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Abstract. Multiple-pursuer multiple-evader games raise fundamental
and novel problems in control theory and robotics. In this paper, we pro-
pose a distributed solution to this problem that simultaneously addresses
the discrete assignment of pursuers to evaders as well as the continuous
control strategies for capturing individual evaders. The resulting hybrid
controller for each pursuer consists of both local coordination protocols
guaranteeing that distinct evaders are captured by distinct pursuers, and
time-varying potential fields ensuring capturability of single evaders. The
overall hybrid system guarantees not only the mutual exclusion property
of the assignment for all initial conditions, but also capturing all evaders
after exploring at most a polynomial number of discrete assignments.
Therefore, our distributed approach dramatically reduces the combina-
torial nature of purely discrete assignment problems. Our scalable ap-
proach is illustrated with nontrivial computer simulations.

1 Introduction

Multiple-pursuer multiple-evader games consist of tracking and capturing of sev-
eral evaders by multiple pursuers. Termination of the game occurs when every
pursuer has captured an evader, and hence, the capturing condition becomes
equivalent to establishing an assignment between pursuers and evaders. If no
such a priori assignment information is provided, then the assignment has to be
determined on-line. Moreover, if only local information from nearest neighbors
is available to the pursuers, the resulting control framework is fully distributed.

For stationary destinations instead of mobile evaders, an on-line approach to
the assignment problem is proposed in [1], where the space of permutation in-
variant multi-robot formations is represented using complex polynomials whose
roots correspond to the configurations of the robots in the formation. The pro-
posed approach is open loop and centralized, since it requires global knowledge
of the environment. On the other hand, off-line approaches are studied in [2] and
[3]. In particular, in [2] a polynomial time algorithm is developed that computes
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a suboptimal assignment between pursuers and destinations based on a “mini-
mum distance to the goal” policy. Any navigation strategy can then be used to
drive the pursuers to their destinations. Similarly, in [3] the assignment problem
is modeled as a weighted graph matching problem. The authors consider a de-
sired graph as a destination configuration and propose novel dynamical systems
that always converge to a suboptimal assignment.

Pursuit-evasion games can be classified in continuous and purely discrete
games. Continuous games explicitly model the physical motion and constraints of
the players [4], [5], [6] and often assume worst case motion for the evaders [4], [5].
Studying optimality of such strategies involves numerically solving the compu-
tationally challenging Hamilton-Jacobi-Isaacs partial differential equations. On
the other hand, discrete games are either played in purely discrete environments
such as graphs [7], [8], or in continuous environments disregarding though any
physical dynamics of the players [9], [10]. Such models may result in discrete
strategies which are dynamically infeasible. Recently, however, hybrid control
has been used to bridge the gap between the discrete and continuous games and
model, more realistic, pursuers with limited sensing and communication capabil-
ities. Approaches involve visibility-based [11] and probabilistic [12], [13] games.
Closely related to the topics discussed in this paper are also multiple-target
tracking by sensor networks [14], [15] which, however, focus more on the sensing
and estimation problem of tracking rather than the actuation and control.

In this paper, we propose a novel distributed approach to the multiple-
pursuer multiple-evader game, which is inspired by our previous work on dy-
namic assignment for stationary targets [16], [17]. Under the assumption that
the pursuers have knowledge of the evaders’ locations, we simultaneously address
the discrete assignment of pursuers to evaders as well as the continuous control
strategies for tracking and capturing the individual evaders. The resulting hy-
brid controller for each pursuer consists of both local coordination protocols [17],
[18] guaranteeing that distinct evaders are captured by distinct pursuers, and
single-pursuer single-evader time-varying potential fields ensuring convergence
of the tracking error to any neighborhood of zero. Composition of the hybrid
controllers for all pursuers results in a highly efficient overall system that is il-
lustrated in nontrivial multiple-pursuer multiple-evader games. Similarly to [17],
the assignment of evaders to pursuers is determined dynamically by means of
information propagation in the underlying network regarding captured evaders
and is shown to have the desired mutual exclusion property for all initial con-
ditions. Furthermore, the overall system is shown to have at most polynomial
complexity, despite the exponential growth of the number of assignments with
respect to the number of pursuers.

The rest of this paper is organized as follows. In Section 2 we define the
multiple-pursuer multiple-evader game. In Sections 3 and 4 we define the target
tracking potential fields and the local coordination protocols, respectively, that
consist the hybrid automata that model the pursuers. Properties of the overall
system are discussed in Section 5, while in Section 6, we illustrate our scalable
approach with nontrivial computer simulations.



2 Problem Formulation

Consider n identical pursuers in a p-dimensional space R? and denote by x;(¢) €
RP the coordinates of pursuer ¢ at time ¢. We assume kinematic models for the
pursuers and so,

i‘i(t)zui(t) Vi=1,...,n (1)

where u;(t) is the control vector which in general can be unbounded. Consider,
further, m > n evaders and denote by y(t) € RP the coordinates of evader k
at time t. Evader velocities can be time varying but are assumed to be bounded
for all time, i.e., ||gx(t)|l2 < oo for all time ¢ and every evader k. For any evader
k, let,

B, (g () = {o € B ||| — yu(0)]}2 < 1} (2)

denote an open ball of radius 7 > 0 centered at y(¢) and define the closure of
B, (yx (1)) by,
B, ](yr(t) = {z € R [ |lz — yx(t)[la <} 3)

We say that pursuer i can capture evader k if for any given constant § > 0
there exists a time instant T; > 0 such that z;(t) € [Bs](yx(t)) for all ¢ > to+T;.
Let T = max;{T;} denote the time instant that every pursuer has captured a
distinct evader. Then, the time instant ¢y + T corresponds to the termination of
the game and the notion of capturing the evaders becomes equivalent to that of
assigning evaders to pursuers.

Since the pursuers are considered “identical” any assignment, among the
(7;:)71' possible assignments between pursuers and evaders, is equally desirable.
A popular approach is to decouple the assignment and tracking problems, i.e.,
determine first an assignment between pursuers and evaders, which can be either
random or optimal, based on a “minimum distance to the goal” policy [2], [3], and
then design controllers for every pursuer to capture its preassigned evader. Such
approaches result in centralized and off-line control frameworks since, although
navigation can be decentralized, an off-line centralized assignment decision needs
to be made first. In this paper we propose a dynamic and fully distributed solution
to the aforementioned problem. In particular, we assume that every pursuer
has only knowledge of the evaders’ locations, while the assignment decision is
embedded in the controller and relies on pursuer communication. We therefore,
address the following problem.

Problem 1 (Distributed Multiple- Pursuer Multiple- Evader Games). Given n iden-
tical pursuers, m > n evaders and no a priori assignment information, derive
distributed control laws for every pursuer ¢ such that, for any § > 0 and any
initial configuration x;(¢o), there exists a T' > 0 such that z;(t) € [Bs](yr(t)) for
all time ¢t > tg 4+ T, all pursuers 7 and distinct evaders k.

Implicit in Problem 1 is the mutual exclusion property of the final assign-
ment, i.e., that no two pursuers may capture the same evader. In the following
section we propose a control strategy for the single-pursuer single evader game,
upon which we build a framework for multiple-pursuer multiple-evader games.



Compared to the optimal line of sight (LOS) policy for single-pursuer single
evader games [5], the proposed strategy is smoother and less conservative since
it does not explicitly depend on the worst case bounds on the evaders’ velocities,
while as the LOS policy, it also guarantees capturing of the evader.

3 Single-Pursuer Single-Evader Games

As in Section 2, let x;(t),yx(t) € RP denote the coordinates of pursuer ¢ and
evader k at time ¢, and define the functions v(x;,yx) = ||x; — ykll2 and r(t) =
Re~a(t=10) with a > 0 and R > 0. Let B, (yx(t)) = {z € R? | y(z,yx(t)) <
r(t)} denote the open ball of radius r(t) centered at yi(t). We then have the
following result.

Theorem 1. Let, ¢ro(zi,yr,t) = m with Br.a(zi, yr,t) = r2(t) —
v2(xi,yx) and define the gradient flow,

&; = up,a(Ti; Yk, t) = —KVa,0Ra(Ti; Yr, t) (4)
Assume, further, that sup,s, {[|9x(#)||} = M < oo and z;i(to) € Byy)(yx(to))-

Then, x;(t) € By)(yx(t)) for all t > to. Moreover, if a > 0 then, for any § > 0
there exists a T > 0 such that x;(t) € Bs(yr(t)) for allt > to +T.

Proof. Let 0B, (yk(t)) = {x € RP | y(z,yx(t)) = r(t)} denote the bound-
ary of the open ball B, (yx(t)). Then, ©r (0B, (yx(t)), yx(t),t) = oo, while
©R,a(Bry(yr(t)), yr(t),t) < oo forall t > to, which implies that ¢r o (B) (yx(t)),
Uk(t),t) < ©R,a(0Bru) (yr(t)), yr(t),t) for all t > . Moreover, for any € > 0, de-
fine the positive and negative neighborhoods of 9B, (yx(t)) by aBr(t) (ye(t)) =
{z € R? [0 < r(t) — y(z,yn(t)) < e} and OB, (ye(t)) = {z € RP | —¢£ <
r(t) — v(z, yx(t)) < 0}, respectively. We have that,

0YR.a(Ti, Yi,t) " a@R,a(xiaykat)y« n 0¢R,a(Ti, Yk, t) .

QDR a(xwyk:v ) ot ayk: k axz Li
2aRe—a(t—to) ) 2(q.
< (21 e LoM 27(%,%) _AK 4’7 ($Z,yk)
ﬁRa((Eiaykat) BR»a(xivykat) 5R’a(xiayk7t)

Let € — 0. Then, ¢g, a(33+ (yx (1)), yr(t),t) < Oforallt > to, since 2aRe~**—t0) 4

My (24, y1) < 4K% for all z;(t) € 8BT(t)(yk( )) and all time ¢ > to.

Hence, the open ball B, (yx(t)) is an invariant set of the system (4), which
proves the first claim. The second part of the claim, follows directly from the
fact that lim; oo r(t) = 0 and x;(t) € By (yx(t)) for all t > to.

Note by Theorem 1 that capturing evader k is exponentially fast with rate
a > 0, which combined with the fact that the equation (4) does not depend on
the bounds on the evader’s velocity, makes the proposed strategy very appealing.
In the rest of this paper we elaborate on multiple-pursuer multiple-evader games.
We build a distributed coordination scheme which combined with the tracking
controllers (4), results in a hybrid control approach to Problem 1.



4 Multiple-Pursuer Multiple-Evader Games

Let Zo = {1,...,m} denote the index set corresponding to a fixed labeling
of the evaders. We assume that every evader k € Z; is uniquely associated
to a coordinate vector yi(t) € RP for all time ¢, through the injective map
evad : Zp x Ry — RP, with respect to the variable k, which is such that,

evad(k,t) == yp(t) Vj €Iy (5)

Let Z(t) and Z¢(t) denote the index sets of available and taken evaders at
time t > tg, respectively.t Clearly, Z(to) = Zo, Z¢(to) = 0 and Z(t) N Z¢(t) = 0,
Z(t)UZe(t) = I for all t > tg. In a distributed control framework, where the
pursuers do not have access to the system’s global variables, we require that every
pursuer 17 is equipped with its own sets of available and taken evaders denoted by
Z2(t) and Z}(t), respectively. The variables Z¢(t) and Z{(t) are initialized such
that every pursuer has knowledge of all available evaders in Zy, i.e., Zf(tg) = Zo
and Z!(to) = 0. Moreover, we require that Z¢(t) = {k}, for any evader k € Ty, if
and only if pursuer i is assigned to that evader. On the other hand, as long as
pursuer ¢ is not yet assigned to any evader in Zy, i.e., as long as |Z#(¢)| > 1, no
evader can be considered both available and taken, i.e., Z¢(¢t) N Z!(t) = (), while
any evader that is not available, has to be taken, i.e., Z¢(t) U Z(t) = Zo.

To achieve local coordination among the pursuers, we further define the set
of neighbors of pursuer ¢ at time ¢ by Nf(t) = {j | z;(t) € Be(xi(t))}, where
Be(x;(t)) is defined as in equation (2), and call € > 0 the coordination radius of
pursuer i. We assume that every pursuer can only exchange information with
its neighbors in N¢(t) for all ¢ > t;. With the above notation, we now state the
assumptions on which the construction of our model is based.

Assumptions 2 For every pursuer i and all time t > ty we assume that,

(a) it can capture an available evader k € Z(t), if and only if k € T2 (t), |Z¢(t)| >
1 and x;(t) € Bs(yx(t)),?

(b) if |Z8(t)| > 1 then, for any evader k € Iy and any initial configuration z;(to),
there exists a controller u;(x;(t), yr(t),t) such that, for any § > 0, guarantees
that eventually x;(t) € Bs(yr(t)). Moreover, if I (t) = {k} for any k € T,
then w;(z;(t), yx(t),t) is such that z;(t) € Bs(yx(t)) for all t,

(c) €,0 >0 are such that € > 24.

Assumption 2(a) implies that, for any pursuer 4, the condition x;(t) € Bs(yx(t))
is not sufficient for capturing evader k, since evader k must also be available.
Assumption 2(b), on the other hand, implies that every pursuer can track any
of its available evaders, unless it has already been assigned to one, whence it
should always remain in a neighborhood of that evader. Combined with As-
sumption 2(a), Assumption 2(b) implies that capturing an evader is equivalent

! We call an evader “taken” if it is assigned to a pursuer and “available” otherwise.
2 We denote by |.A| the cardinality of the set A.



to being assigned to an evader, as noted in previous sections. Note also that the
controller proposed in Theorem 1 satisfies this assumption. Finally, Assumption
2(c) combined with Assumption 2(b) implies that any pursuer sufficiently close
to an evader can sense whether this evader is taken or not.

To resolve cases where for any given pursuer ¢, Assumption 2(a) is simul-
taneously satisfied for multiple evaders, we assume that pursuer i can select a
single evader to capture, among the ones satisfying Assumption 2(a), which we
denote by s; € Zp. Furthermore, to resolve tie breaking scenarios, where for any
evader k, Assumption 2(a) is simultaneously satisfied for multiple pursuers, we
require that every pursuer can identify the candidate pursuers, denoted by C;(t),
requesting to capture evader k € Zj at time ¢, and can also break the tie if nec-
essary. To achieve this specification, we introduce the function tb : 28 — NuU {0}
such that,

tb(A) ;{iEOAgﬁig (6)

and assume that every pursuer is equipped with such a function.? Then, the
action tb(C;), taken by any of the pursuers in C;, can break a tie for evader k,
while the outcome can be transmitted to the other neighbors. Note that the
set C; is common for all pursuers j € C;, by Assumptions 2(a) and 2(c). The
rest of this section is devoted in developing a distributed hybrid coordination
framework for the pursuers that is according to Assumptions 2. Then, in Section
5, the integrated system is studied and is shown to satisfy Problem 1.

4.1 Distributed Coordination

To achieve distributed coordination we propose a hybrid model for every pursuer
that consists of a navigation automaton responsible for tracking and capturing
any evader in Z¢(t), and a coordination automaton designed to identify neighbors
in V£ (¢) and exchange information with them. The following notion of a predicate
enables us to formally define the aforementioned automata.

Definition 1 (Predicate). Let X = {z1,...,2,} be a finite set of variables.
We define a predicate 1¥(X) over X to be a finite conjunction of strict or non-
strict inequalities over X . We denote the set of all predicates over X by Pred(X).

In other words, a predicate is a logical formula. For example, the predicate
Y(X) = (|lz — zo|| < r) over the set of variables X € RY returns 1 if z belongs
in the open ball |z — zo|| < r and 0 otherwise. Hence, the navigation automaton
for pursuer ¢ can be defined as follows.*

Definition 2 (Navigation Hybrid Automaton). We define the navigation
hybrid automaton for pursueri to be the tuple N; = (Xn,, Vn,, En,, 2N, , sync, inv,
init, guard, reset, flow), where,

3 Note that i € A can be chosen randomly from any probability distribution.
4 To simplify notation, we drop the dependence of the state variables on time.



ki == argmingeze ([lz; — will)
t:= to

Intermediate
Z7(t) = uRa(x7(t)7 ykl(t)~ t)

|70 > 1 Zi > 1
Ak & T8 R > [|lzi(to) — yr, (to) 2 Aki €Ty
t =1, a>0
ki := argmingeza (||lz; — yill) IZ¢| =
ki=1eI}

%i(t) = upa(zi(t), yr, (£), ¢
a=0R=90

Fig. 1. Navigation Automaton for Pursuer i.

— Xn, = {xi, ki, ti} denotes the set of owned state variables with x; € RP,

k; €1y and t; € RJ’_.

Vn, = {Init,I,F} denotes the finite set of control modes.®

— En, ={(Init,I),(I,I),(I,F)} denotes the set of control switches.

— YN, = {update;} denotes the set of synchronization labels.

— sync : Ey, — Xy, with sync(e) = update; for all e € En \{(Init,I)},
denotes the synchronization map mapping each control switch to a synchro-
nization label.

— inv : Vy, — Pred(Xy,) with inv(v) = true for all v € Vy,, denotes the

invariant conditions of the hybrid automaton.

init : Vn, — Pred(Xy,) with init(v) = true for v = Init denotes the set of

initial conditions.

— guard : En, — Pred(Xy,) with, guard((Init,I)) = true, guard((I,I))

= (|Z¢] > 1) and guard((I,F)) = (|ZI¢| = 1), denotes the set of guards of

the hybrid automaton.

reset : En, — X, with [z; k; t;] = reset(e) with, reset((Init,I)) =

[z argmin,cze ([ — yill2) to], reset((1,1)) = [z; argmineza ([lz; — yill2) to]

if ki € I, reset((1,1)) = [z; ki t;] if ki € I and reset((1, F)) = [z; I to),

denotes the set of resets associated with the guards of the hybrid automaton.

— flow : Vy, — Xy, with [&; k; £;] := flow(Init) = [0 0 1] and [@; k; ;] ==
flow(v) = [ur,a(Ti, Yk, t) 0 1] with ugq(zi,yk,,t) as in equation (4) and
a >0, R > ||z;(to) — yr,(to)||l2 f v =T and a = 0, R =6 ifv = F,
denotes the flow conditions of the hybrid automaton that constrain the first
time derivatives of the system variables in mode v € Vy,.

Note in Definition 2 that every time the set of available evaders Z7 is up-
dated, automaton NV; selects a new evader k; € Z¢ for pursuer ¢ to track. In our
framework, this selection is based on a “minimum distance to the evader” policy,
however, any other selection policy could also be used. Given any evader k;, the
flow conditions and Theorem 1 guarantee tracking of that evader such that the

5 The shorthand notation stands for I := Intermediate, F := Final.



i n( Ujens Ijl) #0
I = T\(Ujen: I))
I} =TV (Ujen: T))

Update

update;

Nf={j|xjeBx;)}

I 0 (Ujen; I))
N ={j | = € Be(w)

NE = {j | 5 € Bu(w:)} (si 0 A si € Ujenr I))
@; € Ugez, Bs(dy) N || =1

I? = If U (U./eA/,‘ 13)

Neighbors

i € Uge, Bs(dir) A |Z7| > 1
sii=tb({k € Ty | x; € Bs(dy), k & Ujen: Z}})

update; Sillglc Ev. ‘ —J
Wi = {i | @) € Beli)} Chosen 520N 5 g U T)
L= TU (s U (Ve 7)
Coim {jENE |55 = s Ui
update, Taken ¢ = (i} {i |'sj =si}U{i}
N = {j |z € Be(wi)} 7= {si}

; ¢
Tie i€G Tie . _ ) ]
I'Cak Ni# f'?lf?,{if Evad Free

I :=TINI! L C; # {i} N i=min{C}
Ci:=1tb(C;) tiebreak

Fig. 2. Coordination Automaton for Pursuer 1.

tracking error converges to any neighborhood of the origin. On the other hand,
updating Z?, which is due to the coordination automata, always decreases |Z?|
and so eventually |Z¢| = 1, in which case vy, = F' and an assignment/capturing
for pursuer ¢ has been established. Figure 1 shows the graph representation of
hybrid automaton ;.

In the following definition, the coordination automaton for pursuer ¢ is de-
scribed. The coordination mechanism is such that every pursuer ¢ always cap-
tures an available evader if it is sufficiently close to it (or breaks a tie if necessary)
and always removes from Z* any taken evaders as a result of incoming informa-
tion from its neighbors in AMf.

Definition 3 (Coordination Hybrid Automaton). We define the coordi-
nation hybrid automaton of pursuer i to be the tuple C; = (X¢,, Ve, Fo,, X,
sync, inv, init, guard, reset, flow), where,

— Xo, = {28, 1!, N, Ci,si} denotes the set of owned state variables such that
e, Tt € 270, Ne,C; € 28hmd and s; € T,

— Ve, = {Init,N,I,U, A, S, F,T, B, R} denotes the finite set of control modes.®

- Eci = {(I?’Lit,N),(N,I),(I,N),(I,U),(U,N),(N,A),(A,N),(N,S),(S,I),
(S,F),(F,T),(F,B),(T,N),(B,R),(R,N)}, denotes the set of control
switches.

5 The shorthand notation stands for N := Neighbors, I := New Info, U := Update,
A := Assigned, S := Single Evad Chosen, F := FEvad Free, T := FEvad Taken,
B :=Tie Break and R := Tie Resolved.



— Yo, = {update;, tiebreak} denotes the set of synchronization labels.

— sync : Eq, — Yo, with, sync((F, B)) = tiebreak and sync(e) = update;,
for e = (UN),(T,N),(R,N), denotes the synchronization map mapping
each control switch to a synchronization label.

—inv : Vo, — Pred(Xc,) with inv(v) = true for all v € Vg, denotes the
invariant conditions of the hybrid automaton.

— init : Vo, — Pred(X¢,) with init(v) = true for v = Init, denotes the set of
initial conditions.

— guard : E¢, — Pred(Xc,) such that, guard((N,I)) = (z; & Ukez, Bs(yk)),
guard((I,N)) = (Z¢N( UjeN; 7}) = 0), guard((I,U)) = (Z¢N (Uje/\/; 7))
#0), guard((N, A)) = (z; € Urez, Bs(ye) A |27 = 1), guard((N,S)) =
(z; € Urez, Bs(yx) A T3] > 1), guard((S,1)) = (si 0 A s; € UjeN; v
(s; =0), guard((S,F)) = (s; #0 A s; ¢ Ujenr 1), guard((F,T)) = (Ci =
{i}), guard((F,B)) = (C; # {i}) and guard(e) = true otherwise, denotes
the set of guards of the hybrid automaton.

— reset : B¢, — X¢, with, [I8 I Nf C; s;] := reset(e) such that, reset((Init,
N)) = 1[Zo 0 {j | zj € Be(z:)} 0 0], reset((N,I)) = [Z¢ I! Nf C; 0],
reset((I,N)) = [I¢ I! {j | z; € Be(z)} Ci si, reset((I,U)) = [Z¢\
(Ujen:Z5) i U (Ujen: ) Nf Ci i, reset((UN)) = [Z7 Z; {j | =5 €
Be(x;)} Ci s;], reset((N, A)) = [I¢ IEU(UjE,/\f; I!) N¥ Ci sil, reset((A,N))
= [0 T} {j | zj € Be(;)} C; s4], reset((N,S)¢,) = [Z¢ ! Nf C; th({k €
To | ®i € Bs(yx), k & Ujej\f;I;})L reset((S,1)) = [I¢ I! Nf C; s,
reset((S,F)) = (28 TU {1} U (Upens T8 NE (G € NE | 55 = sik U (i},
reset((F,T)) = [{s;} Z! Nf C; s;], reset((F, B)) = [I¢ I! N¢ tb(C;) si] if
i = min{C;}, reset((F,B)) = [I¢ I! Nf C; si] if i # min{C;}, reset((T,
N)) = [Z¢ Tt {j | @j € Be(x:)} C; s3], reset((B, R)) = [{s;} It Nf C; 4]
if i € C;, reset((B,R)) = [II\I} I! Nf C; s;] if i € Ci, reset((R,N)) =
[Ze T {j | mj € Be(wi)} C; s3], denotes the set of resets associated with the
guards of the hybrid automaton.

— flow : Vg, — X¢, with [T¢ Tt Nt C; 5] == flow(v) = [0 0 0 0 0] for all
v € Vg,, denotes the flow conditions of the hybrid automaton that constrain
the first time derivatives of the system variables in mode v € V.

Note first that for any pursuer i, automaton C; is designed to select a sin-
gle evader s;, among the ones satisfying Assumption 2(a). This evader is then
checked for availability and the sets Z{* and Z} are appropriately updated. When-
ever Z7 is updated, a transition is triggered in automaton INV; due to synchroniza-
tion labels “update;”. This synchronization models the communication between
automata C; and N;. On the other hand, in a case of a tie break all the in-
volved coordination automata are also synchronized to break the tie, due to the
synchronization labels “tiebreak”. Figure 2 shows the graph representation of
hybrid automaton Cj.



5

Integration of the Overall System

Having defined the navigation and coordination automata of pursuer i, we now
proceed with their composition in a product system.

Definition 4 (Product System). We define the product of the hybrid au-
tomata N1, ...,Np,C1,...,Cy by the tuple S = (Xg, Vs, Es, Xs, sync, inv, init,
guard, reset, flow), where,

Xe=XnU---UXpy, UXe, U---UXg, denotes the set of state variables.
Vo = VN, X+ x VN, X Vg, X -+ x Vg, denotes the finite set of control
modes.

Es = {eg} denotes the set of control switches such that, es = en;,|lec, €
Es is defined as the set of control switches of S corresponding to control
switches ey, € En,, and ec, € E¢,, with sync(en,) = sync(ec,) = update;,
es = |licgec, € Eg is defined as the set of control switches of S corre-
sponding to control switches ec, € E¢,, with sync(ec,) = tiebreak, for all
ieJ C{l,....n}, T # 0 and es = (vg,vy) € Eg otherwise. Hence,
the only variables that change with every transition vg =3 vy are the ones
inwvolved in the control switch eg through the corresponding automata.
Ye=XNnU---UXN, UXc, U---UZX¢c, denotes the set of synchronization
labels.

sunc : Eg — Yg denotes the synchronization map mapping each control
switch to a synchronization label.

inv : Vg — Pred(Xg) with inv(vs) = inv(vn,) A+ Adno(vy, ) Ainv(ve, ) A
- ANinw(ve,)) for allvs € Vg, denotes the invariant conditions of the product
automaton.

init : Vg — Pred(Xg) with init(vg) = init(vn, ) A - -Ainit(vy, ) Ninit(ve, ) A
- ANinit(ve,) for all vs € Vg, denotes the set of initial conditions.

guard : Es — Pred(Xg) such that for any J C {1,...,n}, J # 0,
guard(es) = guard(en,) A quard(ec,), if es = en,|lec;, € Eg, guard(es) =
Nics guard(ec,), for all i € J, if es = |licgec, € Es and guard(es) =
guard((ve,,vg,)) for all es = (vs,vs) € Eg otherwise, denotes the set of
guards (or transitions) of the hybrid automaton.

reset : BEs — Xg such that for any J C {1,...,n}, J # 0 with, reset(eg) =
reset(en,) Areset(ec,), if es = en,|lec, € Es, reset(es) = \;c; reset(ec,),
Joralli € J, if es = |jezec, € Es and reset(es) = reset((ve,,vg,)) for
all es = (vg,vy) € Eg otherwise, denotes the set of resets associated with
the guards of the hybrid automaton.

flow : Vg — Xg with flow(vs) = flow(vy,)U---U flow(vy, )U flow(ve, )U
U flow(ve,) for all vg € Vg, denotes the flow conditions of the hybrid
automaton that constrain the first time derivatives of the system variables in
mode vg.

Clearly, the product system .S, being the composition of all elementary au-

tomata C; and N;, models the interconnection between them. Hence, studying



S, we can identify the properties of the whole multiple-pursuer multiple-evader
system. The following result characterizes the transition guards in S.7

Proposition 1. For every pursuer i and all t, let s;(t) € {k € Ty | z;(t) €
Bs(yr(t)), k & Uje/\/;(t) Ti(t)}. Then, si(t) # 0 if and only if {k € Iy | z;(t) €
Bs(ye(t)), k & UjeN;(t) I;(t)} # (. Moreover, for any i, t such that s;(t) # 0, if
|Ze(t)] = 1, then s;(t) = const., while if |Z8(t)| > 1, then the product system S
has the following properties:

(a) si(t) & Ujensw Ti(t) if and only if evader s;(t) is available.
(b) 5:(t) € Ujene Zi(t) if and only if evader s;(t) is taken.

Proposition 1 shows that for any pursuer i the product system S can always
select a unique evader s; among the ones close to that pursuer, if any, and it
can always identify whether s; is available or taken. Moreover, for every pursuer
1 that has captured an evader, S guarantees that s; is constant such that the
assignment is final. We now proceed to showing that under the product system
S, pursuer i always captures an available evader if it is sufficiently close to it,
while it appropriately updates its sets of available and taken evaders, Z¢ and Z}
respectively, otherwise.

Proposition 2. For any pursuer i and all time t, the product system S has the
following properties:

(a) If s;(t) # 0 is available at time t, then T¢(t) := {s;(t)} and Z}(t) :== Z}(t) U
{si®)}U (Ujenrsr Zi(1))-

(b) If si(t) # 0 is available at time t and there exist pursuers j # i such that
si(t) = s;(t), then S is able to break the tie.

(c) Za(t) == Z(t)\( Usjen: Ti(t)) and T(t) := Z(t) U (UjeN;(t) Zi(t)) other-

wise.

Note that Proposition 2 further implies that for all time ¢ > ¢y such that
|Z¢(t)] > 1, we have that Z¢8(t) N Zi(t) = 0 and Z7(t) UZL(t) = Zo. Hence, the
construction of our model is consistent with the system requirements in Section
4. The following proposition shows that every pursuer that has not yet captured
an evader, has always knowledge of at least all available evaders in Z(¢). This
property of system S is necessary to show that each pursuer will eventually
capture a distinct evader in Zj.

Proposition 3. The product system S guarantees that Z(t) C Z2(t) for all time
t and all pursuers i with |Z¢(t)| > 1.

Our next result concerns the running time of the hybrid system S. In par-
ticular, we show that the product system .S in the worst case can only take a
finite number of transitions vg =2 vy such that sync(es) = update;, which is

7 Proofs for this and all other results in this section can be found in Appendix A.
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polynomial with respect to the number of pursuers n. Such transitions are trig-
gered whenever Z{ is updated for any 4, and each time they result in vy, = F,
an evader has been captured, while each time they result in vy, = I, informa-
tion about taken evaders has been received. Clearly, many other transitions may
occur in the meanwhile, but as long as these transitions are polynomial with n,
it is guaranteed that the explored assignments are also polynomial with n. This
result is important, given that the number of assignments, and hence the space
of control modes Vg of S, grows exponentially with the number of pursuers.

Proposition 4. Letvg = (vy,,...,vy, ,vc,,---,vc,) be such that vy, = F and
NIy = 0 for all j # i. Then, initialized at v%, the product system S can reach
v% in at most w transitions vs <3 vly with sync(es) = update;.

Having showed that the integrated system S satisfies the problem specifi-
cations and has also reasonable complexity, we now show that it also has the
desired liveness and safety properties, i.e., that every pursuer will eventually
capture a distinct evader. We hence, have the following theorem.

Theorem 3. For all initial conditions x;(to), there exists a constant T > 0
such that for all time t > to + T, the product system S is in mode vy =
(UNys -+ 2 UN,» UCy s -5 VC, ) with vy, = F and ZE(t) N Z§(t) = 0 for all j # i.
We call vy the equilibrium mode of the system.

6 Simulation Results

We consider a pursuit-evasion task where n = 7 pursuers, starting from randomly
chosen initial configurations, are to capture m = 7 evaders, initialized on the
perimeter of a circle (Figure 3). Figures 4 show the evolution of the system at 5
different time instants. The evaders are denoted with blue small circles and the
d-neighborhoods (with 6 = .15) around each evader, with big blue circles. The
pursuers, on the other hand, are denoted with red color and the e-neighborhoods
(with € = .3) of each pursuer, with red circles. We observe that under the hybrid
system S every pursuer eventually captures a distinct evader. Moreover, in every
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Fig. 4. Simulation for n = 7 pursuers and m = 7 evaders.

figure we plot the trace of the pursuers and evaders so that we can track their
motion. Note how the pursuers change direction of motion when they receive
information about taken evaders from their neighbors, without visiting the taken
evaders themselves.

7 Conclusions

In this paper, we considered a distributed hybrid approach to the multiple-
pursuer multiple-evader game, that simultaneously addresses the discrete assign-
ment of pursuers to evaders as well as the continuous control strategies for cap-
turing individual evaders. The assignment was determined dynamically through
distributed coordination protocols, while tracking and capturing of the evaders
was guaranteed by single-pursuer single-evader time-varying potential fields. The
overall hybrid system was shown to always guarantee the mutual exclusion prop-
erty of the final assignment and have at most polynomial complexity, despite the
exponential growth of the number of assignments with respect to the number
of pursuers. Our scalable approach was verified through non-trivial computer
simulations.
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A Appendix

A.1 Proof of Proposition 1

Suppose that for ¢ = ¢ automaton S is in mode vg with v&, = N. The
first part of this result follows directly from Assumption 2(b), as well as the
resets s;(tpt1) = reset((N,S)c,) = tb({l € To | zi(te) € Bs(ui(te)), | ¢
UjGNf(tk) Ti(te)}) and si(tgy1) := reset((N,I)c,) = 0 and the definition of the
function ¢b(-) in equation (6). On the other hand, if s;(ty) # 0 and |Z¢(t)| = 1,
then s;(tg41) := reset((N, A)c,) = s;(tx) guarantees that s;(t) = const.

To show property (a) when |Z7(¢)] > 1, note that if evader s;(t) # 0 is
available, then s;(t) ¢ Ijt.(t) for all 7, which shows the “only if” part of the
claim. On the other hand, for any pursuer ¢ such that s;(¢) # 0 and |Z7(¢)| > 1,
Assumptions 2(b) and 2(c) guarantee that if there exists a pursuer j # i such
that Z¢ (t) = {si(t)}, then j € N (t). Thus, if s,(t) ¢ Ujensa Ti(t), then evader
s;(t) has to be available, which shows the “if” part of the claim.

To show property (b), assume first that, for any pursuer 4, evader s;(t) # 0
is taken. Then, there exists a pursuer j # i such that Z¢(t) = {s;(¢)}, and As-
sumptions 2(b) and 2(c) guarantee that j € Nf(¢). Thus, s;(¢) € Uje/\f,f(t) Zi(t),
which shows the “only if” part of the claim. On the other hand, for any pursuer
i, if s;(t) € UjeN;(t) T(t) then, evader s;(t) is clearly taken, which shows the
“if” part of the claim.

A.2 Proof of Proposition 2

Suppose that for t = t; automaton S is in mode v%, for any pursuer i, and
consider the following cases.

Case I: Assume that vl = S, s;(ty) # 0, [Z8(tx)| > 1 and that s;(tx)
is available, i.e., s;(tx) & (UjeN;(tk)Ijt-(tk)). Then, at t = 541, S transi-

tions to mode vE™! with vgjl = F and I!(tp41) = reset(ek) = T!(ty) U
{s:(tr)} U (UjeN;(tk)I;(tk))' Moreover, the reset C;(ty41) := reset(ek) = {j €

NE(tr) | sj(te) = si(tr)} U {} identifies other pursuers that can simultaneously
capture evader s;(t). If ¢ is the only pursuer that can capture evader s;(tx), i.e.,
if C;(tp4+1) = {i}, then at t = tg42, S transitions to mode v§+2 with Uéj2 =T
and Z¢(ty40) = reset(ef™) = {si(t)}. Thus, property (a) is satisfied. Oth-
erwise, if C;(tp+1) # {i}, S transitions to mode v&E™ with véjZ = B for all
j € Ci(tr11) instantaneously, due to the control switch et = ||jeci(tk+1)e’éj1
which is such that sync(e]g;’l) = tiebreak for all j € C;(tg41).® If i is the “lead-
ing” of the candidate pursuers in C;(tx+1), i.e., if ¢ = min{C;(¢tx+1)}, then pursuer
i “tosses a coin” to break the tie, i.e., C;(ty12) 1= reset(es™) = th(Ci(tys1)),

where the tie breaking function ¢b(-) is defined in equation (6). At time ¢ = tj.3,

8 Note that the set Ci(try1) is common for all pursuers j € C;(tx11) since condition
€ > 26 guarantees that they are all neighbors of each other.



automaton S transitions to mode v§+3 with vé‘f’ = R for all j € Ci(tr41),
such that Z¢(ty 3) := reset(eh™) = {si(tp1)} if i € Ci(trr2), where s;(ty) =
si(trs1), and I8 (tgys) = reset(el™) = ¢ (tgr2)\ Tt (tp42) if i € Ci(tr12), where
Ti(tg41) = I} (tk4+2). Hence, the tie is resolved and S also satisfies property (b).

Observe that, if at t = ¢4 (or at t = t;12) there exists a pursuer j & C;(tx+1)
such that s;(tg+1) = Si(tk+1), then Ci(tg41) C ./\/'je(tk_i_l) and so s;(tg1) €
Uiej\/;(tkﬂ)lf(tkﬂ), i.e., evader s;(tx+1) is considered taken for pursuer j. In

other words, tie breaking occurs only among the pursuers in C;(txt1).
Case II: Assume that vf, = S, and either s;(tx) = 0 or s;(tx) # 0, |7 ()] >
1 and s;(tg) is taken, i.e., s;(tx) € (UjeNﬁ(tk)I]t'(tk))- Then, at t = tg41, S tran-

sitions to mode ng with vgjl = 1. If pursuer ¢ has already knowledge of all
taken evaders provided by its neighbors, i.e., if Z¢ (t541)N( Ujenstesn) 7z} (tp41)) =

0, then at t = tj., S transitions to mode v5? with v%"2 = N and no update
+ s Cy

is done. Otherwise, if Z¢(tg41) N (UjeNf(tk+1)I§(tk+1)) # 0, then S transi-
k42

tions to mode vg™" with véiﬁ = U and T¢(t40) = reset(el™) = T¢(tr1)\
(UjENf(thrl)I]t'(tk"‘l)) and Izt(tk"‘Q) = 7"68615(6?'_1) = Iit(tk""l) U (UjENf(thrl)
I;(thr])). So S satisfies property (c).

Case III: Assume that vgi = N and that pursuer ¢ is already assigned
to evader s;(t;) # 0, i.e., that Z¢(tx) = {si(tx)}. Then, by Assumption 2(b),
zi(tr) € Bs(dg,1,)), and at t = t341, S transitions to mode vET with véj'l = A
Clearly, T!(tg11) = reset(ek) = Tt(ty) U (UjeN;(tk)Ijt-(tk)) and so S satisfies
property (c).

Case IV: Assume that va = N and that pursuer ¢ is far from any evader,
Le., that z;(tx) & Uez, Bs(vi(t)). Then, at t = t441, S transitions to mode
v§+1 with vgj'l = I and s;(tg41) = reset(e’fg) = 0. If pursuer ¢ has already
knowledge of all taken evaders provided by its neighbors, i.e., if Z¢(tx+1) N
(Uje/\/;(tkﬂ)l-;(tkﬂ)) = (), then at t = tp42, S transitions to mode v§+2 with
vg:ﬂ = N and no update is done. Otherwise, if Z¢ (t41)N ( Ujenstein) Ijt»(tkH))

# (), then S transitions to mode v with véj’Q = U and T¢ (ty42) := reset(elt)

= Iz{l(tk'i‘l)\(Uje/\/f(tk+1)z;(tk+1)> and If(tk+2) = reset(eg‘*‘l) = If(tk-f-l)u
(Uje/\/;(tkﬂ)l';(tkﬂ))' So S satisfies property (c).

A.3 Proof of Proposition 3

Because of the assumption |Z#(¢)| > 1 on the system variables, we restrict our
study to those pursuers ¢ that are in a mode vy, = I. Let ¢, denote the time
instant that the the product system S takes its k-th transition. Clearly, between
transitions the variables Z?(t) are constant and so it is sufficient to show that
Z(t) C Z¢(t) for all ¢ with vy, = I, at the transition time instants ¢;. To do so
we use induction on k. Clearly, for k& = 0 we have that Z?(to) = Z(to) = Zo for
all 4, by initialization of the problem, and so Z(tg) C Z?(to) for all i. Assume
that Z(ty) C Z{(tx) for any k > 0 and all i with v}, = I, and consider the



transition v — vgﬂ with corresponding control switch ef = (v¥, k+1) Then,

for t = 11, we have the following cases

Case I: For all pursuers ¢ such that Uc =T and v, = U, the reset becomes
T (tpr1) == reset(el) = If(tk)\(UJGN;(tk) Ti(tr)). Since vk, = I we have that,
To(tr)UZE(tr) = Zo and ¢ (t) NI (tx) = 0. Hence, by Lemma 1(a) in Appendix
B, the induction hypothesis Z(tx) C Z¢(tx) implies that Z!(tx) C Zo\Z(tx) and
50, UjeN;(tk)If(fk) C To\Z(tx) = Zo\Z(tps1), since I(ty) = L(tpsr) if 0f, =1
and vgjl = U. By Lemma 1(b), the induction hypothesis and the fact that
I(ty) = Z(tgs1) we conclude that Ig(tk)\(ujej\/e(tk)z;( %)) 2 Z(tg41) and so,
Zi (tkr1) 2 Z(tpsr)-

Case II: For all pursuers 7 with v’éi = F and fuéjl =T, the reset T¢(tj+1) :=
reset(ek) = {si(t,)} gives |T¢(tg41)| = 1.

Case III: For any pursuer i with vf, = B, v(kjﬂ = R and ¢ € C;(ty), the reset
Ti(tir1) = reset(el) = {si(tr)} gives |I“( rr1)| = 1.

Case 1V: For any pursuer i with vf, = B, ;H = R and ¢ ¢ C;(tg), the
reset becomes I (ty41) := reset(e) = If(tk)\({sl(tk)} U (UjeNF(tk) Zi(tr)))-
Applying Lemma 1(a) in Appendix B, the induction hypothesis implies that

I} (tk) € Zo\Z(tx) and so,

k+1

(U Z) € @\T00) U (s} = BT (0) U i)}
JENE(tr)
= (To U {s:(t)}) N (T(t) U {s:(t)})
=7yN (I(tk) N {S (tk ) =Ty N (I {Sz tk })
— T\ T\ (si(t)}) = T\ Tt

since Z(tx)\{s:(tx)} = Z(tg41) if vf = B and vgjl = R. By Lemma 1(b)
in Appendix B, the induction hypothesis and the fact that Z(tx)\{s:(tx)} =
Z(tk+1) we conclude that T (t)\ ({si(tx)} U (UjeNf(tk) Zi(tr))) 2 Z(try1) and
50, T3 (tk+1) 2 Z(tr+1)-

A.4 Proof of Proposition 4

Let, v§ = (Vy,s- -1 VN, VCys--->Vc,) be such that vy, = F for all i. Then,
the condition that Z;' N I} = () for all j # i is guaranteed by Propositions 1,
2 and 3. In particular, Propositions 1 and 2 imply that only available evaders
can be captured by any pursuer with vy, = I, and Proposition 3 that there
always exists an available evader in Z{ if vy, = I. Hence, a 1-1 correspondence
is established between pursuers and evaders, which implies that mode v% is a
reachable mode of the system S. On the other hand, every transition vg <3 vy
such that sync(eg) = update; decreases the value of |Z¢| and thus, results in
progress towards reaching mode v%. Since Z7* are finite sets, the number of these
transitions can only be finite. To derive an upper bound on these transitions,



we construct a worst case scenario and count the number of transitions that S
takes in that scenario.”

Observe first, that to maximize the total number of transitions, we require
that Z¢ is always updated such that |Z¢(tg+1)| = |Z¢(tx)| — 1, since larger
updates result in faster progress towards mode v§. Without loss of generality,
we also assume that the order of transitions is such that the last transition of vy,
indicates the first transition of vy, , , . Reordering the transitions, or relabeling the
automata N;, we can get any desired transition scheme. With these observations,
we construct a worst case scenario as follows.

Initially, v2 is such that v?vi = [ for all pursuers i. Let, (I, F)n, ||(T, N)c,

be the first control switch to be enabled. Then, transition Ug S v}sv is such that
vy, = F. Let (I,I)n,||(U,N)c, be the second control switch to be enabled.

Then, transition v5 3 02 is such that ”12\72 = I. The third control switch to

be enabled is (I, F)n,||(F, N)¢, and transition v %3 v% is such that v}, = F.
In the same way the fourth, fifth and sixth control switches to be enabled are
(I, DN (U, N) ey, (I, I Ny (U, N) ey and (I, F)n, (T, N) ¢, respectively, and af-
ter the sixth transition U?v3 = F'. Hence, S takes 1 transition until vy, = F, 2
transitions until vy, = F', 3 transitions until vy, = F, up to n transitions until
vy, = F, in which case S has reached the terminal mode v%. Adding up these
transitions we get that S transitions @ times in total, which completes the
proof.

A.5 Proof of Theorem 3

Observe that we only need to show that there exists a constant T" > 0 such that
for all time t > ¢y 47T, the product system S is in mode vy = (1}7\,1 see ey UN, VO s
..., 00, ) with vy, = F since then, Propositions 1, 2 and 3 guarantee that vg is
such that Z¢(t) N Z{(t) = 0 for all j # i. Thus, we only need to show that there
does not exist a pursuer ¢ such that vy, = I for ever. In other words, we need
to show that transitions vg <3 vy such that sync(es) = update; will eventually
occur until v = v%. Then, since by Proposition 4, the system S can only take
a finite number of such transitions, we can get T' > 0 simply by adding the time
intervals between these transitions.

But, the flow conditions for any mode vg are given by the system of differ-
ential equations,

i:i:uR@(:z:i,yki,t), Vi=1,...,n and k; € Iy (7

such that a > 0 for all ¢ with vy, = I and @ = 0 for all ¢ with vy, = F. The
system (7) is decoupled and hence, by Theorem 1, for all pursuers i with vy, = I,
all initial conditions x;(t¢) and any & > 0, there exist T; = T;(4,%9) > 0 such

9 Without loss of generality, we do not include in the worst case scenario transitions
due to tie breaking, since they correspond to one single successful assignment and
multiple failed assignments occurring simultaneously, and could hence be treated
separately without affecting the total number of transitions.



that x;(t) € Bs(yg, (t)) for all ¢ > tg + T;. Let T = min;{T;}. Then t =t + T
denotes the time of the transition vg — v, where vg is such that viy = F
for j = argmin;{T;}. Applying the same argument inductively until v = v}
completes the proof.!°

B Appendix

Lemma 1. Let A, B,C and D be any sets. Then,

(a) if AUB =D and AN B =0, the inclusion C C A implies that B C D\C.
(b) if C C D, the inclusions B C D\C and C C A imply that C C A\B.

Proof. To prove (a) observe that if z € B then x € AU B and = ¢ A. Hence,
x € D and x ¢ C which implies that € D\C.

To prove (b) observe that if x € C then z € A and ¢ D\C. Hence, x € A
and © ¢ B which implies that 2 € A\B.

19 Observe that, z;(to) € Br(ty) (yk; (to)) since R > ||lzi(to) — yi, (to)||2 for vn, = I and
so the conditions of Theorem 1 are satisfied.



