (i^ tominal rcgim)) ard

eventua y (gdy-sw)),?"

wherc thc "nominal r€gion" of operadon is defined such
d|al 3,rc < T < 360 K, and 30,000 < M{ < 35,000.
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Figurc 3 . Bounds (bold lines) o,t 8,, based oa
etperimcntal stuli.t-

The NSIM bounds diverge. sho$/ing that unstable
uajtictoaics arc possible, and hence, lhe answet "false" is
aetumed. However. this is altribuled lo the conservatism
of the NSIM bounds. On the contrary. the Monle-Carlo
simulations predict tighl bounds for all of the state
veiables, and hence. provi& an aflirmative tEspons€,

Figtr. 4. NSIM boutds on the rcactor
,an paraturc, lor a sat-poim incraosc by 63 K.

CoDclusioDs

A methodology is introduced for lhe offline
verificalion of lhe stability and perfo.mance of conEollers.
when lhe process model has subslanlial, pammeEic and
non-parametric, uncenainty. Two @ahniques are prEsent€d
for the simulation of such semi-quantilative models.
Although more expensive computationally lhan NSIM,
with guaranrces only in lhe limit of infinite samples, the
Monie-Carlo melhod produc€s bounds that are not
conservative. lls illustrated for lhe design of a slyrene
polymerizadon rcacror and iB control syslem.
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Figur.5- Monac-Carlo tounds on the reacto,
kmperutur., T, ord the talipulaled cooling water
a\d nonomer flow rat.s, F c and F ̂  for a 64 K
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