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iii".*', "."a 'rt; *'^"ts drtlJoe' nor r*urc !d Penormr'cc'* ''u'r- - ' 
a c'pct rrttv rf rhe numt'er of Jdju{rble p!rumerLr( r'

i"'* ..."al"o i. tn" ";udblc I'drnrns d r' on( cnrmJre olurur(

lli'"-""lii'-,* o.ur."o \qDurcr enor lrl whr h sirerLmrneJ J'

li" '".i '""-.a."" '" rhe rmrnrns \er md ' modcr compr(\in
'.1'.""" 

t"*i." 'n. ",'"t or 0Jru\rlhlc parumct(^ rrurnrnr cncr
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il".r,'" ,"* ., ..,r4 '"'plrrr\ In prJrtii( {mpl'r mo'r('\ ie
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dat! arc lplit in l*o subsels (mining and testine) and ftc nelworl

.J . t  i .  r ru in.O unr ' r r t ' "  t 'nr rndm enn'  on Ihe re ' t rng ser  rs  'ch ie\er

i j . " . ' " ' . , *  pncdu* d ' t '  nor  Jsurc oprmlr  per foman'e "n

i,i-. 0"". "r u n aPplicd {o a nxed size nerwork thar mav be

,",t""0*,. "l-t dd ;r rechniques have been Proposed Io pdnc

;.il;;il;;i rrom ocr"orr' bu' netqot* m"ner \ere'r'on i'

i ' - l i . - ." ."  r"  re\r ,nr rJnre oi  nctsorr '  \ i?es ie numhe'

"i';;;.";;*- !!e pmpo\e a ne$ rrsonrhm {svb'Ntl ' ft"

..rsori, rrurnrnr cnd m",-tel \clecrun lhal ldnrng ltum d 4brlra^

,i".'"*"J ""i'.-r moJcr \rdcrure Juromati'rrr) deremrne\ rhe

'-,-,, '."'t.r.f r',0.t* "'de' 8tr(n rhe a\ailable drta Conjusale

; i l ; ; , ; ; , , ; i ' ""  , '  u 'cd ro;eremrne the 'n 'emar w.Phr '  of

i i . -"" ," .1.  - , t \ rnrular !J lur d(nmr"si tron (svD) is used ro

.,i,ll" ,t'. ".rt','r.- rhc rrnar hrdden ra)(r to rhe nerwort \

.,,""'r. ""0 " "i "r-" ,,.e rJenrilv redundanr h'dden node\' The\e

""i"' "" ",i..""0 -a,t'e rcduced \ue nersorl r\ rcrrarned unr'l

1""'".t-*. n" SVD_NET metbod has the vinue of being bolh

simple and n8orcus

IEEL IRANSACIIONS O\ IiEURAL NETWORKS' \IOL 5 NO' ]' MAY 19!

nethod see L4l. [5]i m exdPle of rhe lpplication of lhe oerhod to

'"t*ort t.uin;ne is eiven in 16l ln our fomularion rhe oblecttve

tunclion is the sum of sqdared eFoB

c= i  l l o t , , ' t ' r r '  
( r )

{herc the sum is over all -I trainin! exanrples and P outpuls:9'

, . t , " . " " , '  ,n .  acrra l  respon* tJ luc '  d ld I  l (prcvnt '  th '  mxl t l \

"',',""r' ,n*0,.,i."tr The n.uBl nelwotr mooel I' de"nhed bt rl)'

" ' i i  " . , ' ' " r " "  tuncrron '  Eivcn b)  '2 '  lhe Puld l  Rrbierc undatc

tomula is used io calculate conjugaE directions -!'ven lhe Sradrenr

oi ,i, "i,r' *'p"o to a wershr d rrcn Inpur no'te " (r hidden

""a" , .  r , . " . i , "  - * . *  "nr ' l  lhe chJnee in rhe obrcrr t '  tuncr i t 'n

beNeet irerations is bflow a prespccined thrcshold or lhe Smdrcnl

is cxaclly zerc- *hich imPties |har the opritrurn has been eachcd'

B. Sinstlar tulue De.@tPo$non

On.e lhe InPut $erghts d- N Inosn lhe @rPUr ol c\h hiJden

"J. i",.".r' i"p"r p"i". r can bc cJlculJrcd Thr' eNe' !n \' ' lI

tou". "t.." S i' irt" "".b'r ot obse arions a'd '11 is rhe number

.iial"" *a.. Tiett we can ronnulate rhe followin! linear least

squares ptoblemi Calculate lr such that the rcsidudl

Er  = l l  {  l^  = i i i  I  
(4)

is minimized. \fhcrc .{ is lhe .t x .l'l malrix huvine ns collmns tne

o"iours oieacr' t,oa"" no.r. for all r rnfut \curoh und r' tr J vc'ro'

of ihe r.I' response "atue" ThD ltncar lcr't 'quare\ rormullrDn (!n

b€ obtained for all P tesponses
The lasic ore.ise b€hind SVD is lhal a Scnerirl '\' x lt malrix

can be decomposcd in thrc€ malrices l ll and I as

II' TR^INING ALGOR|�THM

Con\ider r sin8le hidden lavc!, ftrllv conncded ner*orh wnose

"  = \ - r ' .  n  " '  " - "  '  { l '

{het( /^ i\ rhc trl' "urpur' U r' trre numbcr or hrdden nodc' t '

: ' '": J.; i l i l ;  i ;;;dc, to ourpul node r'al 's a corumn
'..tu, o' 'npt *erfhr' ro rhe 'rl hidden node r&gmenled Dv a

.""',*, t',: "- ,, , * '' rt'. 'npur "cro' ro th' n't*o antl d

'. ii" ".",'"".; "*+"-"ion pcrf;nned bv a hrdden nod€ ruch a'

I  -  f x D l - a ;  x + r ' )

l + ' s l  l - a i  x + x ' l

'rhc \VD NFI Jlsonlhm alrcrn0rc' herween e{imarionofrhe w'rChr'

;;;,;", i" r',ioe" nor* "l ' lnd rhe $crshs rtum hdden ro

" ' ' - ,  i "o-  ' r , ,  '  t  " , . .  ' ta8c proue$ a\  fo l lows:  l r  Given |  lcr

.,i i'r,* l* ,r'. r,,. cocltrcrcnt'. rh( wcrghs a' a'€ adrusred u{ng

" ",tr'".", *,r.'^,." merhdJ lo minimiTc rhc \um of {quarcd

.r . , .  o" ; " t , r " -  * re.  ' t 'c  coelh! ient \  b  r  'emarn l i red 2 '  c iven

,r,. n"" *rue. r,",r'. *.gr'r\ rrom InPur ro hrdden ndle\'thc ourp'rls

"i* n'di." .r* lt* t,nctb's '' in (2)) arc 'atculated Thcs€

,'*'*'. "iiJ' ,. -"r.*r ranslomations of rtle inpo6 are used

i" l"l-r"" , *" $t of coeiucienis L.^ usinc lincar ld\t squaies

- 
d* .r '"^, .o*". Fchtiques. more specifcallv SvD allows

$ell de\eloned lnear nerhnd\ ro be rpPled ro lhe rrainrng and

'" '..ti." .r' -o-n.i"" rr/et ol neurdr nel*otls Lrn@ prcJe'lion

;;;;"4 'il a' pan,ar rear 'quJrc' rPLs' h,ve t€'n ukd 'o

'--,'J" *,*,." ..ao'. tu1 the numbet of hidden nodes vas (ill

J",'.-i".d - m r.l r,t mdnncr l2l or thrcuPh implilied cos

, , i ' , j " r . "  f . r f .  w.  usc SvD o an e\o l t r r t  model  r l ( r ion merhod

lii.. to ide ifv lnd rcnNe redundant hidden nodes dunng nerwort

,'","'.", -o "1,, " o.'', The lLtvJnrage of'uch an approrh n 'har r

,0"".1'. ."aa .i-.,." 'number ot hr{tden nodesl ro rhr a!aildble

i"'i -J -.ia' ,t'. need ror poteniallv exI€nsive cross validation

pr.eO*es.  tus alo*i"g atl availablc data rc t'€ usd for minrng

A. Nontin?dr OPtini.atbn

The (ontusare stldrenr mrnrmr/drion rlgonrhm 'ombinql $'rh r

, '" : : ; f f i#; ' ' , 'cd ro adju{ rh; 'np we'ght\ rar I ror

, i".ir J ai**'.. - ,t'" imuition and rheorcrical derivarion of rhe

where I' is an l' x .lI column_onhogonol mnrix ll is an \ x

tt ,tiarorot mar;x wrth Posittre or zcr' clcment' Jnd l tr !n

.1.1 x i1 'inhosonal matfl\ The elemenr' oi rhe ll mrtnr Jrc

called rhe singuiar values of rhe { m!rn\' F-or ! Jcmih'l di'c6!on

on rhe imDlem€nutron and tnlcrprctluon nf S\D sec lal and I7l

The marnx ,{ mav b€ $ngulrr ror neJrlv \indular) becdu* 'l

i"* or *r"." deienemcies. column dcsenerdcies rmplv thar rhe

hiddcn node oulPuis are corrclared This means lhal rhe probl€m ts

.ueraeterminca wll rhe gi'en set of hidden nodesr i e thc available

dala cannot help di$inguish bctwecn them ln pr^ctical rems rhrs

supee\ls thc oreFnce of edondanL hn[en nodes
'ii' 

ou*-".n .ol'*"* ,hc u\e ol \ineultr \alue dr(omPo\rnon

as fte least squms elulion techniqDe 'n our nerwork trarnrng

."tt'J. ir'" a"*r,'p.*, or a nodel nerwo'k involles choice of

an o prtori ixed nrmber (tvpicallv l!r!e) of hidden nodes wnh

ri'" l6pe rt'or rtt"y will tP ldequdre ro rppro\rm're rhc unlno$n

undertvrnp tuncrio Howerer' rr md) scll be rhe "'e rhar rhN 'nnial

morlel'is_overparameterired (redundant) Redundrnt hidden nodes

"urt" ,inguro;ii"" in rrt" r m!|rix. which cat be idcntined fttuu8h

insiedio;of ns singular values A nonzerc number of small singolar

""ri'"' inoi"","t ."d'naun"v i! the inidal choice for the numbe' ot

hidden laver nodes. The alSoriftm thet climinates lhese hidden nodes

and retains the ptuned" ner*ork model

The 5VD-\ET alConthm pe\ented !bo\e h lor n'rw'rt\ wnh one

h',l.ten b\et but ca; br e\rended ro develol mulrrlavrted nerwo*s

This is simply dore by considcring fte outPurs ol the n'sr hidden

laver as ne* vdiabl€s to be used as inpurs to lhe second hidden laver

Then. the SVD NET alson|hm can be applied exa'rlv as desribed

in Secton II_A. In this sav rhe algornhD e$entiallv develoPs a

mullilavered nerwork wherc fte number of hidden nodes in each

hidden layer is adomatically deterfrined
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rcdundanl hid.len nodes using SvD. This is accomplished lhro gh

examination of the singular values of rhe marix of hiddcn node

outDuls- sincc corclaed hiddcn node oulpuls result in fte matnx

ha;ins smalt sinSular values As danv hidden noder !t eliminaied

^ rr,i" * r.,rr singular values. and rhe ne* Proned nerwo'li

is r.mined. In lhis wa!'. *e can obtlin ! fital model sirh fe{e'

ldiusrablc Dmhere6 and more accurare predicrions rh'n ! ner$orl'

mo.rel wift r hxed. a riofi deremined, size' Thus lhe SVD

NET nlgorihm is an rttemalive ro network pruning rshniques {91'

tl0l. w;ich ae mosrly hcurisric dd remove node5 dd wcishrs lia

rbnrary relevmce melsures or bv exanination of rhen impad on

the nelsork s PrcdidDns
The SVD NET algo.ilhm explicitly ddresscs rhe poblcm oi

overlitlio! by *l4ting model structure usin8 all lhe availrblc d ai

rs rhe numbcr of hidden nDdes is optiolzed thc ner$ork can De

trained to tull .onv$Sencc ln lhis conlcrl il comp'rcs lavorubl]

ro simplilied crossvalidarion lhaL uses part of the d'ra lo dclcmoe

model sttuclurc {{?1. lll) or ro dccide whcn ro slop rraininS [ljl As

was demonsrated in this papcr, the Iatter apprcach does ml Pretcnl
nverhrr ,n! .  JnJ only ur \  Pan of  rhe ddrr  lor  r rJ in inC
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The SVD-NET llSorilhm wls lencd on l*o larilrn)ns of r tcst

pnlbleor. Rcsults- In lef,ns oi prcdiction eFor. $erc conpared sith

ncr$'orks tnined using thc srandlrd bKkproprgation rlgo'idrm ln

lhe lir\l te\l prohlem. Ihc oulpul concentrutn)n of a nonisothcmal

conrinuouslt_ n'ned rank reaci(tr (CS'[R) is Prcdicred blsed on

mcrsurcmcnts of lhc \t!lc iind contrcl tariablcr IEl ln rhe tccond

v.nation. an ARNiA_lyr)e rnodel of rhe dlnrmic s'lnem wrs devcl_

olEd- whcre rhc pedictcd ourplt is funclion ol rhe cunem and

rwo orsr vrlucs oi thc oulput and lhc rystcm s conlrol input (thc inlel

teeoiemp,:rcrurc r� L tn crch case. ntiv training sers erch cunuining

:50 dat! Doinh. werc 8eneruted. Two nldiriond drrr sels wrlh lrue

responses {*herc lhe oulputs wele nor conupred sirh noiiel werc

ecnemted in ord€r lo ren thl.d network s Predicrbns'
Thc innirl nclvorks lor thc ,lrn resl prcblem hrd iolr inpuls'

onc hid'len luter of lhiny nodcs. rnd one ourllr nodei tor lh€

\econd crrmplc. rhe numher of input 'roilcs *ns

Ncr*or\s rr.rincrl wilh rlrc SVD_){ET atgorilhm uscd lll :50 data

poinK. whcrcas ibr nerworks rr0incd $nh b e\prop'rgltion lhc sim_

;lincd .m\s. !.lt'rl ion rcchni(luc (scc introductionr wns used to uvoid

;lernrtins. The loorin€.rn'squrrcd €nor (RMsEl was calcullrcd tbr

each nersork modelby using the noise-irccdala scr forrll50 nclwork

modcls Jnd lbr bolh tesr lroblcnrs A nr..rn rnd n'ndard dclialion

df rhe RMSE serc llso calculated. und r.e rcF)fled bcbw fbr boll)

SvD-NET lnd b ckP('P'r8$'on.
Thc nelsorl modcls urincd with rhc svD-NF-T mcrhod htrvc r

much smlller RMSE lhln €tworks rlined using bakproPlg.lnon

andsmaller stlndard dc!irtion. This is b€Lluse thc SVD_NETtnelhod

elininare\ r signincanl nunrbcr ol hidden node\ during trart'ngi ihus'

rhc rinal nruclurc ol the nclwofl modcl is 0dapFd lo th€ ditl! at

hard and has signincrntly tcwcr ndjusrablc PnmmcicB For both lest

Droblems. the tinal nclwork nlodel hld betwecn 8 tnd l0 hidd€n

;d|es fo. rll 50 d!t! sets. with thc v$r majornv of models having

t hiddcn nule\.  s cxlluincd in rhc inlroduclion shcn rhc numbcr

ol ldjuslrblc lur.mctcrs is dccrelsed. pedidi{rn acco'acv ln luture

(1.t. i\ .rp.ctcd lo inrprovc Qo\s llldrlion l{r d'rcm'ne whc! ro

stop rhe rcighr uPdates panilllr' prclenls ovcnioin-q. in lhe \en\e Lhrt

rhe nel*ort is irlined to Plrlriil con!.rgencc- bul il does not sclecl

rhc rppmpnrre nr 'Jr r  J tu. rurc "nt l  h(nLc lh i  modl l  mr]  ' i l l  l - '

, ,ver  Dmm(r. i r l (d  r -dunJ ' r r  '  Thf  SVD \L l  ' lgonthm el iminrP'

rhr .  rcdunJJnct  Ihr '  Inr r l  r \ ' i  ncr{ot l '  lm'ned qrrh lhc svD

NET dl-eonrhm are cxpeded to lenerali4 bener rh'n neiwork\ wrth

nrcd nrucrurc. though r conrPlere rllrning session 'nlolves rra'n'n8

of \eyedl ne(Ror\\ (of dccrc.siDe \ize). rhe SVD-\ET alConthm

lho otTe6 a sPeed up of ul b in order of maennude comprrcd to

standard oeural net$ork\.

lv. DrscLrssro\

This p.per pesenls a !e$ melhodolos]" tirr lQin'ng neural nct_

$or\r: lhe sVD NET rllorithn Th. nvo ler ltarures in this nrelhod

ar rhc developmcn( of rhe nersork model b! tnining (adiu\ting

rei.shr\r one lilcr rl u liN. rnd lhe 'ulom'rn: 'tnninatn)n of


