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Abstract.  We introduce an exploration scheme aimed at learning ad-
vertiser click-through rates in sponsored seard auctions with minimal
e ect on advertiser incentives. The scheme preserves both the current
ranking and pricing policies of the seard engine and only intro ducesone
parameter which controls the rate of exploration. This parameter can be
set so as to allow enough exploration to learn advertiser click-through
rates over time, but also eliminate incentiv esfor advertisers to alter their
currently submitted bids. When advertisers have much more information
than the seart engine,we show that although this goal is not achievable,
incentiv esto deviate can be made arbitrarily small by appropriately set-
ting the exploration rate. Given that advertisers do not alter their bids,
we bound revenue loss due to exploration.

1 Intro duction

Recen years have seenan explosion of interest in sponsored seard auctions,
due in large part to the unigue opportunity for targeted advertising and the
resulting billions of dollars in revenue. Most sponsoredseard auctions display
a list of advertisemerts on the sidebar or other sections of a seart engine's
results page, ranked by somefunction of advertisers' revealedwillingness-to-pay
for every click on their ad. The advertisers in turn pay the seart engine for
every click their ad receives. While seweral pricing schemeshave beencirculated
in the literature [7], by far the most popular is a generalization of second-price
auctions, under which ead advertiser pays the lowest bid that is sucient to
ensurethat the ad remain in its current slot. Typically the number of available
slots for advertisemerts on the rst seard pageis xed, and thus only high
ranking advertisemerts are displayed.

?? This work was done while J. Wortman, Y. Vorobeychik, and L. Li were at Yahoo!
Researt, New York.



An essetial part of both designingsponsoredseard auction mecanismsand
bidding in them is the knowledge of the probability that a given ad is clicked
ead time it is displayed in a particular slot for a particular seard query or
keyword. This probability is known as the click-through rate or CTR of the
ad. Knowledge of these click-through rates helps advertisers determine optimal
bidding behavior. CTRs can also be an integral part of the ad ranking policy.
For example, it is common for policiesto rank bidders by the product of their
bid and somefunction of their relevane, a slot-independert measureof CTR.
Throughout the paper, we assumethat CTRs do not changeover time.

Most of the existing literature on sponsoredseard auctions treats CTRs as
known. When advertisers rst enter the system, howewer, their CTRs are not
yet known either by the seart engineor even by the advertisersthemselwes,and
can only be estimated over time basedon the obsened clicks. Obsenations are
inherently limited to slots in which ads appear, and estimatesare generally poor
for advertisers with low rank that do not usually appear at all. Furthermore,
without the assumption of factorable CTRs, little can be said about CTRs of
an ad in slots in which it has not previously appeared (or has appearedonly a
small number of times). Thus there is a needfor an exploration policy that pe-
riodically perturbs the current slate of displayed ads, shaving somein alternate
slots and occasionally displaying those ads that are ranked below the last slot.
Ideally, this exploration policy should not be dicult to incorporate into the
current sponsoredseard medanisms. Additionally , if the advertisers' bids have
reached an equilibrium, the exploration policy should, when possible,eliminate
the incentiv esfor bidders to changetheir bids, thereby destabilizing the auction.
Sud destabilization canresult in negative userand advertiser experience,aswell
as unnecessarylossin revenue to the seart engine, and can make exploration
harder to cortrol.

In this paper, we addressthe problem of learning the click-through rates
for each ad in ewery slot. Our primary goal is to maintain an equilibrium bid
con guration if the bidders did indeed play according to an equilibrium prior
to exploration. When this is not possible, we provide bounds on the amournt
that any advertiser could gain by deviating. This incertive to deviate can be
minimized by reducing exploration, at the cost of slowing down the processof
learning the CTRs. Additionally, we bound the reverue loss that the searth
engineincurs due to exploration, as comparedto maintaining a policy basedon
current estimatesof CTRs.

A similar problem has beenaddressedby Pandey and Olston [9] and Gonen
and Pavlov [5]. The former work addressesthe learning problem without con-
sidering advertiser incertiv es. The latter addressesoth. Our model di ers from
existing onesin three primary ways:

1. We avoid imposing a particular ranking policy or introducing a new pricing
schemesothat changesto existing systemsare minimal.

2. The data gatheredby our approac canbeincorporated into generallearning
algorithms using sample selection debiasingtechniques.[6]



3. We avoid the standard but unrealistic assumption that click-through rates
can be factored into advertiser- and slot-speci ¢ componerts.

2 Notation and De nitions

We consideran auction for a particular keyword in which there are N advertisers
(alternately called bidders or players) placing bids.> We assumethat the seart
engine has K slots with non-negligible CTRs. Throughout the discussionon
incentiv es,we assumethat the CTRs depend only on the ad being displayed and
the slot in which it is shown. Thus, we usec’ to denotethe true CTR of player i
in slot s. We assumethat for eac playeri, ¢ > ¢! whenewerl s<t K.For
convenience,we dene ¢ = 0 for s> K and s < 1. In most of our analysis we
deal explicitly with estimated click-through rates; the seard engine estimates
are denotedby ¢, whereasthe advertiser i's estimatesare denotedby €. Finally,
we let v; denote the value of a click to playeri.

For now we assumethat throughout the exploration process,advertisers are
ranked accordingto their bid b multiplied by a weight w; which is an increasing
function of their estimated relevance scoresfor the particular keyword. Setting
this weight equal to relevance recovers the standard rank-by-revenue model.
Without loss of generality, assumethat advertisers are indexed in the order in
which they are ranked when playing equilibrium, i.e. advertiser i is in slot i
in the ranking. Each advertiser pays a price per click equal to the lowest bid
that maintains his current position; thus the price paid by bidder i in rank s is
PP = Wss1 Bse1 =W

The relevance scoreof an advertiser, which we denote by g;; can be thought
of asan averageCTR ovgr all slots for the given quvvord We might chooseto
de ne this relevanceas _, ¢’ or alternately as _, ¢’= cS where ¢ is the
\average" CTR that any ad might expect to receiwe on slot s.° We can x the
weights for ead advertiser prior to (each phaseof) exploration and reveal the
new estimatesof CTRs at the end of the exploration period only, allowing greater
cortrol of exploration.

We assumethat prior to exploration the advertisers corvergeto a symmetric
Nash equilibrium, a variant of Nash equilibrium intro duced simultaneously by
Varian [10] and Edelman et al.[3]. We slightly alter the standard de nition to
take into accourt CTR estimatesas follows.

De nition 1. A symmetric Nash equilibrium (SNE) is an ordering and a set of
bids suchthat for every player i and for everyslots, € v; pi ewN p);
whete & denotesadvertiseri's CTR estimate at slot s.

5 Since our analysis can be repeated for each keyword, the restriction to a single
keyword is without loss of generality. Indeed, the analysis can even be generalized
to incorporate arbitrary context information, aslong as the number of contexts is
nite and advertisers may submit separate bids for ead. [4]

6 Observe that when ¢ is factorable into the product e cs, both of these relevance
scoresare proportional to e .



Existence of at least one symmetric Nash Equilibrium was proved in a slightly
di erent setting than ours by Bergerset al. [1]. Their proof applies essetially
without changeto our setting.

3 An Algorithm for Exploration

We begin by describinga simple algorithm for learning click-through rates. Below
(in Section 4) we show that we can set parameters of this algorithm in sud a
way as to minimize or entirely eliminate incentives for advertisers to deviate
from a pre-exploration SNE. Our key condition will be that throughout the
ertire run of the algorithm the priceswhich the advertisers pay are xed to their
pre-exploration equilibrium prices.

The algorithm, which we call k-swap (Algorithm 1), starts by ranking adsby
the product of bid and weight as usual, and repeatedly choosespairs of ads to
swap in order to explore. In particular, ead time the given keyword receivesan
impression (i.e. eat time a query is made on the keyword), a swapping distance
k 2 f1, ;Kg is chosenfrom somedistribution (e.g. uniformly at random).
The algorithm calculates or looks up a swapping probability for ead pair of
slots s and s + k that are a distance k apart. (The method for choosing these
probabilities will be discussedin Section4.) Finally, the algorithm usesthis set
of swapping probabilities to decidewhich (if any) pair of adsto swap.

We must be careful about how pairs of ads are chosento be swapped so we
can avoid swapping the samead more than onceon a singlequery. Let S; denote
the evert that the adsin slotsi and i + k are swapped and let rX = Pr(S;) be
the probability that this event occurs. We have

Pr(Si) = Pr(SijSi «)Pr(Si «)+ Pr(Sij: Si «)Pr(: Si «):

To avoid conicting swaps, we can set Pr(S;jS; k) = 0, which implies that
Pr(Sij: Si k) = Pr(S)=Pr(: Si ) = rk=(1 rk ), which is no greater than
oneaslong aswe enforcethat rk , + rk 1.

For the sake of this algorithm, all adswith rank K +1; ;N canbe thought
of assharing slot K + 1. Thus whenewr an ad in slot s K is chosento swap
with slot K + 1, any ad with rank K + 1; ;N could be displayed in slot s.
Due to lack of space,we do not discusshow the algorithm might decide which
losing ad to display, but one could imagine giving preferenceto ads that have
not often beendisplayed in the past.

4 Main taining Equilibrium  During Pairwise Swapping

In this section, we considerthe e ect on advertiser incertiv es of implementing
an exploration policy that occasionallychoosespairs of adsthat arek slots apart
to swap or movesan undisplayed ad into slot K k+ 1 for some xed value of k.
By ensuringthat advertisers do not have incertivesto deviate from equilibrium



Algorithm 1 The k-swap algorithm.

Calculate all swapping probabilities r¥
for all querieson the given keyword do
Randomly selecta k 2 f1; iKg
for i = 1to minfk;K k+ 1gdo
SetS; 1 with probability rf, S 0 otherwise
end for
for i= k+ 1to K k+ 1do fNote that this statement is null if 2k > K g
if S k= 1 then

Set S 0
else
SetS;  1with probability rf=(1 rk ), Si 0 otherwise
end if
end for

for i=1to K kdo
Swap the adsin slotsi andi+ kif §; =1
end for
if Sk k+1 = 1 then
Chooseani 2 fK + 1; ;Ngto display in slot K k+ 1
end if
end for

bids for any xed k, we ensurethat the advertisers do not deviate throughout
the ertire run of k-swap.

We assumethat the seard enginebasesthe weights w; onthe CTR estimates
¢, and x the prices paid by the advertisers through the entire run of k-swap.
The updated CTR estimates obtained during exploration are only reported to
advertisers after the algorithm completes.In practice, the algorithm may need
to be run in multiple phases,interleaving exploration with updates of CTR
estimates,and allowing su cien t time for advertisersto reach a new equilibrium
after eadh phase.

Our assumptionsraise a conceptualquestion: if the advertiserscareabout the
real CTRs, how can we maintain incertiv esgiven only estimates?We posit that
often advertisers do not know the CTRs any better than the seart engineand
formulate their own optimization problem (at least approximately) in terms of
the estimatesprovided by the searh engine;that is, we assumethat € = ¢’ 8i; s.
We considerthe casein which advertisershave additional information about their
CTRs in Section6.

For the analysisthat follows, we assumethat the seard engineknows (or can
obtain good estimatesof) ead advertiser's value per click. If we assumethat a
SNE is played prior to exploration, we canderive boundson advertiser values[10]
and baseour estimates on these bounds. In practice, this assumption will not
be necessary;we do not actually advocate setting the swapping probabilities
separately for ead individual auction, but rather xing probabilities in such a
way that the guaranteeswill hold for most typical auctions.



Since all analysis in this sectionis for a xed value of k, we drop the su-
perscript and user; in place of rk to denote be the probability that adsi and
i + k are swapped. These probabilities can be represetted as multiples of rq,

i.e. ry = ry. Then, if ; are set exogenously(for example, ; = 1 for all
1 i K), k-swap hasonly one tunable parameter, rq, for a xed value of k.
For convenienceof notation, wedene = O0foralli<landi>K k+ 1.In

order to allow exploration of CTRs of all bidders, we let rx ¢+ designatethe
total probability that any losing bidder is swapped into slot Kk + 1. Let gg
denotethe probability that alosing bidder with rank K +1 s pN is displayed
conditional on some losing ad being displayed.” We have that 2': K+ &= 1.
Finally, de ne gmax = Maxk+1 s N G-

Once we add exploration, the e ective estimate of CTR for advertiser i in
slot s is no longer ¢. Rather, now with some probability rs « the ad in slot
s is moved to slot s k, and with some probability rg the ad is moved to
s(!ot s+ k. Then the new e ectiv e estimate of CTR of player i for rank s is
3= rsk rg)+rs kciS K+ rscis+k:8

LetDis = (& &%) § (6 X ¢):Obsenethat riD;s isthe marginal
CTR loss of advertiser i in slot s when exploration is allowed. We now de ne
the quartities Jj; and Z; which are usedin Theorem 1:

Jj = p)Dy (v p)Dy @)
Zi=(vi P)Dii + K k+1Gmax & <y 2)

To get some intuition about what these mean, note that r,J;; is the dier-
encebetweenthe marginal lossin expected payo due to exploration that the
advertiser i receivesin slot j and the marginal lossin expected payo due to
exploration in slot i. Similarly, r1Z; is the di erence betweenthe marginal loss
in payo due to exploration that the advertiser i receivesby switching to rank
above K + 1 (and thereby not occupying any slot) and the marginal lossdue to
exploration in slot i.

The following result givesthe conditions under which exploration does not
incent advertisers to change their bids and characterizesthe settings in which
this is not possible. The proof of this theorem and others can be found in the
appendix.

Theorem 1. Assume that each advertiseri 2 f1; ;K strictly prefers his
current slot to all othersin equilibrium, i.e. the condition (vi ;)¢ > (v; p)e
holdsfor all 1 i;j K;i 6 j wheneverJ;; > Oandv; pf > 0 8i whenever

Zi > 0. Then for generic valuations and relevanes there existsan r; > 0 such
that no advertiser has incentive to deviate from the pre-exploation SNE bids
once explomation is addel. In particular, any r; satisfying the following set of

" Thus, the probabilit y that a particular losing bidder s gets selectedis gsrk  +1 -

8 Recall that rs = 0Oand ¢ = Ofor s< 1and s> K k+ 1. We can replace CTR
with e ective CTR becausethe prices paid by all advertisers remain xed for the
duration of exploration.



conditions is su cient:

r. min  min 1 . min = (vi pe;
! 20 K i+ ok 10 K;zi>0Z; " PG

min _—
10 K;i6j;dy >0 Jjj

vi e (v p)d

To get someintuition about how the theorem can be applied and about the
magnitude of ry, considerthe following example.

Example 1. Supposethat there are 3 advertisers bidding on 2 slots. Let € = ¢
for all playersi 2 f1;2;3g and slots| 2 f1;2g where¢; = 1 and ¢, = 0:5. Let
Vi = Vo = 3, and vz = 1. Supposethat prior to exploration ead advertiser bids
his value per click and pays the next highest bid. One can easily verify that this
con guration constitutes a SNE in which player 1 getsslot 1, player 2 gets slot
2, and player 3 gets no slot, and that in this equilibrium, player 1 is indi eren t
betweenslots 1 and 2.

Let us x , = 3=2. Now we can determine the setting of r; that allows
us to swap neighboring ads (k = 1) without introducing incentivesto deviate
during exploration. Applying the rst constraint, we nd the condition that
ri  1=(1+ 3=2) = 2=5 must hold. By the secondconstraint, sinceZ; = 11=4,
we must haver,; 4=11, and sinceZ, = 7=4, we must haver, 2=7. With our
setting of ,, J1. = 0and J,.1 = 1=4 < 0. Consequetly, the third constraint
on ry; hasno e ect. Combining the e ects of these constraints, we seethat we
can set the swapping probabilities as high asr; = 2=7 and r, = 3=7 without
giving any of the advertisersincertiv e to deviate during exploration.

Supposewe want to increaser; to 2=7+ and thereby learn a little bit faster.
Considerthe incentiv esof the secondbidder to switch to rank 3 (i.e., receive no
slot). The utilit y from being ranked third is 3=7+ 3=2> 3=7, while the utilit y
from remaining in slot two is 3=7 =4 < 3=7. Consequetly, for any > 0 (and,
thus, for any r; > 2=7) the secondbidder wants to deviate from his equilibrium
bid.

A similar analysisof constraints and incentivesshowsthat we cannotincrease

2 without decreasingr, or altering advertiser incertiv es.Similarly, any attempt
to decrease , can destabilize the equilibrium.

As the examplesuggeststhe boundsin Theorem 1 are closeto tight. In fact,
the bounds can be made tight simply by replacing gnax Wwith the conditional
probability with which ad i would be selectedif it were not in one of the top K
ranks.

Note that we would not expect a seart engineto calculate a distinct set of
swapping probabilities using Theorem 1 for ead individual auction in practice.
Indeedit may not be possiblefor the seard engineto estimate advertiser values
accurately in all cases.We instead advocate using the theoremto nd a single
xed set of swapping probabilities such that advertisers will not wish to deviate
when k-swap is run for most or all typical auctions.



5 Learning Bounds

In this section, we bound the error of our estimated click-through rates for eath
advertiser in ead slot after Q queries have been made on the given keyword.
Let n;s denotethe number of times we have obsened advertiser i in slot s, and
let zis; be the indicator random variable which is 1 if ad i is clicked the jth
time it appearsin slot s, and 0 otherwise. Finally, let ,ks be the probability that
ad i is displayed at slot s when we are swapping ads that are k slots apart, as
discussedin Section 4.

To simplify the presenation of results, we assumethat the swapping dis-
tance k is drawn uniformly at random from f1; ;K g for ead query, but the
extensionto arbitrary distributions is straight-forward.

Theorem 2. Supmsethe k-swap algorithm has been run for Q querieswith a
xed set of broadasted GTR estimates. Let ¢} be our new estimate of CTR,
dened as ¢ = (1=n;s) j”fl zisj for all advertisersi and slots s such that
nis 1. Then for any 2 (0;1), with protability 1  , the following holds for
all i and s for which we have made at least one observation:

s
. . IN2K N=)
5 C —_—
e o s
Furthermore _ with prohaBiIity 1 , for all i and s, we have that njg

maxf (Q=K) . K

i;s

QIn(2K N=)=2; 0g.

Thus as the number of queriesQ grows, our estimates of the CTR vectors
for each advertiser grow arbitrarily closeto the true CTR vectors.

6 Bounds on the Incentiv es of \Omniscien t" Adv ertisers

If playershave much more information about the actual click-through rates than
the seard engine, it is unlikely that we can ertirely eliminate incentiv es of
advertisers to change their bids during exploration. However, if we can bound
the error in our estimates of the click-through rates, we can also bound how
much advertisers can gain by deviating. When incertivesto deviate are small,
we may reasonably expect advertisers to maintain their equilibrium bids, since
computing the new optimal bids may be costly. The seard enginemay further
dull benets from deviation by charging a small fee to advertisers when they
changetheir bids.

From this point on, we assumethat the error in seart engine estimates of
the CTRs is uniformly boundedby ; that is, j¢; €] for every i and s.

Assumethat r¥ were set such that the bidders have no incertive to change
their bids if they use ¢ astheir CTR estimates. We now establish how much
incentiv e they have to deviate if they know their actual CTR ¢}, that is, € = ¢;
we call such advertisers \omniscient".



Theorem 3. The mostthat any omniscient advertiser can gain by deviating in
expectation per impressionis max; ; k 2 (vi pf):

This bound has the intuitiv e property that asour CTR estimatesimprove, the
bound on incertiv esto deviate from equilibrium bids improvesaswell.® It is also
intuitiv e, howewer, that incentiv esdiminish if the exploration probabilities fall.
This motivates the following alternate bound which shows that we can make
the incentives to deviate arbitrarily small even for omnisciert advertisers by
appropriately setting r.

Theorem 4. The mostthat any omniscient advertiser can gain by deviating in
expectation per impressionis
n 0

1{;}1?ka @ @M+ @ )y F2( i+ W) v pf

7 Bounds on Revenue Loss Due to Exploration

We now assumethat the advertisers play accordingto the symmetric Nash equi-
librium that was played prior to exploration and, as in the previous section,
assumethat the errors of the seard engine's estimates of CTRs are uniformly
boundedby with high probability. Given theseassumptions,the theorem that
follows bounds the lossin revenue due ertirely to exploration.

Theorem 5. The maximum expected lossto the search engine revenueper im-
pressiondue to explomtion is bounded by

(% )

max ri P (G 6T k(@ )+ 2

1 K .
i=2

8 Special Cases

In this section we study the problem of exploration while maintaining a pre-
exploration symmetric Nash equilibrium in two special cases.In both cases,it
is only necessaryto swap adjacert pairs of ads in order to learn reasonable
estimates of advertiser CTRs.

® Note that givenr¥ the actual payo s to deviation are not a ected aswe learn unless
we also publicize the learned information.



8.1 Factorable Clic k-Through Rates

The rst special casewe consideris the commonly studied setting where ¢ =
€ Cs; that is, CTRs are factored into a product of advertiser relevanceand slot-
speci ¢ factors. Sincethere are far more data for estimating cs than e, we assume
Cs is known and g is to be learnedfor all advertisers. Under theseassumptions,
using k-swap may seemstrange; after all, we can learn g for all advertisers
i K just aswell by leaving them in their current slots! The only problem to
be addressedthen is to learn CTRs of losing bidders. Consequetly, if we truly
believe that CTRs are factorable, we needonly do adjacert-ad swapping (k = 1)
and cansetrq = = rkx 1= 0andonly allow rx > 0. In this case,we need
not worry about deviations by advertisersin slots 1;:::;K 1 to alternative
slots 1;:::;K 1, sincethe e ective CTRs for thesedeviations are unchanged.
Additionally , no advertiser wants to deviate to slot K, sincethe CTR in this
slot is strictly lower than it was before exploration, and no advertiser ranked

needonly considerthe incentivesof the advertiser in slot K . It is not di cult to
verify that the condition under which exploration doesnot a ect advertiser K 's
incertiv esis

Ck Vk p& G VK pJK _ VK p&

1 ck (v PK) "Vk (Gmax + 1) pk

rk min min
1j K

andwecan nd anrgx > Owhencg (vk  pK) > (v pi) forj < K.
There is, howewer, another possible scenarioin which exploration might be
usefulunder the factorable CTR assumption. Supposethat we initially posit the
factorable CTR model, but want to verify whether this is really the case.To
do so, we can use adjacent-ad swapping to form multiple estimates of ¢ using
data from multiple adjacert slots. By comparing theseestimates,we can vet our
current model while alsoimproving our CTR estimatesfor losing bidders.
Since CTR is factorable, our analysis need only consider the e ectiv e slot-
specic CTRs, Wlaj'ch we assumeare known, ¢ = (1 rg 1 rg)Cs+ s 1Cs 1+

rsCss1-Set i = ;,[(G 1 ¢)=G g+ )l By setting the swapping proba-
bilities in this manner, the e ective CTRs in slots2; ;K 1 are unchanged
when exploration is added. We can now simplify the bounds and characteriza-
tion of Theorem 1. In particular, the precondition of the theorem and the second
bound on r; needonly to hold for i = 1. Furthermore, it can be shown that in
the factorable setting, the necessaryprecondition (vi  pl)c > (vq pfl)q al-
ways holds in the minimum revenue SNE [10,8,2] for generic valuations and
relevances.Formal statemerts and proofs of theseresults are in the appendix.

As in the generalsetting, it is possibleto derive learning bounds that show
that as the number of obsened queries grow, our estimates of the advertiser
CTR vectorsgrow arbitrarily closeto the true CTRstzvri1th high probability. Here
our estimatesof CTR are simply ¢ = (Cs=G; Nis,) jfli Zis,; for all i ands,
where s; = argmaxs ¢s' Nis . We once again defer the theorem statement and
proof to the appendix.



8.2 Clic k-through Rates with Constan t Slot Ratios

In this section, we consideradjacent-ad swapping (k = 1) for the casein which
for ead player i, the click-through rates have constart ratios for adjacern slots.
That is,foralliandalll s K 1,weassumethat cf” =¢ = ;i 1lwhere ;
is advertiser-dependert and unknown. Let #; denote the searh engine estimate
of ; and supposeas before that advertisers use these as their own estimates.
Let ;= 1foreveryj 2f2:::;K 1g,s0ry=rp= = rx 1. Additionally ,
let x = minf(Y  1)*=0nax ; 10.

As in the previous section, we can considerably simplify the bounds and
characterization of Theorem 1 in this special case.In particular, the rst and
secondboundson r; must hold, but the third bound on r; and the precondition
needonly to hold fori = 1andi = K.

We can also prove analogouslearning boundsin this setting that show that
it is only necessaryto explore via adjacert-ad swapping in order to obtain CTR
estimatesfor all advertisersat all slots. This can be accomplishedby estimating

i foreahi as p
Nis j+1
_ (X=nis;41) ozl Zisi+lj
(1:ni;5i)r Jnlzsll Zis i
for a chosenslot s; at which there is a su cien t amount of data available. The
CTR at ead slot is then estimated using ; and the estimate of the CTR at the
designatedslot s;.

Formal theoremsdescribing the conditions on r; necessaryto maintain equi-
librium in this setting and the corresponding learning bounds can be found in
the appendix along with their proofs.

N,
I

9 Conclusion

We have introduced an exploration schemewhich allows seard enginesto learn
click-through rates for advertisemerts. We showved how, when possible,to set
the exploration parametersin order to eliminate the incertiv esfor advertisers
to deviate from a pre-exploration symmetric Nash equilibrium. In situations
in which we cannot ertirely eliminate incentivesto change bids, we can make
returns to changing bids arbitrarily small. Particularly , we can make thesesmall
enoughto ensurethat bid manipulation is hardly worth advertisers'time. Finally,
we derived a bound on worst-caseexpected per-impressionrevenue loss due to
exploration. Since this loss is zero in the limit of no exploration, we can set
exploration parametersin order to make it arbitrarily small, while still ensuring
that we eventually learn click-through rates.
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App endix
A Proofs

A.1  Pro of of Existence of SNE

In the existenceproof of SNE by Bergerset al. [1], de ne the mapping v = w;v;
and i’ = w;ly for every player i. Then, if v0 are used as valuations and kP as
corresponding bids, Walrasian equilibrium prices p? of eat slot exist in our
setting by the sameargumert. Sincefor eat advertiser i, v; is independert of
slot sand & > ", p? p3 p? , also by the sameargumert as in
[1]. Now, index ead bidder by the slot they won and de ne the bids of players
2 i K to bethe price paid for sloti 1: 1’ = p® ,. De ne the bids K of
advertiserswho do not receive a slot to be p} . The rst bidder can bid anything
above p}. By the argumert preserted in [1], this con guration constitutes a
symmetric Nash equilibrium.

The inequalities €/(v? p° (V0 pd) characterize SNE in the above
construction. Dividing both sidesby w; does not change the direction of in-
equality. Consequetly, if we dene p’ = ps=wi, we recover the inequalities
d(vi p) €(vi p°)that characterize SNE in our setting.



A.2 Pro of of Theorem 1

In order to prove Theorem 1, we must make surethat whenthe conditions stated
in the theorem hold, no advertiser is happier changing his bid and moving to
a dierent position in the ranking. We break this proof into multiple parts,
summarized by the following seriesof lemmas. Combining the piecesyields a
set of conditions that show that no advertiser has incertive to deviate when
exploration is added.
The rst condition,
rq min ;;
2 i K it ik
ensuresthat r; + ri 1 for all i. The other two conditions are the subject of
Lemmas1 and 2 below.

Incen tiv es of 1; ;K to Switc h to Alternate Ranks in 1; ;K We
rst verify that playersi 2 f1; ;K g do not want to switch to alternate ranks
j 21, ;Kg. The following lemma gives conditions to guarantee this. Recall
that wedene ¢ = 0and o= 0.

Lemma 1. Assumethat the condition

i P> e
holdsfor everyi;j 2 f1; ;K gin equilibrium. Suppsethat prior to exploration
advertisers' bids are in a symmetric Nash eguilibrium. Then thereis r; > 0 such
that playersin slots1; ;K do not wish to switch to other slotsin 1, ;K as
long as

ri 10 rfll":‘% >Oﬁ vi & (v p:)O:
whete Ji; is as de ned in Equation 1.

Proof. To ensurethat playersin slots 1; ;K do not have incertiv e to switch
to other slots within this range, we needthe condition

@ ik )G+ k€ gt (vioop)
@ 1 el “end™oviop)

to be satised for any i;j 2 f1; ;Kg. Using the de nition r; = r; and
rearranging terms, we obtain the equivalent condition
ndi Moo o phe: 3)

Under our assumption, the right hand side of Equation 3 is always strictly posi-
tive.WhenJ;;  0,anyr; 2 [0; 1] satis es the condition we need.When J;; > O,
we needto guararnee

(vi ) (v p)e.
Jij '

ra



Therefore, we must have for all i;j 2 f1; ;Kgsudithat Ji; > 0

o e v B

vious lemma showved that the K highest ranked advertisers do not have incertiv e
to deviate to another rank between1 and K when exploration is added under
certain conditions. We now consider the conditions that guarantee that these
advertisers do not want to move to a rank greater than K.

Lemma 2. If the players are in a symmetric Nash equilibrium with v; > pl
wheneverZ; > 0 before exploration and if
. 1

r min
! 10 K;Zi>0Z;

¢V pi)

where Z; is de ned asin Equation 2, then the K highestranking advertisershave
no incentive to switch to any slot below K for generic valuations and relevanes.
Furthermore, it is always possibleto setr; in such a way such that the alove
holdsandr; > O.

Proof. We show that any playeri 2 f1; ;K g hasno incentive to deviate to
anyslotj 2fK +1; ;Ng Foranyj 2fK +1; ;Ng,in orderto guarantee
that player i doesnot want to switch to slot j, the following condition must
hold:

@ rik r)+r @ Kendt™ o ovioop) rege Ky

As we require that this condition hold simultaneously for all j, it becomesequiv-
alent to

rnZi  gv p) (4)

Sincev; pl > 0, the right hand side of Equation 4 is strictly positive. When
Zi 0, the constraint is satis ed trivially . Thus we needonly that whenZ; > 0,

r %d(vi P

Lemma 3. No advertiserin slotsK + 1; ;N prefersto deviate and moveto
any slotin 1; ;K whenexplomtion is added.

Proof. Sincethe set of advertisers K + 1; ;N received no clicks in the pre-
exploration symmetric Nash equilibrium, we know that it must be the casethat
foralli andj suchthat K+1 i Nandl | K,

vipEO:



In other words, these advertisers have a value per click that is lower than the
equilibrium price per click of any slot between 1 and K. When exploration is
added, the CTRs of these slots might change, but the price is still higher than
these advertisers' values. Thus the advertisers still are not interested in these
slots when exploration is added.

Note that we have not addressedthe incentivesfor playersK + 1; ;N to
deviate to other ranks K + 1 or higher. This casewill depend on the way in
which the distribution ¢ is chosen.There are many possible choicesfor which
playersK + 1; ;N will not have incertive to swap ranks among themseles.

A.3 Pro of of Theorem 2

The proof of this theoremrelieson seeral applications of a versionof Hoe ding's
inequality which is stated here for completeness.

Lemma 4. (Hoe ding's Inequality) Let xy; pXn be independentrandom vari-
ablesboundel in the range[0; 1]. Let® = (1=n) in:1 X; denotethe mean of these
variables. Then for any 2 (0; 1), with proability 1

r

In(2=).

& E[R]j n

We apply Hoe ding's inequality rst to bound the error of our estimation of
the click-through rate of ad i in slot s giventhat we have obsened the ad in this
slot n;.s times. The following holds with probability 1

i€ q

To prove the nal pieceof the theorem, we can apply Hoe ding's inequality
once again to bound the deviation of n;s from its expectation with probably
1 as follows. p
inis  E[nisli Qln(2=)=2

Dividing by NK and applying the union bound completesthe proof.

A.4  Pro of of Theorem 3

First, we needa useful lemma that boundsthe e ective CTRs.
Lemma 5. jc?S Ciosj

Proof.

0, 0,
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Now considera player i deviating to slot (or rank) j:
c'vi B &w B v B
I DI VR BN (VR DU (VA B (VA )
v B 2 P

Recallthat ifj K +1,d = 0.

A5 Pro of of Theorem 4
Consider incertiv esfor someplayer i for deviating to slot j and let
=r( (g @€+ @ @)+ 2( i+ v P
Then,
[A i g+ “+rg v p)+
(@ ik r)d+r k@ K+rid" v p)+
SCEECA (T D RN I C D (TR -AD
(A riw rddM p)+ri @ (v P+
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=dMi P +riow@ o v o)+ k@ d)wi p)
dvi pP)+r k@ d)yvi p)
dvi p)+r @ * d)w p) @ 4N )
=[x rpd+rad K+nd v P

where the inequalities follow from the assumptionthat ci(v; p) c (v;
and the fact that p> pK for any slot s.

A.6  Pro of of Theorem 5
x oox X o
Revenue — C: p: Ci|p= = p:(C: Cil)

i=1 i=1 i=1
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A.7 Theorem Statemen t and Pro of for the Factorable Case

Theorem 6 below is mertioned brie y in Section8.1. For completenesswe state
it formally here and provide its proof. Before diving into the proof of the main
theorem, note that by de ning ; to be

R
j=2 G G+
we obtain the following recursive expressionfor r;:
G 1 G
ri = rj —_— 5
i i1 G Cest ( )
foralli 2 f2; ;Kg. This setting of probabilities is corveniert becausethe
CTRs ofanadin slots2; ;K do not changewhen exploration is addedif bids

do not change, as shawn in the following useful lemma.

Lemma 6. When r; are computed recursively by (5), then c® = ¢ for all i 2
f2;, ;Kg.

Proof. Foranyi 2 f2;, ;Kug,

=@ i1 r)GHT 1G 1+ MG
G+ri (G 1 c) ri(G Gi)
Ci Ci
c+ri 1(c 1 G) i1 ﬁ (G C+)=cG:
Now we are ready to state and prove the main theorem.

Theorem 6. Considerthe setting in which CTRs are factorableinto the product
of advertiser relevane and a slot-specic CTR factor. Let r; be de ned as in
Equation 5 for all i 2 f2; ;Kg. Assume that advertiser 1 strictly prefers
his current slot to all others in equilibrium, i.e. the conditon v; p} ¢ >

1 p’1 ¢ holdsfor all 2 j K wheneverJ;; > 0. Then for generic

valuations and relevan@s there exists an r1; > 0 suchthat no advertiser has an
incentive to deviate from the pre-explomation SNE bids once exploration is added.
Any r; for which the following conditions hold is su cient:

(

r.  min  min 1. min 1(v- e
! 20 K i+ 1 10 K;zi>0Z; " PG
)

mn (v pha (n o)

2 ] KiJiy>0Jy
wherre
Jj=vi pl(a )+ vi P (g 1 G) (G Ga1))

and Z; is de ned according to Equation 2.



First, we demonstrate a simple and intuitiv e result that w;v; > wi.; b+, for
1 i K for genericvaluations and relevances.

Lemma 7. In a symmetric Nash equilibrium with w;v; Wi Vier, WiV, >
wis1 b+ for 1 i K for generic valuations and relevanes.

Proof. Supposew;v; Wwi.; by for somei 2 f1;2; K g
For j > 1, the following upper bound on w;l3 holds in a symmetric Nash
equilibrium (a simple extension of Varian [10,8]):

wig w1y (1 ) F Wb (6)

where ; = ¢=g 1< 1. From the above bound with j = i + 1 and the assump-
tion that wiv;  wis b4, it follows that wivi  wiv; (1 i+1)t Wiobaz i1
and, thereforew;v; Wi+ bio .

Applying the bound in Equation 6 again with j = i + 2, we see that
Wi B2 Wis1 Visr (1 i+2) + Wisa b4z j+2. When CTRs are factorable,
WiVi Wi+ Vi«r [1,3,10]. Since for generic values and relevances,wj.1 Visp <
wiVi, we have w;Vv; j+2 < W43 b4z j+2 and, consequetly, wivi < wii3 b3
Wi+1 B+1 . Thus, wivi < Wit b1 and v; % < 0. But this is a contradic-
tion, sinceplayer i would then want to switch to slot K + 1, whereaswe assumed
that all bidders werein a Nash equilibrium.

Thus, v; > pl for all playersi when CTRs are factorable.

Given Lemma 6, note that if none of the bidders in slots 2; ;N wanted
to move up to slot 1 in equilibrium before exploration, they have even less
incentiv e to do so onceexploration is added sincethe e ective CTR for slot 1 is
now lower and the e ective CTR of their own slots is the sameby our de nition
of ;. Furthermore, none of the bidders in slots 2; ;N want to to switch to
alternate slotsin 2; ;K sincethe e ective CTRs are now the samefor all of
these slots and do not depend on the bidder's identity due to the factorization
assumption. Consequetly, we needonly examinewhether or not the top bidder
wants to move down, or whether any bidder might like to move into a slot below
K . The analysisof thesecaseds directly analogousto the analysisin the proof of
Theorem 1, and the su cien t conditions on r; are derived in the samemanner.

A.8 Pro of of Player 1's Strict Preference at SNE
Below is a formal statemert and proof of the theorem mertioned in Section8.1.

Theorem 7. Suppsethat the players are playing a minimum symmetric Nash
equilibrium. Then for genericvaluations and relevanes(vi  pi)c; > (Vi pL)g:



X X

CWaly  GWj+1B+1 = (G Cre1 )Wis1 Vis1 (Gt Cte1 )Wis1 Vis1
t=1 t=j
'Xl
= (& Ce1)Wrea Vi
t=1
b(l
WaV2 (& G+1) = wava(Cp G):
t=1

For genericvaluations and relevances,w,Vvo(C;  Cs) < wivi(c;  Cs) and, conse-
quertly, ciwzby G Wi+ B+ < wivicr wavag forevery2 j K. Rewriting,

we get ci(wive  Wolp) > ¢ (wivi Wi+ 41 ) and we recover the desiredstrict

inequality.

A.9 Learning Bounds in the Factorable Case

The proof of the following theorem, which is mertioned in Section 8.1, is given
below. As before,let n;.s denotethe number of times we have obsened advertiser
i in slot s at the current xed CTR estimates,and let z;s; bearandom variable
indicating whether or not the ad i was clicked on the jth time it appearedin
slot s.

Theorem 8. Supmsethat CTRs can be factored into advertiser-dendentand
slot-dependent components. In other words, for all i and s, ¢ = e ¢s where ¢ is
known. Supmsewe haveobserve n;s instancesof ad i at slot s with a xed set
of broadasted CTR estimates. Let ¢ be our new estimate of CTR, de ned as:

o X
CSi ni;Si

i Zis i

j=1

for all advertisersi and slots s; let s5; = argmaxscspm. Then for any 2
(0; 1), with probability 1, the following holdsfor all i and s:
s
" si G In(2N=)
i€ i S

Now, for ead advertiser i, we baseour estimate of click-through rate on data
from the slot s; maximizing ¢;™ ng. Let

& =



be the estimate of click-through rate in this slot. By Hoe ding's inequality, for
any °2 (0;1), with probability 1 ©,

S

, . In(2= 9
Si Si
16 ol 2Nis)

Sincefor any s, ¢ = ¢¢ '(cs=;,) and & = ¢ '(cs=g;, ), we thus have for all s
s

" s; G In(2= 9
JclS CIJ Csi 2ni;si N

We want this claim to hold for all N advertisers. Setting °= =N and
applying the union bound completesthe proof.

A.10 Theorem Statemen t and Pro of for Constan t Slot Ratios

The following Theorem is mertioned in Section 8.2. For completenessthe the-
orem and proof are formally stated here.

Theorem 9. Suppsethat CTRs are of the form ¢ = e(%)® ! for all i and
s. Assume that advertisersi = 1; ;K strictly prefer their current slots to
all othersin equilibrium, i.e. the following condition holdsfor i = 1;K and all
j 211, ;K g;] 8 i wheneverd;; > 0:

(vi P> (v pe:

Furthermore, assumethat for all i suchthat Z; > 0, vy p > 0. Then for
generic valuations and relevanes there exists r; > 0 such that no advertiser
hasan incentive to deviate from the pre-exploation symmetric Nash equilibrium
bids once exploration is addel. Any r; satisfying the following set of conditions
is su cient:

(
: 1 : Ql : RYZ RN
rooomin 2 i:l;T!9i>OZ(VI PN
)
mn S et v )
=LKL Kdig >0 Jjj boRA PR
The incentives for player 1 and players K;K + 1, ;N can be analyzed

exactly as in the proof of Theorem 1, and the conditions on r; follow from
this analysis as before. Thus here we focus only on the incertiv es of players
2; KL



Lemma 8. In the constant ratio setting, whenr; = ry fori 2 2, ;K players

adjacent-ad swappingexplomation for any rj.

Proof. To ensurethat playersin slots 2; ;K 1 do not have incerive to
switch to other slots within this range, we needthe condition

@ ria g+ teng™ (voop)
@ oo e g™ (voopl)

to besatised forany i;j 2 f1; ;K g. Setting r; = ry for all i and plugging in

¢ 1= &= and € = 64, we get

|
o
+
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N
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(1 rs1 r)€+rg 16 T+t =
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for every playeri and for all s= 2;:::;K 1. Thus, the condition that needsto
be satis ed is
. A, 2 ) . A, 2
C: 1+ rl( I/\, 1) (Vi p:) C: 1+ r1( I,\, 1)

D)

which is equivalent to the symmetric equilibrium condition before exploration
and thus holds by assumption. For deviation to slot 1, note that (1+ ”(AAJ)

1 and thus Cioi ¢ foreweryi=2::5;K 1, Whereaséil ¢t. Consequetly,
if deviations to 1 were unpro table prior to exploration, they are certainly still
unpro table with exploration. Finally, for deviations to slot K, note that the
eectiveCTR forslot K is e (1+ri(N 2)) & @+ ri(N+ 1= 2)). Thus,

. r(™ 12 . rq(™ 1 2 .
g 1+ B0 D gy ¢ 10 BOD )
I I
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Incen tiv es of Players 2;:::;K 1to Moveto Ranks K + 1;:::;N
Lemma 9. In the constant ratio setting, whenr; = ry fori 2 2; ;K players
in slots 2;:::;K 1 have no incentive to moveto ranks K + 1;:::;N during
adjacent-ad swappingexplomation for any rj.
Proof. Since k = minf(Aqim%)z;lg, we have that g Qnax @ 1)? or

(N 1?

K Omax (%)K '



satisfy
r A 1 2 ) 1 -
1+ ¥ (Vi p:) 1 K Omax (/T)K i
: 1
or, alternativ ely,
! !
. 1 K A gy n 1y
(Vi P) T1 Vi KOmax ~ ( 'A. ) pi( I/\, )
I i i

But since(”  1)2=© K Omax (1=%)K 1, we know that g Gmay (1=4)K
(" 1)?=N  0; and the right-hand sideis at most 0. Sincethe left-hand side
is at least O (otherwise our assumption of equilibrium prior to exploration does
not hold), any r; satis es the condition.

A.11 Learning Bounds for Constant Slot Ratios

The following theorem giving learning bounds for the constart slot ratio setting
is mertioned in Section 8.2. Again, let n;s denotethe number of times we have
obsened advertiser i in slot s at the current xed CTR estimates,and let z;s;
be a random variable indicating whether or not the ad i was clicked on the jth
time it appearedin slot s.

Theorem 10. Supmsethat CTRs are of the form ¢ = g( ;)° ! for all i and
s, wher ; is unknownand g = c¢!. Suppsealso that the adjacent-ad swapping
algorithm has been running for Q querieswith a xed set of broadasted CTR
estimates. Suppse we have observel n;.s instancesof ad i at slot s with a xed
set of broadasted CTR estimates. Let ¢ be our new estimate of CTR, de ned
as:

AYS s XS
€= (4) Zis i
Ni;s; j=1
where P Nis | +1
A _ (1:ni;s i +1 ) o =1 Zisi+l;

I (]-:ni;S.)r Jn:l' Zis
Then for any 2 (0; 1), with probability 1, the following bound holds for all
advertisersi and slots s:
s
IN(4N=) . (s(s+ 1)+ s?)In(4N=)

o Si 2
]cls C|J S(S+ 1)+ SI +1 ni ciSini

where n; = minfnis,;Nis,+1 0.

The proof is divided into a sequenceof lemmas.The rst one, stated below,
follows from a direct application of Hoe ding's inequality and the union bound.
Recall that s; is a chosenslot to explore for ad i.



Lemma 10. For eachi, with prokability at least1 , we have

e gy &t ot ¥
where
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Lemma 11. Assuming Equation 7 holds. Then for eachi we have
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Proof. First we can seethat for any i,
j/\- J _ clsi +1 C}Si +1 _ qs‘ +1 Cis. cis, Cis, +1
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Now, by Taylor's theorem, we have

(OF= (0SS ) (ST ()T st DY )X Y
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for some~ between ; and #. Since ()5 Y ()Y land0 N~

1,9 we have
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With theselemmas,we can prove Theorem 10. For ead i and s,
€ Gi= ()T g ()7 v

(M)° () () (e )

() )T () e

(s s)?+(s s) i+(i)°*

i st s+ sl ()0

101t A happensto be greater than 1 (which is possible), then we can safely setit to 1.
This change can only make the estimate more accurate, since we know ; 2 (0;1].



By the previous lemma,
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and we obtain
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A simple application of the union bound results in Theorem 10.



