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Optimal Decentralized Protocol
for Electric Vehicle Charging

Lingwen Gan, Ufuk Topcu, and Steven H. Low

Abstract—We propose a decentralized algorithm to optimally
schedule electric vehicle (EV) charging. The algorithm exploits
the elasticity of electric vehicle loads to fill the valleys in electric
load profiles. We first formulate the EV charging scheduling
problem as an optimal control problem, whose objective is to
impose a generalized notion of valley-filling, and study properties
of optimal charging profiles. We then give a decentralized
algorithm to iteratively solve the optimal control problem. In
each iteration, EVs update their charging profiles according
to the control signal broadcast by the utility company, and
the utility company alters the control signal to guide their
updates. The algorithm converges to optimal charging profiles
(that are as “flat” as they can possibly be) irrespective of the
specifications (e.g., maximum charging rate and deadline) of EVs,
even if EVs do not necessarily update their charging profiles in
every iteration, and use potentially outdated control signal when
they update. Moreover, the algorithm only requires each EV
solving its local problem, hence its implementation requires low
computation capability. We also extend the algorithm to track a
given load profile and to real-time implementation.

Index Terms—Controllable electric load, electric vehicle charg-
ing, distributed optimal control, valley-filling.

NOTATION

Some of the mathematical operators in this paper are defined
below. For k ∈ {1, 2, . . .}, x = (x1, . . . , xk) ∈ Rk, and y =
(y1, . . . , yk) ∈ Rk, define

x � y def⇐⇒ xi ≤ yi for i = 1, . . . , k,

x � y def⇐⇒ xi ≥ yi for i = 1, . . . , k,

y = x+
def⇐⇒ yi = max{0, xi} for i = 1, . . . , k,

〈x, y〉 def⇐⇒
k∑
i=1

xiyi,

‖x‖ def⇐⇒
√
〈x, x〉.
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t A time slot, t ∈ T = {1, . . . , T}.
n An EV, n ∈ N = {1, . . . , N}.
D Base load profile.
rn Charging profile of EV n.
rn Upper bound on rn, i.e., rn � rn.
Rn Charging rate sum of EV n.
Fn The set of feasible rn.
r Charging profile of all EVs.
F The set of feasible r.
O The set of optimal r.
Rr Aggregate charging profile corresponding to r.
p Control signal.

I. INTRODUCTION

Electric vehicles (EVs) have the potential to increase energy
efficiency in transportation, reduce greenhouse gas emission,
and relieve reliance on fossil fuels [1]. Currently, several types
of EVs are either already in the U.S. market or about to enter
[2], and electrification of transportation is at the forefront of
many research and development agendas [3]. On the other
hand, the potential comes with a multitude of challenges,
including the integration of EV charging with the power
grid. EV charging will increase the electric load, therefore
potentially amplify the peak load or create new peaks [4]. EV
charging may also increase load side uncertainties, overload
distribution network devices (e.g., transformer) thus reducing
their lifespan [5], increase power loss, and cause significant
voltage deviations from the nominal value [6].

The simulation-based study in [7] suggests that, if EV
charging is not coordinated, even a 10% penetration of EVs
may cause unacceptable voltage deviations. On the other hand,
many studies demonstrate that “smart” charging strategies can
mitigate some of the integration challenges, defer infrastruc-
ture investment needed otherwise, and even help stabilize
the grid. For example, scheduling EV charging to fill the
valleys in electric load profile may reduce the need of building
new power plants. Moreover, the electricity stored in EVs
may be utilized to regulate frequency [8], to provide ride-
through support for fault protection, and even to compensate
fluctuating renewable generation [9].

Studies on EV charging control roughly fall into three
categories: time-of-use price [10], centralized control [6], [9],
[11], and decentralized control [12], [13]. Reference [10]
explores the effect of higher electricity price during peak
hours on shifting EV load, but does not provide strategies
for setting the price. Reference [6], [9], [11] use centralized
control strategies to optimize various objectives, including
minimizing power loss, minimizing load variance, maximizing



2

load factor, and maximizing supportable EV penetration level.
They require a centralized infrastructure to collect information
from all the EVs and centrally optimize over their charging
profiles. The size of this centralized optimization increases
with the number of EVs. Hence, decentralized control is
potentially more suitable when there are a large number of
EVs.

Decentralized control—potentially enabled by technologies
such as energy management systems, home area networks,
and advanced EV chargers—has attracted recent attention.
Reference [12] demonstrates through simulations that the load
profile can be flattened by introducing load-side participation
into the power market. They propose a decentralized strategy,
but do not guarantee optimality. Reference [13] proposes an-
other decentralized strategy, with proved optimality in the case
where EVs are identical, i.e., all EVs plug in for charging at the
same time, have the same deadline, need to charge the same
amount of electricity, and have the same maximum charging
rate. For future reference, we call this case homogeneous.

The contributions of this paper include the following. First,
we define optimal charging profiles of EVs explicitly. This
definition generalizes the notion of valley-filling charging
profiles. Second, we provide a decentralized iterative algorithm
to schedule EV charging. In each iteration, EVs update their
charging profiles according to the control signal broadcast
by the utility company, and the utility company alters the
control signal to guide their updates. The algorithm converges
to optimal charging profiles in both homogeneous and non-
homogeneous cases, where EVs can plug in at different
times, have different deadlines, charge different amount of
electricity, and have different maximum charging rates. Third,
we prove that the algorithm preserves optimality even with
asynchronous computation, where EVs do not necessarily
update their charging profiles in every iteration, and may use
outdated control signal when they update. Finally, we extend
the algorithm to track a given load profile and to real-time
implementation.

The rest of the paper is organized as follows. Section
II formulates the EV charging scheduling problem as an
optimal control problem. Section III studies properties of
optimal charging profiles. Section IV provides a decentralized
algorithm to iteratively solve the optimal control problem,
and proves that the algorithm converges to optimal charging
profiles even with asynchronous computation. Case studies
are presented in Section V, and extensions to track a given
load profile and to real-time implementation are discussed in
Section VI.

II. PROBLEM FORMULATION

Consider a scenario where a utility company negotiates with
N EVs to schedule their charging profiles over T time slots
of length ∆T in the future. The utility is assumed to know
(precisely predict) the inelastic base load (aggregate non-EV
load) profile, and aims to flatten the total load (base load plus
aggregate EV load) profile by shaping the aggregate EV load.
Each EV can charge after it plugs in and needs to charge a pre-
specified amount of electricity by its deadline. For instance,

an EV may plug in for charging at 9:00pm, specifying that
it needs to be fully charged by 6:00am, or reach at least
80% state of charge (SOC) by 4:00am. At each time slot,
the charging rate of an EV is a constant. Let D(t) denote
the base load at time slot t, rn(t) denote the charging rate
of EV n at time slot t, and rn := (rn(1), . . . , rn(T )) denote
the charging profile of EV n, for t ∈ T := {1, . . . , T} and
n ∈ N := {1, . . . , N}. Let r := (r1, . . . , rN ) denote the
charging profile of all EVs. The intent of flattening the total
load profile is captured by minimizing

L(r) = L(r1, . . . , rN ) :=
∑
t∈T

U

(
D(t) +

∑
n∈N

rn(t)

)
, (1)

where U : R→ R is strictly convex.
Each EV n ∈ N can only charge after it plugs in at

plugn and before its deadline deadn, i.e., rn(t) = 0 if
t /∈ [plugn,deadn]. During t ∈ [plugn,deadn], we assume
that the EV can be charged at any rate from 0 to the maximum
charging rate rmax

n , that is determined by the charger. For
instance, rmax

n = 1.4kW if EV n uses a single-phase, Level
I charger, and rmax

n = 3.3kW if EV n uses a single-phase,
Level II charger [14]. Define charging profile upper bound rn
as

rn(t) :=

{
rmax
n if plugn ≤ t ≤ deadn

0 otherwise
for t ∈ T ,

for n ∈ N . Then

0 ≤ rn(t) ≤ rn(t), t ∈ T , n ∈ N . (2)

Let Bn, sn(0), sn(T ) and ηn denote the battery capacity,
initial SOC, final SOC and charging efficiency of EV n
respectively. The constraint that EV n needs to reach sn(T )
state of charge by its deadline is captured by

ηn
∑
t∈T

rn(t)∆T = Bn(sn(T )− sn(0)), n ∈ N . (3)

Define charging rate sum

Rn :=
Bn(sn(T )− sn(0))

ηn∆T

for n ∈ N . For instance, if EV n plugs in with sn(0) = 10%,
needs to reach sn(T ) = 80% by its deadline, has charging
efficiency ηn = 0.7 and battery capacity Bn = 10kWh, and
each time slot is 15 minutes, then its charging rate sum Rn is

Rn =
10kWh× (0.8− 0.1)

0.7× 15minutes
= 40kW.

The constraint in (3) can be written as∑
t∈T

rn(t) = Rn, n ∈ N . (4)

Reference [14] summarizes some of the recently announced
EV models. Typical values of rmax

n and Rn can be derived
for these models, and are used in the case studies in Section
V.

Definition 1: Let U : R→ R be strictly convex. A charging
profile r = (r1, . . . , rN ) is

1) feasible, if it satisfies the constraints (2) and (4);
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2) optimal, if it solves the optimal charging (OC) problem

OC


min

r1,...,rN

∑
t∈T

U

(
D(t) +

∑
n∈N

rn(t)

)
s.t. 0 ≤ rn(t) ≤ rn(t), t ∈ T , n ∈ N ;∑

t∈T
rn(t) = Rn, n ∈ N ;

3) valley-filling, if it is feasible, and there exists A ∈ R such
that ∑

n∈N
rn(t) = [A−D(t)]

+
, t ∈ T .

Remark 1: If the objective is to track a given load profile
G rather than to flatten the total load profile, the objective
function in Problem OC can be modified as

∑
t∈T

(∑
n∈N

rn(t)−G(t)

)2

.

For ease of presentation, we focus on the objective function
in (1), and briefly discuss the extension to track a given load
profile in Section VI-A.

III. OPTIMAL CHARGING PROFILE

We study properties of optimal charging profiles in this
section. For a given charging profile r = (r1, . . . , rN ), let

Rr :=
∑
n∈N

rn

denote its aggregate charging profile.
1) Property 1: A valley-filling charging profile is optimal.

Proof: Consider the relaxed optimal charging (ROC)
problem

ROC


min
R

∑
t∈T

U (D(t) +R(t))

s.t.
∑
t∈T

R(t) =
∑
n∈N

Rn;

R � 0.

For any feasible charging profile r to Problem OC, its aggre-
gate charging profile Rr is feasible for Problem ROC. Besides,
the objective function in Problem OC evaluated at r equals the
objective function in Problem ROC evaluated at Rr. Therefore,
if Rr solves Problem ROC, then r solves Problem OC.

For any valley-filling charging profile r, its aggregate
charging profile Rr solves Problem ROC since U is convex,
therefore r solves Problem OC.

Let Fn :=
{
rn| 0 � rn � rn,

∑
t∈T rn(t) = Rn

}
denote

the set of feasible charging profiles of EV n, for n ∈ N .
Then

F := F1 × · · · × FN

is the set of feasible charging profiles r = (r1, . . . , rN ) of all
EVs.
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Fig. 1. Base load profile is the average residential load in the service area of
Southern California Edison from 20:00 on 02/13/2011 to 9:00 on 02/14/2011
[15]. Optimal total load profiles correspond to the outcome of Algorithm ODC
(introduced in Section IV) with U(x) = x2. With different EV specifications
(e.g., maximum charging rate rmax

n ), optimal charging profiles can be valley-
filling (top figure) or non-valley-filling (bottom figure). Hypothetical non-
optimal total load profiles are shown in purple with dash-dot line.

2) Property 2: Optimal charging profiles exist if feasible
charging profiles exist, i.e., F 6= ∅.

Proof: The set F of feasible charging profiles is compact
since it is the product of compact sets Fn for n ∈ N .
Therefore the continuous function L(r) is minimized at some
ropt ∈ F .

Valley-filling is our intuitive notion of optimality. However,
it is not always achievable. For example, the “valley” in
base load may be so deep that even if all EVs charge at
their maximum rate, the valley still cannot be completely
filled, e.g., at 4:00 in Fig. 1 (bottom). Besides, EVs may
have stringent deadlines such that the potential for shifting
the load over time to yield valley-filling is limited. Defining
optimal charging profiles as solving Problem OC generalizes
valley-filling according to Property 1 and 2: valley-filling
charging profiles are optimal, e.g., Fig. 1 (top); while valley-
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filling charging profiles do not always exist, optimal charging
profiles always exist, e.g., Fig. 1 (bottom). We now define an
equivalence relation between two charging profiles, and show
that the set of optimal charging profiles is an equivalence class
of this relation.

Definition 2: Two feasible charging profiles r and r′ are
equivalent if their aggregate charging profiles are the same,
i.e., Rr = Rr′ . We denote this relation by r ∼ r′.
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Fig. 2. An example of equivalent charging profiles. In both top and bottom
figures, red region corresponds to the charging profile of one EV, and blue
region corresponds to the charging profile of another EV. The aggregate
charging profiles in both figures equal, therefore the charging profiles in both
figures are equivalent.

An example of equivalent charging profiles is given in Fig.
2. It is not difficult to check that ∼ is an equivalence relation
(satisfies reflexivity, symmetry, and transitivity [16]), therefore
we can define an equivalence class {r′ ∈ F| r′ ∼ r} for each
r ∈ F . Let

O := {r ∈ F | r optimal}

denote the set of optimal charging profiles.
Theorem 1: The set O of optimal charging profiles is non-

empty, compact, convex, and an equivalence class, if feasible
charging profiles exist.

Proof: The set O is nonempty according to Property 2.
Let ropt be an arbitrary optimal charging profile in O, and
define an equivalence class

O′ := {r′ ∈ F | r′ ∼ ropt}.

It is not difficult to check thatO′ is closed and convex. Since F
is compact, the setO′—a closed subset of F—is also compact.
Hence, O′ is non-empty, compact, convex, and an equivalence
class.

We are left to prove that O = O′. It is not difficult to
check that O′ ⊆ O, and we prove O ⊆ O′ as follows. For
any r ∈ O, it follows from the first order optimality condition
[17, Ch. 4.2.3, pp. 139] for Problem OC that

〈U ′(D +Rropt), Rr −Rropt〉 ≥ 0,

〈U ′(D +Rr), Rropt −Rr〉 ≥ 0,

since both ropt and r are optimal for Problem OC. It follows
that

〈U ′(D +Rr)− U ′(D +Rropt), Rr −Rropt〉 ≤ 0. (5)

However, it follows from U ′ being strictly increasing that

〈U ′(D +Rr)− U ′(D +Rropt), Rr −Rropt〉 ≥ 0, (6)

and the equality is attained—it is indeed attained according to
(5) and (6)—if and only if Rr = Rropt .

It follows that Rr = Rropt , which implies r ∈ O′. Hence,
O ⊆ O′, and this completes the proof.

Corollary 1: Optimal charging profile is in general not
unique.

Theorem 2: The set O of optimal charging profiles does
not depend on the choice of U . That is, if ropt is optimal
with respect to a strictly convex U , then ropt is optimal with
respect to any strictly convex U .

Proof: Let Ô denote the set of optimal charging profiles
with respect to Û(x) = x2, and OU denote the set of optimal
charging profiles with respect to an arbitrarily chosen strictly
convex U . We only need to show that OU = Ô.

The set OU is an equivalence class of some charging profile
ropt = (ropt1 , . . . , roptN ) according to Theorem 1. Let Ropt :=
Rropt denote the aggregate charging profile of ropt. According
to the first order optimality condition for Problem OC,〈

U ′(D +Ropt), rn − roptn

〉
≥ 0

for n ∈ N and rn ∈ Fn. It follows that for each n ∈ N ,
roptn minimizes 〈U ′(D +Ropt), rn〉 over rn ∈ Fn. Since U ′

is strictly increasing, it is not difficult to check that roptn also
minimizes 〈D +Ropt, rn〉 over rn ∈ Fn. Hence,〈

D +Ropt, rn − roptn

〉
≥ 0

for n ∈ N and rn ∈ Fn. It follows that〈
D +Ropt, Rr −Ropt

〉
=
∑
n∈N

〈
D +Ropt, rn − roptn

〉
≥ 0

for r = (r1, . . . , rN ) ∈ F . This is the first order optimality
condition for minimizing L(r) with Û(x) = x2, therefore
ropt ∈ Ô. It follows from Theorem 1 that Ô is an equivalence
class of ropt, i.e., OU = Ô.

Since the set O of optimal charging profiles does not depend
on the choice of U , we can choose U(x) = x2 without loss of
generality. It follows that optimal charging profiles minimize
the `2 norm [18] of the total load profile. The `1 norm of
the total load profile is a constant according to (4), therefore
optimal charging profiles minimize the load variance.

To summarize, defining optimal charging profiles as solving
Problem OC generalizes valley-filling. According to this defi-
nition, optimal charging profiles do not depend on the choice
of U , and minimize the load variance.

IV. DECENTRALIZED SCHEDULING ALGORITHM

We provide a decentralized scheduling algorithm to solve
Problem OC in this section. By decentralized, we mean that
EVs choose their own charging profiles, instead of being
instructed by a centralized infrastructure. The utility company
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only uses control signals, e.g. electricity prices, to guide EVs
in choosing their charging profiles. By scheduling, we mean
that all EVs are available for negotiation at the beginning
of the scheduling horizon (even though they are not nec-
essarily available for charging as reflected by time-variant
r1, . . . , rN ). The EVs and the utility company carry out an
iterative procedure at the beginning of the scheduling horizon
to determine the charging rates for each of the time slot t ∈ T
in the future. We prove that the algorithm converges to optimal
charging profiles, even with asynchronous computation, where
EVs make decisions in different iterations, using potentially
outdated information.

A. The Optimal Decentralized Charging Algorithm

The decentralized scheduling algorithm for solving Problem
OC is presented in Algorithm 1, which we call the optimal
decentralized charging (ODC) algorithm. The superscript de-
notes the iteration number, e.g., pk denote the control signal in
iteration k. We assume that U ′ is Lipschitz with the Lipschitz
constant β > 0, i.e., |U ′(x)− U ′(y)| ≤ β|x− y| for all x, y.

Algorithm 1 Optimal decentralized charging
Input: Scheduling horizon T . The utility knows the base load

profile D and the number N of EVs. Each EV n ∈ N knows
its charging rate sum Rn and charging profile upper bound
rn, therefore the set Fn of its feasible charging profiles.

Output: Charging profile r = (r1, . . . , rN ).
Pick a parameter γ satisfying 0 < γ < 1/(Nβ).

i) Initialize the charging profile r0 as
r0n(t) := 0, t ∈ T , n ∈ N .

Set k ← 0, repeat step (ii)-(iv).
ii) The utility calculates the control signal pk as

pk(t) := γU ′

(
D(t) +

∑
n∈N

rkn(t)

)
, t ∈ T , (7)

and broadcasts the control signal pk to all EVs.
iii) Each EV n ∈ N calculates a new charging profile rk+1

n

by solving

min
〈
pk, rn

〉
+

1

2

∥∥rn − rkn∥∥2 s.t. rn ∈ Fn, (8)

and reports rk+1
n to the utility.

iv) Set k ← k + 1, go to step (ii).

Remark 2: The stopping criterion can be, e.g., k = K,
where K is a specified number of iterations, or

∥∥pk − pk−1∥∥ ≤
ε, where ε > 0 is a specified tolerance. When Algorithm ODC
stops at iteration k, output charging profile r = rk. In our sim-
ulations, we use the stopping criterion

∥∥pk − pk−1∥∥ ≤ 10−3.
Fig. 3 shows the information exchange between the utility

and the EVs for Algorithm ODC. Given the control signal
broadcast by the utility, EVs update their charging profiles
independently, and report the updated charging profiles to
the utility. The utility alters the control signal according to
the received charging profiles. Since the EVs and the utility
need only local information, Algorithm ODC is suitable for

decentralized implementation. The control signal p can be
interpreted as the electricity price.

Fig. 3. Schematic view of the information flow between the utility
and the EVs. Given the control signal, EVs update their charging profiles
independently. The utility guides their updates by altering the control signal.

There are two main steps (ii) and (iii) in the algorithm. In
step (ii), the utility updates the control signal according to (7).
It sets higher prices for slots with higher load, to incentivize
the EVs to shift their electricity consumption to slots with
lower load. In step (iii), EVs update their charging profiles to
minimize the objective function in (8). There are two terms in
(8): the first term is the electricity cost and the second term
penalizes the deviation of rn from the charging profile rkn
calculated in the previous iteration. The penalty term ensures
convergence of Algorithm ODC, and vanishes as k → ∞
(proved in Theorem 4). Hence, (8) reduces to the electricity
cost as k →∞.

Intuitively, the smaller γ is, the smaller p is according to (7).
Therefore, the penalty term in (8) becomes more significant,
and ‖rk+1

n − rkn‖ would be smaller. Smaller charging profile
updates ‖rk+1

n − rkn‖ make convergence of Algorithm ODC
more likely. To summarize, smaller γ makes convergence more
likely. In fact, Algorithm ODC converges to optimal charging
profiles if γ < 1/(Nβ) (proved in Theorem 3). The upper
bound γ := 1/(Nβ) is inversely proportional to the number N
of EVs and the Lipschitz constant β of U ′. For large N , EVs
need to update their charging profile more slowly since the
aggregate charging profile update is roughly N times larger.
Hence, γ should be smaller. When the Lipschitz constant β
is larger, the same difference in total load causes a larger
difference in U ′. Hence, for the two terms in (8) to remain
the same scale, γ should decrease. To summarize, the upper
bound γ = 1/(Nβ) agrees with our intuition.

We now prove that Algorithm ODC converges to optimal
charging profiles. Let the superscript k for each variable denote
its respective value in iteration k. For example,

Rk :=
∑
n∈N

rkn

denotes the aggregate charging profile in iteration k.
Lemma 1: The inequality〈

pk, rk+1
n − rkn

〉
≤ −

∥∥rk+1
n − rkn

∥∥2 (9)

holds for n ∈ N and k ≥ 1.
Proof: For n ∈ N and k ≥ 1, it follows from the first

order optimality condition for (8) that〈
pk + rk+1

n − rkn, rn − rk+1
n

〉
≥ 0 (10)
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for all rn ∈ Fn. Since rkn ∈ Fn, we have〈
pk + rk+1

n − rkn, rkn − rk+1
n

〉
≥ 0,

and (9) follows.
Lemma 2: For n ∈ N and k ≥ 1, rk+1

n = rkn if and only if〈
pk, rn − rkn

〉
≥ 0 (11)

for all rn ∈ Fn.
Lemma 2 follows from (10) and strict convexity of (8). Recall
that O is the set of optimal charging profiles.

Theorem 3: Charging profile rk converges to the set O of
optimal charging profiles, i.e., rk → O as k →∞.

Proof: Define Dk := D +Rk. Then,

L(rk+1) =
∑
t∈T

U
(
Dk+1(t)

)
≤

∑
t∈T

U
(
Dk(t)

)
− U ′(Dk+1(t))

(
Dk(t)−Dk+1(t)

)
= L(rk) +

〈
U ′(Dk+1), Rk+1 −Rk

〉
≤ L(rk) +

〈
U ′(Dk) + β

(
Rk+1 −Rk

)
, Rk+1 −Rk

〉
= L(rk) + β

∥∥Rk+1 −Rk
∥∥2 +

1

γ

∑
n∈N

〈
pk, rk+1

n − rkn
〉

≤ L(rk) + β
∥∥Rk+1 −Rk

∥∥2 − 1

γ

∑
n∈N

∥∥rk+1
n − rkn

∥∥2
≤ L(rk) +

(
Nβ − 1

γ

) ∑
n∈N

∥∥rk+1
n − rkn

∥∥2 (12)

≤ L(rk)

for k ≥ 1. The first inequality is due to the convexity of U ,
the second inequality is due to the definition of the Lipschitz
constant β, the third inequality is due to Lemma 1, and the
fourth inequality is due to the Cauchy-Schwarz theorem. It is
easy to check that L(rk+1) = L(rk) if and only if rk+1 = rk.

If rk+1 = rk, then it follows from Lemma 2 that

〈pk, rn − rkn〉 ≥ 0

for n ∈ N and rn ∈ Fn. It follows that

〈pk, Rr −Rk〉 =
∑
n∈N
〈pk, rn − rkn〉 ≥ 0 (13)

for r = (r1, . . . , rN ) ∈ F . This is the first order optimality
condition for Problem OC. Hence, rk ∈ O. On the other hand,
if rk ∈ O, then L(rk) ≤ L(rk+1) ≤ L(rk). To summarize,

L(rk+1) = L(rk) ⇔ rk+1 = rk ⇔ rk ∈ O.

Finally, the facts that F is compact, every r ∈ O minimizes
L, and L(rk+1) < L(rk) if rk /∈ O imply that rk → O as
k →∞.

Definition 3: A charging profile r is stationary, if rk = r
for some k ≥ 0 implies that rm = r for all m ≥ k.

Corollary 2: A charging profile is stationary for Algorithm
ODC if and only if it is optimal.
Corollary 2 follows from the fact that rk+1 = rk if and only
if rk ∈ O, which is shown in the proof of Theorem 3.

Theorem 4: Let ropt be an optimal charging profile, Ropt

denote its aggregate charging profile, and popt := γU ′(D +
Ropt) denote the corresponding control signal, then
• aggregate charging profile converges to the optimal ag-

gregate charging profile, i.e., Rk → Ropt as k →∞;
• control signal converges to the optimal control signal, i.e.,
pk → popt as k →∞;

• charging profile update vanishes, i.e.,∥∥rk+1
n − rkn

∥∥→ 0 as k →∞ for n ∈ N .
Proof: Theorem 3 implies that we can find a sequence

{r̂k}k≥1 ∈ O, such that ‖rk − r̂k‖ → 0 as k →∞. We have
Rr̂k = Ropt for k ≥ 1 since O is an equivalence class of ropt.
Hence, Rk → Ropt as k → ∞. It follows that pk → popt as
k → ∞ (since the control signal is a continuous function of
the total load). Furthermore, the inequality in (12) implies that

L(rk)− L(rk+1) ≥
(

1

γ
−Nβ

) ∑
n∈N

∥∥rk+1
n − rkn

∥∥2
for k ≥ 1. Since L(rk) − L(rk+1) → 0 as k → ∞, we have
||rk+1
n − rkn|| → 0 as k →∞ for n ∈ N .
Theorem 3 shows the convergence of rk to the optimal set

O while Theorem 4 shows on the convergence of Rk and pk

to the optimal value Ropt and popt. Since charging profile
update vanishes as k →∞ for all EVs, the objective function
in (8) approximates the electricity cost after a certain number
of iterations. It follows from (8) that

rk+1
n = argmin

rn∈Fn

∥∥∥∥rn − (rkn − γ ∂L∂rn
)∥∥∥∥2

for n ∈ N and k ≥ 0. Hence, Algorithm ODC can be
interpreted as a gradient projection method [19, Ch. 3.3.2].

Remark 3: If U ′′ is bounded away from zero, i.e., there
exists ε > 0 such that U ′′(x) ≥ ε for all x, then the constraint
on the parameter γ can be relaxed to 0 < γ ≤ 1/(Nβ), and
Theorem 3 and 4 still hold. For instance, Theorem 3 and 4
hold when U(x) = x2/2 and γ = 1/N .

B. Asynchronous Computation

Algorithm ODC requires that in each iteration, every EV
uses the up-to-date control signal to update its charging profile.
In reality, this synchronous computation may be impractical,
especially when the number of EVs is large. In this section,
we consider asynchronous computation, where EVs only up-
date their charging profiles in some of the iterations, using
potentially outdated control signal.

The asynchronous model we use is similar to that described
in [19, Ch. 6.1]. Each EV n ∈ N only updates its charging
profile at iterations Kn ⊆ {0, 1, . . .}, i.e., rk+1

n = rkn if
k /∈ Kn. Similarly, the utility only updates the control signal
at iterations K0 ⊆ {0, 1, . . .}, i.e., pk+1 = pk if k /∈ K0.
At iteration k ∈ Kn, EV n updates its charging profile rkn
according to (8), with pk replaced by pk−an(k) due to delay
an(k). At iterations k where k − 1 ∈ K0, the utility updates
the control signal pk according to (7), with rkn replaced by
r
k−bn(k)
n due to delay bn(k). We allow delays an and bn to

be k dependent but assume that they are uniformly bounded,
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i.e., an(k) ≤ d, bn(k) ≤ d for n ∈ N and k ≥ 0. We
also assume that each EV updates its charging profile at least
once every d iterations, and the utility updates the control
signal at least once every d iterations. With the asynchronous
model, Algorithm ODC is re-stated in Algorithm 2, which we
call the asynchronous optimal decentralized charging (AODC)
algorithm.

Algorithm 2 Asynchronous optimal decentralized charging
Input: Scheduling horizon T . The utility knows the base load

profile D and the number N of EVs. Each EV n ∈ N knows
its charging rate sum Rn and charging profile upper bound
rn, therefore the set Fn of its feasible charging profiles.

Output: Charging profile r = (r1, . . . , rN ).
Pick a parameter γ satisfying 0 < γ < 1/ (Nβ(3d+ 1)).

i) Initialize the charging profile r0 as
r0n(t) := 0, t ∈ T , n ∈ N .

Set k ← 0, repeat step (ii)-(iv).
ii) If k = 0 or k− 1 ∈ K0, the utility calculates the control

signal pk as

pk(t) := γU ′

(
D(t) +

∑
n∈N

rk−bn(k)n (t)

)
, t ∈ T ,

and broadcasts the control signal pk to all EVs.
iii) For each EV n ∈ N , if k ∈ Kn, it calculates a new

charging profile rk+1
n by solving

min
〈
pk−an(k), rn

〉
+

1

2

∥∥rn − rkn∥∥2 s.t. rn ∈ Fn,

and reports rk+1
n to the utility.

iv) Set k ← k + 1, go to step (ii).

Similarly to Algorithm ODC, the charging profile rk of
Algorithm AODC also converges to optimal charging profiles.

Theorem 5: Charging profile rk of Algorithm AODC con-
verges to the set O of optimal charging profiles, i.e., rk → O
as k → ∞. Furthermore, let ropt be an optimal charging
profile, Ropt denote its aggregate charging profile, and popt :=
γU ′(D+Ropt) denote the corresponding control signal, then
• aggregate charging profile converges to the optimal ag-

gregate charging profile, i.e., Rk → Ropt as k →∞;
• control signal converges to the optimal control signal, i.e.,
pk → popt as k →∞;

• charging profile update vanishes, i.e.,∥∥rk+1
n − rkn

∥∥→ 0 as k →∞ for n ∈ N .
Proof: In the appendix.

Theorem 5 implies that Algorithm AODC obtains optimal
charging profiles, even with asynchronous computation. This
optimality guarantee, again, is irrespective of the specifications
of the EVs, i.e., whatever the parameters rn and Rn are,
Algorithm AODC always obtains optimal charging profiles.

V. CASE STUDIES

We verify the optimality of Algorithm ODC and AODC, and
compare their convergence rates through case studies in this
section. We first compare the optimality of Algorithm ODC

with that of the algorithm proposed in [13], in homogeneous
and non-homogeneous cases. By homogeneous, we mean that
EVs have the same rn and Rn (all EVs plug in for charging at
the same time, have the same deadline, need to charge the same
amount of electricity, and have the same maximum charging
rate). By non-homogeneous, we mean that rn and Rn are not
necessarily the same for all EVs (EVs may plug in for charging
at different times, have different deadlines, charge different
amounts of electricity, and have different maximum charging
rates). We do assume though all the EVs are available for
negotiation at the beginning of the scheduling horizon. For
ease of reference, we call the algorithm in [13] MCH—name
initials of the authors.

We choose the average residential load profile in the service
area of South California Edison from 20:00 on 02/13/2011 to
9:00 on 02/14//2011 as the base load profile per household.
According to the typical EV charging characteristics [14], we
assume that an EV can be charged at any rate from 0 to 3.3kW,
after it plugs in and before its deadline. We consider the
penetration level of 20 EVs in 100 households. The scheduling
horizon is from 20:00 to 9:00 the next day, and is divided into
52 slots of 15 minutes. During each time slot, the charging rate
of an EV is a constant. The map U : R → R is taken to be
U(x) = x2/2. According to [13], we choose the price function
and parameters for Algorithm MCH as p(x) = 0.15x2, c = 1,
and δ = 0.15.
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Algorithm MCH

Fig. 4. All EVs plug in at 20:00 with deadline at 9:00 on the next day, and
need to charge 10kWh electricity. Multiple purple dash-dot curves correspond
to the total load in different iterations of Algorithm MCH.

Homogeneous Case: Although Algorithm ODC obtains
optimal charging profiles irrespective of the EV specifications,
we simulate the homogeneous case to compare it with Al-
gorithm MCH. In this example, all EVs plug in at 20:00
with deadline at 9:00 the next morning, and need to charge
10kWh electricity. Fig. 4 shows the average total load profile
per household in each iteration of Algorithm ODC and MCH.
Both algorithms converge to a valley-filling total load profile.
Moreover, Algorithm ODC converges with a single iteration.

Non-Homogeneous Electricity Consumption: Fig. 5
shows the average total load profile per household at conver-
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Fig. 5. All EVs plug in at 20:00 with deadline at 9:00 on the next day, but
need to charge different amounts of electricity that is uniformly distributed
between 0 and 20kWh.
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Fig. 6. All EVs need to charge 10kWh electricity, but plug in at different
times (uniformly distributed between 20:00 and 23:00) with different deadlines
(uniformly distributed between 6:00 to 9:00 on the next day).

gence of Algorithm ODC and MCH in a non-homogeneous
case, where EVs need to charge different amounts of elec-
tricity. Algorithm ODC still converges to a valley-filling total
load profile in a few iterations, while Algorithm MCH does
not. The optimality proof provided in [13] does not seem to
extend straightforwardly to non-homogeneous cases.

Non-Homogeneous Plug-in Times and Deadlines: Fig.
6 shows the average total load profile per household at
convergence of Algorithm ODC and MCH in another non-
homogeneous case, where EVs plug in at different times with
different deadlines. Algorithm ODC still converges to a valley-
filling total load profile in a few iterations, while Algorithm
MCH converges to a total load profile that is significantly
lower around 6:00 to 9:00. This is because Algorithm MCH
uses a penalty term to limit the deviation of the individual EV
charging profiles from the average charging profile. EVs plug
in at different times with different deadlines, but are forced to
follow the same charging profile. Algorithm ODC changes the
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Algorithm ODC

Algorithm AODC

Fig. 7. The `2 norm 1
N
‖Rk−Ropt‖ of the normalized difference 1

N
(Rk−

Ropt) between the aggregate charging profile Rk in iteration k of Algorithm
ODC or AODC and the optimal aggregate charging profile Ropt. EVs (all
need to charge 10kWh electricity) plug in uniformly between 20:00 and 23:00
with deadlines uniformly distributed between 6:00 and 9:00 on the next day.
For Algorithm AODC, we assume that all EVs update their charging profiles
and the utility updates the control signal in iteration k = 1, 3, 5, . . ., using
one-time-slot delayed information, i.e., Kn = {1, 3, 5, . . .} for n ∈ {0}∪N ,
an(k) = bn(k) = 1 for n ∈ N and k ≥ 1, and an(0) = bn(0) = 0 for
n ∈ N .

“deviation from the average penalty” to the “deviation from
the previous iteration penalty”. While preserving convergence,
Algorithm ODC no longer imposes different EVs to follow a
common average charging profile, therefore successfully deals
with the heterogeneity in charging deadlines. In fact, Theorem
3 implies that Algorithm ODC always obtains optimal charg-
ing profiles, even if the EVs plug in at different times, have
different deadlines, charge different amounts of electricity, and
have different maximum charging rates.

Comparison of Convergence Rates of Algorithm ODC
and AODC: Algorithm AODC also obtains optimal charging
profiles at convergence according to Theorem 5. This result is
verified by the same set of simulations we did for Algorithm
ODC. We do not show the average total load profiles at
convergence of Algoirthm AODC in these simulations because
they are the same as those obtained by Algorithm ODC in Fig.
4–6. Instead, we compare the convergence rates of Algorithm
ODC and AODC in Fig. 7. Not surprisingly, Algorithm AODC
converges slower than Algorithm ODC, since EVs do not
necessarily update their charging profiles in each iteration,
and may use outdated control signal when they do. However,
Algorithm AODC still converges to optimal charging profiles.
Hence, Algorithm AODC is robust to communication delays
and failures.

VI. EXTENSIONS

A. Tracking a Given Profile

The electricity for EV charging can be provided by a utility
company or a load aggregator. The objective of a utility may be
to flatten the total load profile, which has been discussed in the
previous sections. An aggregator may need to buy electricity
in the day-ahead electricity market, and supplies the purchased
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electricity to EVs in real time. Hence, an aggregator may want
to schedule EV charging to track the electricity profile G(t)
it bought in the day-ahead market.

Algorithm ODC can be extended to track a load profile G
by using the objective function

L(r) = L(r1, . . . , rN ) :=
∑
t∈T

(∑
n∈N

rn(t)−G(t)

)2

, (14)

i.e., a special case of (1) with U(x) = x2 and D(t) = −G(t).
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Fig. 8. 40 EVs plug in uniformly between 9:00 and 11:00 with deadlines
uniformly distributed between 15:00 and 17:00. All the EVs need to charge
10kWh electricity. The target profile is shown by the green curve, and
aggregate charging profiles in iteration 1, 5, 9 of Algorithm ODC are shown
by the red dash, blue dash-dot, and black dot curves, respectively.

Fig. 8 shows the simulation result of tracking a given target
profile. An aggregator negotiates with 40 EVs on their charg-
ing schedules. These EVs plug in uniformly between 9:00 and
11:00, with deadlines uniformly distributed between 15:00 and
17:00. All the EVs need to charge 10kWh electricity. The
target profile G is shown by the green solid curve. The red
dash, blue dash-dot, and black dot curves correspond to the
aggregate charging profile R obtained by Algorithm ODC in
iteration 1, 5, and 9 respectively. It can be seen that R is
almost the same as G after 9 iterations. The small difference
between R and G is due to early deadlines of the EVs.

B. Real-Time Implementation

Algorithm ODC is an offline algorithm in the sense that
all EVs are available for negotiation at the beginning of
the scheduling horizon. A more realistic setting, which we
call real-time, should consider that EVs become available for
negotiation, e.g., when they plug in, over time.

We call an EV active at a time slot if it is available
for negotiation and needs to charge electricity at that time
slot. Let Nt denote the number of active EVs at time slot
t, and Nt denote the set of active EVs at time slot t, for
t ∈ T . A real-time algorithm requires participation of only
active EVs n ∈ Nt at time slot t, for t ∈ T . However,

Algorithm ODC requires participation of all EVs at time
slot 1. We modify Algorithm ODC to accommodate real-time
implementation as in Algortihm 3, which we call the real-time
optimal decentralized charging (RTODC) algorithm.

Algorithm 3 Real-time optimal decentralized charging
Input: The number K of iterations in each time slot. The

utility knows the base load profile D. At time slot t =
1, 2, . . ., the utility knows the number Nt of active EVs,
and picks a time window size T that covers the deadlines
of all active EVs; each active EV n ∈ Nt knows its deadline
dn, charging rate sum Rtn and charging rate upper bound
rn(τ) for t ≤ τ ≤ dn.

Output: At time slot t = 1, 2, . . ., output the charging rate
rn(t) for active EVs n ∈ Nt.

Pick a parameter γ satisfying 0 < γ < 1/β. At time slot
t = 1, 2, . . .:

i) Initialize the charging profiles r0n for active EVs n ∈ Nt
as

r0n :=

{
0 if n /∈ Nt−1
rKn if n ∈ Nt−1

,

where rKn is the charging profile of EV n ∈ Nt−1 in
iteration K of the previous time slot t− 1. Set k ← 0.

ii) The utility calculates the control signal pk as

pk(τ) :=
γ

Nt
U ′

(
D(τ) +

∑
n∈Nt

rkn(τ)

)
, t ≤ τ ≤ t+ T,

and broadcast the control signal to active EVs n ∈ Nt.
If k = K, set rn(t)← rKn (t) for n ∈ Nt, go to step (v).

iii) Each EV n ∈ Nt calculates a new charging profile rk+1
n

by solving

min
rn

dn∑
τ=t

pk(τ)rn(τ) +
1

2

(
rn(τ)− rkn(τ)

)2
s.t. 0 ≤ rn(τ) ≤ rn(τ), t ≤ τ ≤ dn;

dn∑
τ=t

rn(τ) = Rtn,

and reports rk+1
n to the utility.

iv) Set k ← k + 1, go to step (ii).
v) For each n ∈ Nt, set Rt+1

n ← Rtn − rn(t). If Rt+1
n = 0

or dn ≤ t, EV n becomes inactive for slot t + 1. If EV
n /∈ Nt becomes available for negotiation and needs to
charge electricity, it becomes active for slot t + 1. Set
t← t+ 1, and go to step (i).

Algorithm RTODC simply implements Algorithm ODC at
each time slot. Though performance guarantees of Algorithm
RTODC is subject to current research, simulations shown in
Fig. 9–12 suggest that Algorithm RTODC has good perfor-
mance even in the presence of highly uncertain EV arrivals.
In Fig. 9–12, 20 EVs (out of 100 households) participate
negotiating on their charging profiles when they plug in for
charging. They all have the same deadline at 9:00 the next
day, and need to charge 10kWh electricity. From Fig. 9 to 12,
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EVs arrive with increasing uncertainty. It can be seen that as
arrival uncertainty increases, total load profile (red dash-dot
curve) obtained by Algorithm RTODC deviates more from
the optimal (blue dash curve) total load profile. The peak load
(after 0:00) remains close to that of the optimal profile, until
the EV arrival uncertainty becomes very (and unlikely) large—
EVs can plug in till 5:00.
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Fig. 9. EVs plug in uniformly between 20:00 and 23:00.
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Fig. 10. EVs plug in uniformly between 20:00 and 1:00.

VII. CONCLUSIONS

We proposed a decentralized algorithm to schedule EV
charging to fill the electric load valley. We formulated the EV
charging scheduling problem as an optimal control problem,
and proposed a decentralized algorithm to solve the problem.
In each iteration of the algorithm, each EV updates its own
charging profile according to the control signal broadcast by
the utility, and the utility guides their updates by altering
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Fig. 11. EVs plug in uniformly between 20:00 and 3:00.
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Fig. 12. EVs plug in uniformly between 20:00 and 5:00.

the control signal. We proved that the algorithm converges to
optimal charging profiles, irrespective of the specifications of
EVs, even with asynchronous computation. We also extended
the algorithm to track a given load profile and to real-time
implementation.

APPENDIX

Define πk :=
∑
n∈N

∥∥rk+1
n − rkn

∥∥ for k ≥ 0.
Lemma 3: If 0 < γ < 1/ (Nβ(3d+ 1)), then πk →

0 as k →∞.
Proof: Similar to Lemma 1, we can show that

〈
pk−an(k), rk+1

n − rkn
〉
≤ −

∥∥rk+1
n − rkn

∥∥2
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for n ∈ N and k ≥ 1. Hence,〈
U ′
(
Dk+1

)
, rk+1
n − rkn

〉
+ ‖rk+1

n − rkn‖2/γ

≤
〈
γU ′

(
Dk+1

)
− pk−an(k), rk+1

n − rkn
〉
/γ

≤
∥∥∥γU ′ (Dk+1

)
− pk−an(k)

∥∥∥ · ∥∥rk+1
n − rkn

∥∥ /γ
for n ∈ N and k ≥ 1. Choose c ≥ 0 such that

k − an(k)− c = max{l ≤ k − an(k) | l − 1 ∈ K0},

i.e., iteration k − an(k) − c is the nearest prior iteration that
the control signal p is updated. Then pk−an(k) = pk−an(k)−c,
and 0 ≤ c ≤ d − 1 since we assume that control signal is
updated at least once every d iterations. It follows that〈

U ′
(
Dk+1

)
, rk+1
n − rkn

〉
+
∥∥rk+1
n − rkn

∥∥2 /γ
≤

∥∥rk+1
n − rkn

∥∥ · ∥∥γU ′ (Dk+1
)
− pk−an−c

∥∥ /γ
=

∥∥rk+1
n − rkn

∥∥
·

∥∥∥∥∥U ′ (Dk+1
)
− U ′

(
D +

∑
n∈N

rk−an−c−bnn

)∥∥∥∥∥
≤ β

∥∥rk+1
n − rkn

∥∥ · ∥∥∥∥∥Rk+1 −
∑
n∈N

rk−an−c−bnn

∥∥∥∥∥
≤ β

∥∥rk+1
n − rkn

∥∥(∑
n∈N

∥∥rk+1
n − rk−an−c−bnn

∥∥)

≤ β
∥∥rk+1
n − rkn

∥∥(∑
n∈N

k∑
l=k−an−c−bn

∥∥rl+1
n − rln

∥∥)

≤ β
∥∥rk+1
n − rkn

∥∥(∑
n∈N

k∑
l=k−3d

∥∥rl+1
n − rln

∥∥)

= β
∥∥rk+1
n − rkn

∥∥( k∑
l=k−3d

πl

)

for n ∈ N and k ≥ 1. Summate over n ∈ N to obtain〈
U ′
(
Dk+1

)
, Rk+1 −Rk

〉
+
∑
n∈N

∥∥rk+1
n − rkn

∥∥2 /γ
≤ βπk

(
k∑

l=k−3d

πl

)

≤ β

((
1 +

3d

2

)
π2
k +

1

2

k−1∑
l=k−3d

π2
l

)

for k ≥ 1. Hence,

L(rk+1)− L(rk) ≤
〈
U ′
(
Dk+1

)
, Rk+1 −Rk

〉
≤ β

((
1 +

3d

2

)
π2
k +

1

2

k−1∑
l=k−3d

π2
l

)

− 1

γ

∑
n∈N

∥∥rk+1
n − rkn

∥∥2
≤ β

2

k−1∑
l=k−3d

π2
l +

(
β

(
1 +

3d

2

)
− 1

Nγ

)
π2
k

for k ≥ 1. Summate over k = 1, . . . ,K (K ≥ 1) to obtain

L(rK+1)− L(r1)

≤ 3d

2
β

K−1∑
k=0

π2
k +

(
β

(
1 +

3d

2

)
− 1

Nγ

) K∑
k=1

π2
k

≤
(
β(3d+ 1)− 1

Nγ

) K∑
k=1

π2
k +

3d

2
βπ2

0 .

It follows from 0 < γ < 1/ (Nβ(3d+ 1)) that the coefficient
for
∑K
k=1 π

2
k is negative, i.e.,

β(3d+ 1)− 1

Nγ
< 0.

If πk 9 0 as k → ∞, then L(rK+1) → −∞ as K → ∞.
However, L(rK+1) is bounded below by 0 by its definition.
Hence, πk → 0 as k →∞.

It follows from Lemma 3 that∥∥U ′(Dk+1)− U ′(Dk)
∥∥

≤ β‖Rk+1 −Rk‖ ≤ βπk → 0 as k →∞.

Similarly,
∥∥pk − γU ′(Dk)

∥∥ → 0 as k → ∞. It implies that
the control signal pk and the ideal control signal γU ′(Dk)
become arbitrarily close after sufficient number of iterations.
For a given charging profile r, let

d(r,O) := inf
r′∈O
‖r − r′‖.

denote its distance to the set of optimal charging profiles.
Lemma 4: For a sequence

{
rk
}
k≥1 of feasible charging

profiles, if d(rk,O) 9 0 as k →∞, then there exist a positive
constant δ > 0 and a subsequence

{
rki
}
i≥1 such that

ki+1 − ki ≥ d, (15)
d(rki ,O) ≥ δ. (16)

for i ≥ 1.
Proof: If d(rk,O) does not converge to 0 as k → ∞,

then there exists δ > 0, such that for any K ∈ N, there exists
k ≥ K with

d(rk,O) ≥ δ.

We can construct the subsequence
{
rki
}
i≥1 as follows.

• We can choose k1 such that d(rk1 ,O) ≥ δ.
• Suppose that the sequence k1, . . . , km (m ≥ 1) satisfies

(15) for i = 1, . . . ,m− 1 and (16) for i = 1, . . . ,m. We
can choose km+1 ≥ km + d such that d(rkm+1 ,O) ≥ δ.

It is not difficult to check that the subsequence
{
rki
}
i≥1

satisfies (15) and (16) for i ≥ 1.
Now we prove Theorem 5. We only prove that rk → O as

k →∞. The proof of other results in Theorem 5 is similar to
that of Theorem 4, and omitted for brevity.

If rk 9 O as k → ∞, then d(rk,O) 9 0 as k → ∞.
Lemma 4 implies that there exists δ > 0 and a subsequence{
rki
}
i≥1 such that (15) and (16) hold for i ≥ 1. Since

the set F of feasible charging profiles is compact, we can
find a convergent subsequence {rkis }s≥1 of

{
rki
}
i≥1. Let

r∗ = (r∗1 , . . . , r
∗
N ) denote the charging profile that {rkis}s≥1

converges to, i.e., rkis → r∗ as s → ∞. It’s not difficult
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to check that d(r∗,O) ≥ δ. Hence, r∗ /∈ O. Without
loss of generality, assume that

{
rki
}
i≥1 is the subsequence

{rkis}s≥1, then

rki → r∗ as i→∞.

Lemma 3 implies that rki+j → r∗ as i → ∞ for j ∈
{0, . . . , d − 1}. Let p∗ := γU ′(D + Rr∗) denote the control
signal corresponding to r∗, then it also follows from Lemma
3 that pki+j → p∗ as i→∞ for j ∈ {−d, . . . , d− 1}.

It follows from Corollary 2 and r∗ /∈ O that r∗ is not a
stationary point for Algorithm ODC, i.e., there exists n ∈ N
such that

r′n := argmin
rn∈Fn

〈p∗, rn〉+
1

2
‖rn − r∗n‖2 6= r∗n.

EV n updates its charging profile rn at least once in iteration
ki, . . . , ki + d − 1 for every i ≥ 1. Let ki + ji where ji ∈
{0, . . . , d − 1} denote an iteration that EV n updates rn, for
i ≥ 1. Then

‖rki+ji+1
n − rki+jin ‖ → ‖r′n − r∗n‖ > 0 as i→∞,

since rki+jin → r∗n and pki+ji−an → p∗ as i→∞. It follows
that for sufficiently large i,
ki+d−1∑
l=ki

πl ≥ πki+ji ≥ ‖rki+ji+1
n −rki+jin ‖ > 1

2
‖r′n−r∗n‖ > 0.

However, it follows from Lemma 3 that
ki+d−1∑
l=ki

πl → 0 as i→∞,

which contradicts with the fact that it is bounded below by
‖r′n− r∗n‖/2 > 0 when i is sufficiently large. Hence, rk → O
as k →∞.
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