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Abstract— A mosaic process is formed by placing a small
random set at each point in a collection of a large number of
random points in the unit disc. The mosaic induces a geometric
random digraph on the collection of random points by adding
a directed edge outward from each point in the collection to all
the other points in the collection that lie within the random set
centred at that point. If the random sets are sufficiently regular
then a threshold function for graph connectivity is manifested at
a critical rate of coverage by the small sets.
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I. MOSAICS

A mosaic process formalizes the idea of throwing down sets
at random. Suppose n is a parameter considered large and Sn

is a random set of the Euclidean plane governed by a law Ln

parametrized by n. For our purposes, we think of Sn as a
small, plump random set centred at the origin and whose size
decreases (in a suitable probabilistic sense) as n increases.
While not essential, it will be convenient to suppose that the
distribution Ln of Sn is unchanged with respect to rotations
of the axes.

The simplest illustration is provided by discs and, to fix
ideas, we may suppose that the random set Sn is a disc
of random radius R, centred at the origin, and governed by
law Fn(r). We formalize the idea that the random sets get
increasingly small as n increases by imposing an asymp-
totic condition on the coverage; for instance, the condition∫
r2 dFn(r) → 0 as n → ∞ says that the expected radius and

the expected area of coverage of the random discs Sn vanish
asymptotically.

Now suppose X1, . . . , Xn is a collection of random points
in the unit disc. We think of n as a large parameter. For each
Xk we pick a random set Sn,k distributed as Sn, independent
for different Xk. Then the mosaic process

⋃n
k=1(Xk + Sn,k)

represents a collection of many small random sets thrown
down at random.

II. GEOMETRIC RANDOM DIGRAPHS

The mosaic process induces a geometric random digraph
G = Gn,Ln . The vertices of G are the points X1, . . . , Xn. For
each k, we associate the directed edge (Xk, Xl) originating
from Xk and terminating in Xl for all points Xl ∈ Xk + Sn,k

that are not Xk itself.

The simplest setting for the mosaic and the induced graph
occurs when Sn is a disc of fixed radius rn. In this case the
mosaic is formed by n identical copies of discs of radius rn
distributed randomly in the unit disc. The graph that obtains
is then an ordinary undirected graph with points connected by
edges if, and only if, they are within Euclidean distance rn
of each other. Such graphs were first studied by Gilbert [1]
and are called geometric random graphs. In recent years these
models have seen renewed interest spurred by applications in
computational geometry, randomly deployed sensor networks,
and cluster analysis; see the monograph by Penrose for a slew
of references [6].

The digraph induced by a general mosaic process gener-
alises this idea of a geometric random graph by replacing
the “disc of influence of radius rn” at each point Xk by
a random “region of influence” defined by the random set
Sn,k placed at that location. The edges of the digraph are
directed as associations are not, in general, commutative: if
Xl ∈ Xk + Sn,k it is not necessary that Xk ∈ Xl + Sn,l.

The general mosaic process may be used to model con-
nectivity in a randomly deployed sensor network to account
for observed asymmetries in connectivity between elements.
Differing transmission powers at the sensors, for instance,
may be modelled by placing random discs at each sensor,
the radius determined by the available power at the sensor.
More generally, a typical foliated antenna pattern with a fat
main lobe may be scaled by random amounts to account for
differing transmission powers, and provided with a random
rotation to account for a random orientation on deployment at
each sensor.

III. CONNECTIVITY

A vertex Xk of the digraph Gn,Ln is isolated if there are
no other points Xl in the set Xk + Sn,k. The key implication
to connectivity of the underlying graph is the discovery of the
feature that as the coverage of the random sets Sn decreases
there is an abrupt appearance of isolated vertices in the graph.

Roughly speaking, suppose the random sets Sn are
Lebesgue measurable and have area An = A(Sn). Write
ψn = E

(
e−nAn/π

)
for the Laplace transform of the distri-

bution of An. Interactions at the boundary of the unit disc
make for fierce complications and are ultimately negligible
in the range of interest. We finesse these details here by



calling the random sets Sn “regular” and reserve the gory
details for elsewhere. The random disc model may serve as a
useful guide to focus thought. The main result: for regular
mosaic processes, the number of isolated vertices in the
induced geometric random digraph has an asymptotic Poisson
distribution with mean e−c if − log(nψn) → c. Here c is an
arbitrary real constant.

The Poisson approximation ideas behind the proof are
classical and follow the approach outlined in Kunniyur and
Venkatesh [3], [4]. The key ideas may be sketched quite
simply.

If we ignore complications at the boundary of the unit disc,
the probability that a given point Xk is isolated in the graph
Gn,Ln is given by E

{(
1−An,k/π

)n−1}
∼ ψn with suitable

asymptotic regularity conditions on the random sets. For any
given k, the sets Xi1

+ Sn,i1
, . . . , Xik

+ Sn,ik
will with

high probability be non-overlapping so that the probability
that each of Xi1

, . . . , Xik
is isolated is asymptotic to σn,k :=

E
{(
1 − 1

π

∑k
j=1An,ij

)n−k}
∼ ψk

n so that vertex isolations
are asymptotically independent. Then Sn,k :=

(
n
k

)
σn,k →

e−kc/k! and the inclusion-exclusion formula shows that the
probability that there are exactly m isolated vertices is given
by

n−m∑
k=0

(−1)k

(
m+ k

m

)
Sn,m+k → e−e−c (e−c)m

m!
.

In words, the number of isolated vertices is asymptotically
Poisson with mean e−c.

As in the classical Erdös-Rényi random graph models,
isolated vertices are the main agents for the loss of connectivity
and a Peierls argument shows that the probability that the
digraph Gn,Ln is strongly connected tends to e−e−c

. We
provide details elsewhere.

When the mosaic is built up of fixed discs of radius rn,
the condition on ψn translates into an explicit threshold for
the radius: if r2n = log n

n + c
n + o

(
1
n

)
then the probability that

the corresponding geometric random graph is connected tends
to e−e−c

. Results of this stripe were obtained by Penrose [5]
for random points in the unit square, and more generally, in
the unit cube in d-dimensions, using the Stein-Chen method of
Poisson approximation. An application in the sensory network
context was outlined by Gupta and Kumar [2] for random
points deployed in a disc.

IV. EMERGENT LACUNAE

Vertex extinctions were considered by Kunniyur and
Venkatesh [3], [4] as a means of modelling sensor death
in a sensor network. Suppose point Xk and the associated
random set Xk + Sn,k are deleted after a random time Tk.
We suppose the random variables T1, . . . , Tn are independent
and subscribe to a common law G(t) = GLn(t) which may
be parametrised by the parameters of the mosaic process, for
instance, the mean diameter of the random sets. If we start
with a strongly connected digraph, as vertices are extinguished
the graph devolves: first isolated vertices and then regions of

isolation, or lacunae, centred at the vertices begin to appear.
Write φn(t) := E

(
e−nAnGLn (t)/π

)
. Then, under the same

conditions of regularity of the random sets, if the sequence of
time epochs {tn} satisfies − log

(
nφ(tn)

) → c then the num-
ber of isolated vertices at time tn is asymptotically Poisson
with mean e−c. Arguments similar to those of Kunniyur and
Venkatesh [3], [4] may be adduced to obtain a similar Poisson
law for lacunae of a given size. Thus, lacunae emerge abruptly
at a critical time determined by the parametrised extinction
process.
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