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The Classification of Surfaces: The Problem

So you think you know what a surface is?

Define a suitable notion of equivalence of surfaces so that a complete list
of representatives, one in each equivalence class of surfaces, is produced ,
each representative having a simple explicit description called a normal
form.

The classification theorem says that, despite the fact that surfaces appear
in many diverse forms, every compact surface is equivalent to exactly one
representative surface, also called a surface in normal form.
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The Problem

Furthermore, there exist various kinds of normal forms that are very
concrete, for example, polyhedra obtained by gluing the sides of certain
kinds of regular planar polygons.

There is also a finite set of transformations with the property that every
surface can be transformed into a normal form in a finite number of steps.

To make the above statements rigorous, one needs to define precisely

1 what is a surface

2 what is a suitable notion of equivalence of surfaces

3 what are normal forms of surfaces.
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Abstract Surfaces Manifolds

Computational Manifolds and Applications (CMA) - 2011, IMPA, Rio de Janeiro, RJ, Brazil 10

Formal Definition

U

�
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Enj

j

homeomorphism

open sets

chart

(U, j)

j(U) = W ✓ Enj

Figure : An abstract surface

The surface is covered by a finite number of open subsets.

Two surfaces X1 and X2 are equivalent if each one can be continuously
deformed into the other. This means that there is a continuous bijection,
f : X1 → X2, such that f −1 is also continuous (a homeomorphism).
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The Classification of Surfaces: The Solution

Every proof of the classification theorem comprises two steps:

(1) A topological step. This step consists in showing that every compact
surface can be triangulated .

(2) A combinatorial step. This step consists in showing that every
triangulated surface can be converted to a normal form in a finite
number of steps, using some (finite) set of transformations.

To clarify step 1, we have to explain what is a triangulated surface.
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Figure : A triangulated surface
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The Solution
A technical way to achieve this is to define the combinatorial notion of a
2-dimensional complex , a formalization of a polyhedron with triangular
faces.

Every surface can be triangulated; first proved by Radó in 1925.

Figure : Tibor Radó, 1895-1965
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The Solution

The proof is fairly complicated. The intuition behind it is unclear. The
most easily accessible proof (if not the shortest) is due to Carsten
Thomassen and uses graph theory.

There are a number of ways of implementing the combinatorial step.

Once one realizes that a triangulated surface can be cut open and laid flat
on the plane, it is fairly intuitive that such a flattened surface can be
brought to normal form. The details are tedious.
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The Solution

Distinct normal forms of surfaces can be distinguished by simple
invariants:

(a) Their orientability (orientable or non-orientable)

(b) Their Euler–Poincaré characteristic , an integer that encodes the
number of “holes” in the surface.

Not so easy to define precisely the notion of orientability, and to prove
rigorously that the Euler–Poincaré characteristic is a topological invariant.
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Figure : Dog Logic
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Orientability

Let A and B be two bugs on a surface assumed to be transparent. Pick
any point p, assume that A stays at p and that B travels along any closed
curve on the surface starting from p dragging along a coin. A memorizes
the coin’s face at the begining of the path followed by B.

When B comes back to p after traveling along the closed curve, two
possibilites may occur:

1 A sees the same face of the coin that he memorized at the beginning
of the trip.

2 A sees the other face of the coin.

If case 1 occurs for all closed curves on the surface, we say that it is
orientable. This is the case for a sphere or a torus.
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Orientability
However, if case 2 occurs, then we say that the surface is nonorientable.
This phenomenon can be observed for the surface known as the Möbius
strip.

Figure : A Möbius strip in R3 (Image courtesy of Konrad Polthier of FU Berlin)

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 12 / 63



Tools Needed for the Proof

This result was first proved rigorously by Brahana in 1921, but it had been
stated in various forms as early as 1861 by Möbius, by Jordan in 1866, by
von Dyck in 1888 and by Dehn and Heegaard in 1907.

A rigorous proof requires: a precise definition of a surface and of
orientability, a precise notion of triangulation, and a precise way of
determining whether two surfaces are homeomorphic or not.

This requires some notions of algebraic topology such as, fundamental
groups, homology groups, and the Euler–Poincaré characteristic.
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Main Idea of the Proof

Until Riemann’s work in the early 1850’s, surfaces were always dealt with
from a local point of view (as parametric surfaces) and topological issues
were never considered.

The view that a surface is a topological space locally homeomorphic to the
Euclidean plane was only clearly articulated in the early 1930’s by
Alexander and Whitney (although Weyl also adopted this view in his
seminal work on Riemann surfaces as early as 1913).

After Riemann, various people, such as Listing, Möbius and Jordan, began
to investigate topological properties of surfaces, in particular, topological
invariants.
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Figure : James W Alexander, 1888- 1971 (left), Hassler Whitney, 1907-1989
(middle) and Herman K H Weyl, 1885-1955 (right)
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Invariants: various notions of connectivity, such as the maximum number
of (non self-intersecting) closed pairwise disjoint curves that can be drawn
on a surface without disconnecting it and, the Euler–Poincaré
characteristic.

These mathematicians took the view that a (compact) surface is made of
some elastic strechable material and they took for granted the fact that
every surface can be triangulated.

Two surfaces S1 and S2 were considered equivalent if S1 could be mapped
onto S2 by a continuous mapping “without tearing and duplication” and
S2 could be similarly be mapped onto S1.
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Möbius and Jordan seem to be the first to realize that the main problem is
to find invariants (preferably numerical) to decide the equivalence of
surfaces, that is, to decide whether two surfaces are homeomorphic or not.

Figure : Bernhard Riemann, 1826-1866 (left), August Ferdinand Möbius,
1790-1868 (middle left), Johann Benedict Listing, 1808-1882 (middle right) and
Camille Jordan, 1838-1922 (right)
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Crucial Fact

Every (connected) compact, triangulated surface can be opened up and
laid flat onto the plane (as one connected piece) by making a finite
number of cuts along well chosen simple closed curves on the surface.

Consequently, every compact surface can be obtained from a set of convex
polygons (possibly with curved edges) in the plane, called cells, by gluing
together pairs of unmatched edges.
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Crucial Fact

These sets of cells representing surfaces are called cell complexes.

It is even possible to choose the curves so that they all pass through a
single common point.

Every compact surface is obtained from a single polygon with an even
number of edges and whose vertices all correspond to a single point on the
surface.

A sphere can be opened up by making a cut along half of a great circle
and then by pulling apart the two sides and smoothly flattening the
surface until it becomes a flat disk (Chinese lantern).
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Symbolically: the sphere is a round cell with two boundary curves labeled
and oriented identically, to indicate that these two boundaries should be
identified. 1

a

a

Figure : A cell representing a sphere (boundary aa−1)
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To open up a torus, we make two cuts.

By deformation, we get a square with opposite edges labeled and oriented
identically:

1

a

a

b b

Figure : A cell representing a torus (boundary aba−1b−1)

The boundary can be described by the string aba−1b−1.
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A surface (orientable) with two holes can be opened up using four cuts.

Such a surface can be thought of as the result of gluing two tori together:
take two tori, cut out a small round hole in each torus and glue them
together along the boundaries of these small holes.

Make two cuts to split the two tori (using a plane containing the “axis” of
the surface), and then two more cuts to open up the surface.
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A surface with two holes can be represented by an octagon with four pairs
of matching edges:

1

a2

b2a1

b1

a1

b1 a2

b2

Figure : A cell representing a surface with two holes (boundary
a1b1a−1

1 b−1
1 a2b2a−1

2 b−1
2 )

A surface (orientable) with three holes can be opened up using 6 cuts and
is represented by a 12-gon with edges pairwise identified.
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Normal Form of Type I

An orientable surface with g holes (a surface of genus g) can be opened
up using 2g cuts. It is represented by a regular 4g -gon with edges pairwise
identified. The boundary of this 4g -gon is of the form

a1b1a−1
1 b−1

1 a2b2a−1
2 b−1

2 · · · agbga−1
g b−1

g ,

called type (I).

The sphere is represented by a single cell with boundary

aa−1(or ε);

this cell is also considered of type (I).
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We can think of a surface of type (I) as the result of attaching g handles
onto a sphere.

166 6 Compact Surfaces

!!

Fig. 6.7: Connected sum with a torus versus attaching a handle.

Fig. 6.8: A connected sum of tori. Fig. 6.9: A sphere with handles attached.

Example 6.8. An n-fold connected sum T 2#T 2# ! ! !#T 2 is called an n-holed torus
(Fig. 6.8). In view of the two preceding examples, it can also be considered as a
sphere with n handles attached (Fig. 6.9). //

Polygonal Presentations of Surfaces

As we mentioned earlier in this chapter, for the classification theorem we need a
uniform way to describe surfaces. We will represent all of our surfaces as quotients
of 2n-sided polygonal regions. Informally, we can describe any edge equivalence
relation by labeling the edges with letters a1; : : : ;an, and giving each edge an arrow
pointing toward one of its vertices, in such a way that edges with the same label are
to be identified, with the arrows indicating which way the vertices match up. With
each such labeling of a polygon we associate a sequence of symbols, obtained by
reading off the boundary labels counterclockwise from the top, and for each bound-
ary label ai , placing ai in the sequence if the arrow points counterclockwise and a"1

i

if it points clockwise. For example, the equivalence relation on I " I of Example
3.49 that yields the torus might result in the sequence of symbols aba"1b"1.

Formally, given a set S , we define a word in S to be an ordered k-tuple of
symbols, each of the form a or a"1 for some a 2 S . (To be more precise, if you like,
you can define a word to be a finite sequence of ordered pairs of the form .a;1/ or
.a;#1/ for a 2 S , and then define a and a"1 as abbreviations for .a;1/ and .a;#1/,
respectively.) A polygonal presentation, written

Figure : Attaching handles

The cell complex, aba−1b−1, is called a handle.
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Cell Complexes

Since our surfaces are already triangulated, we may assume that they are
given by a finite set of planar polygons with curved edges.

Cell complex = a finite set, F , of faces, each face, A ∈ F , being assigned
a boundary , B(A), a string of oriented edges from some finite set, E , of
edges.

To deal with oriented edges: the set, E−1, of “inverse” edges.

B : F → (E ∪ E−1)∗, assigns a string or oriented edges,
B(A) = a1a2 · · · an, to each face, A ∈ F , with n ≥ 2.
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Cell Complexes

Also need the set, F−1, of inversely oriented faces A−1. Convention:
B(A−1) = a−1

n · · · a−1
2 a−1

1 if B(A) = a1a2 · · · an. We do not distinguish
between boundaries obtained by cyclic permutations.

We call A and A−1 oriented faces.

Every finite set, K , of faces representing a surface satisfies two conditions:

(1) Every oriented edge, a ∈ E ∪ E−1, occurs twice as an element of a
boundary.

(2) K is connected.
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Cell Complexes

A finite (nonempty) set of faces with an assignment of boundaries
satisfying conditions (1) and (2) is called a cell complex .

For example, a torus is represented by a single face with boundary
aba−1b−1.

Surprise: the definition of a cell complex allows other surfaces besides the
familiar ones: nonorientable surfaces.

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 30 / 63



Cell Complexes

A finite (nonempty) set of faces with an assignment of boundaries
satisfying conditions (1) and (2) is called a cell complex .

For example, a torus is represented by a single face with boundary
aba−1b−1.

Surprise: the definition of a cell complex allows other surfaces besides the
familiar ones: nonorientable surfaces.

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 30 / 63



Cell Complexes

A finite (nonempty) set of faces with an assignment of boundaries
satisfying conditions (1) and (2) is called a cell complex .

For example, a torus is represented by a single face with boundary
aba−1b−1.

Surprise: the definition of a cell complex allows other surfaces besides the
familiar ones: nonorientable surfaces.

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 30 / 63



Nonorientable Surfaces 1

a

a

b b

(a)

a

a

(b)

Figure : (a) A projective plane (boundary abab). (b) A projective plane
(boundary aa).

We have to glue the two edges labeled a together. This requires first
“twisting” the square piece of material by an angle π, and similarly for the
two edges labeled b.
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There is no way to realize such a surface without self-intersection in R3.

The above surface is the real projective plane, RP2.

RP2 can be realized in R3 as the cross-cap.
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Orientability

Orientability: a subtle notion.

Given a cell complex, K , an orientation of K is obtained by choosing one
of the two oriented faces A,A−1 for every face A ∈ F ; denote it Aε.

An orientation is coherent if every edge a in E ∪ E−1 occurs at most once
in the set of boundaries of the faces in {Aε | A ∈ F}.

A cell complex, K , is orientable if is has some coherent orientation.

The complex with boundary aba−1b−1 (a torus) is orientable, but the
complex with boundary aa (the projective plane) is not orientable.
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Normal Form of Type II

Every surface with normal form of type (I) is orientable.

Every nonorientable surface (with g ≥ 1 “holes”) can be represented by a
2g -gon where the boundary of this 2g -gon is of the form

a1a1a2a2 · · · agag ,

called type (II).

Normal form of type (II): glue g projective planes, i.e. cross-caps
(boundary aa), onto a sphere.
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Normal Forms

In summary: two kinds normal forms (or canonical forms). These cell
complexes K = (F ,E ,B) in normal form have a single face A (F = {A}),
and either

(I) E = {a1, . . . , ag , b1, . . . , bg} and

B(A) = a1b1a−1
1 b−1

1 · · · agbga−1
g b−1

g ,

where g ≥ 0, or

(II) E = {a1, . . . , ag} and

B(A) = a1a1 · · · agag ,

where g ≥ 1.
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Canonical complexes of type (I) are orientable, whereas canonical
complexes of type (II) are not.

1

a1

b1a1

b1

a2

b2 a2

b2

(a)

a1

a1

a2

a2

a3

a3

(b)

Figure : Examples of Normal Forms: (a) Type I; (b) Type II.
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Euler–Poincaré characteristic
Given a cell complex, K = (F ,E ,B), let n0 = the number of vertices,
n1 = the number of elements in E (edges), and n2 = the number of
elements in F (faces).

The Euler–Poincaré characteristic of K is

χ(K ) = n0 − n1 + n2.

Figure : Leonhard Euler, 1707-1783 (left) and Henri Poincaré, 1854-1912 (right)
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A complex in normal form has a single vertex and a single face.

Normal form of type I, 2g edges,

χ(K ) = 2− 2g .

Normal form of type II, g edges,

χ(K ) = 2− g .

1 χ(sphere) = 2 (since g = 0; ε ≡ aa−1),

2 χ(torus) = 0 (since g = 1; aba−1b−1),

3 χ(2−hole torus) = −2 (since g = 2; a1b1a−1
1 b−1

1 a2b2a−1
2 b−1

2 ),

4 χ(projective plane) = 1 (since g = 1; aa),

5 χ(Klein bottle) = 0 (since g = 2; aabb).
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Cell Complexes and Triangulations

Every cell complex K defines a topological space |K | obtained by a
quotient process (identification of edges). Not clear that |K | is surface.

We can prove that |K | is a surface by showing that every cell complex can
be refined to a triangulated 2-complex.

A triangulated 2-complex K is a 2-complex satisfying some extra
conditions so that |K | is a surface.
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Theorem 1

Every cell complex K can be refined to a triangulated 2-complex.

a

b

a

b

αα

α α a1

b1

a1

b1

a2

b2

a2

b2

αα

α α

α1

α1

β1β1

a1

b1

a1

b1

a2

b2

a2

b2

αα

α α

α1

α1

β1β1
γ

αα

α α

α1

α1

β1β1
γ
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Theorem 1 implies that for every cell complex K , the space |K | is a
compact surface.

Theorem 2

Given any two finite triangulated 2-complexes K1 and K2, if |K1| and |K2|
are homeomorphic, then K1 and K2 have the same character of
orientability and χ(K1) = χ(K2).
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Distinct canonical complexes are inequivalent

The fact that χ(K1) = χ(K2) follows form the fact that homeomorphic
spaces have isomorphic homology groups, and that for a finite simplicial
complex K of dimension m,

χ(K ) =
m∑

p=0

(−1)pnp =
m∑

p=0

(−1)p r(Hp(K )),

where np is the number of p-simplicies in K .

Consequence: any two distinct canonical complexes are not
homeomorphic .
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Combinatorial form the classification theorem

Theorem 3

Every cell complex K can be converted to a cell complex in normal form
by using a sequence of steps involving a transformation (P2) and its
inverse: splitting a cell complex, and gluing two cell complexes together.
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Transformation P2

a1

a2

a3

ap

ap+1

an

d (P2)

a1

a2

a3

ap

d

ap+1

an

d

Figure : Transformation (P2)
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First, (P2) is applied to the one-cell with boundary aba−1b to obtain a cell
complex with two faces with boundaries, abc and c−1a−1b.

a

a

b b

(a) =⇒
a

a

b b

(b)

c

=⇒

a

c c

a

b

(c)

Figure : Example of elementary subdivision (P2) and its inverse

Then, these two faces are glued along the edge labeled b using (P2)−1.
Get a complex with boundary aacc : a Klein bottle.
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ME,-rt< Ie. C l-OCK 

Figure : Metric Clock
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The Final Theorem

Theorem 4

Two compact surfaces are homeomorphic iff they agree in character of
orientability and Euler–Poincaré characteristic.

There is a generalization of Theorem 4 to surfaces with boundaries.
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Universal Covering Spaces of Surfaces

We can tile the plane with copies of the fundamental rectangle shown in
blue (torus, boundary aba−1b−1) :

a

a

a

a

a

a

a a a

a a a

b

b

b

b

b

b

b

b

b

b

b

b

Figure : Tiling of the plane with tori
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Every other tile is obtained by translation. This set of translations forms a
group G generated by two translations (translate left one square, translate
up one square).

The torus T 2 = quotient of R2 under the action of the group G ; quotient
map

π : R2 → T 2

makes the plane R2 a universal cover of the torus (as a smooth
2-manifold).

The map π can be used to transfer the metric of R2 onto the torus (as a
flat torus).
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Can we do something similar with the 2-hole torus?

The 2-hole torus is defined by the cell (8 vertices) whose boundary is
a1b1a−1

1 b−1
1 a2b2a−1

2 b−1
2 . 1

a2

b2a1

b1

a1

b1 a2

b2

Figure : A cell representing a surface with two holes

Unfortunately, it is impossible to tile the plane with octagons!
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If we allow curved edges, we can do it! Move to a hyperbolic space, such
as the Poincaré disc (the interior of the unit disc).

In such a space, lines are arc of circles orthogonal to the boundary of the
unit circle. Reflections become inversions.

It is possible to find a hyperbolic octogon whose angles are π/4, and to
use inversions to fit other octagons to tile the hyperbolic plane.
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Figure : Finding a hyperbolic octagon (from Thurston)
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Figure : Tiling with hyperbolic octagons (from Thurston)
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There is a group G of inversions that maps the fundamental domain to
any other tile. The 2-hole torus S = quotient of the hyperbolic plane H2

under the action of the group G .

The quotient map
π : H2 → S

makes H2 a universal cover of S (as a smooth 2-manifold). The metric of
the hyperbolic space (a space of negative curvature) can be transferred to
the surface S .

The above process can be generalized to any smooth surface S of genus
g ≥ 3, so that the hyperbolic plane H2 is a universal cover of S .

The torus and the Klein bottle have R2 as universal cover. The sphere S2

is the universal cover of RP2.

This provides a kind of global parametrization for any smooth surface S .
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Figure : Just Checking
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Main steps of the proof

Sketch of the steps of the proof of Theorem 3. This proof follows Seifert
and Threlfall (1934), which is basically Brahana’s original proof (1921).

Variants of this proof appear in Ahlfors and Sario, and Massey.

Step 1 . Elimination of strings aa−1 in boundaries.

Step 2 . Vertex Reduction.
The purpose of this step is to obtain a cell complex with a single vertex.
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Step 3 . Reduction to a single face and introduction of cross-caps.
First reduce to a single face. If some boundary contains two occurrences of
the same edge a, i.e., it is of the form aXaY , where X ,Y denote strings of
edges, with X ,Y 6= ε, we show how to make the two occurrences of a
adjacent.

(a) (b) (c)

X

XX

YY

a
a

aa

a

b

b
b

b
−1

Y
−1

Figure : Grouping the cross-caps
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Step 4 . Introduction of handles.
The purpose of this step is to convert boundaries of the form
aUbVa−1Xb−1Y to boundaries cdc−1d−1YXVU containing handles.

Step 5 . Transformation of handles into cross-caps.
One of the last obstacles to the canonical form is that we may still have a
mixture of handles and cross-caps. If a boundary contains a handle and a
cross-cap, the trick is to convert a handle into two cross-caps.

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 61 / 63



Step 4 . Introduction of handles.
The purpose of this step is to convert boundaries of the form
aUbVa−1Xb−1Y to boundaries cdc−1d−1YXVU containing handles.

Step 5 . Transformation of handles into cross-caps.
One of the last obstacles to the canonical form is that we may still have a
mixture of handles and cross-caps. If a boundary contains a handle and a
cross-cap, the trick is to convert a handle into two cross-caps.

Jean Gallier (Upenn) The Classification Theorem for Surfaces October 31, 2012 61 / 63



a

b

(a) (b) (c)

a

b
b

a

b

a

b

b

a

b

b

(d)

b

(g)(f)
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Figure : Grouping the handles
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Fundamental Groups of Surfaces

For an orientable cell complex K (of type (I)), the fundamental group
π1(K ) is the group presented by the generators {a1, b1, . . . , ag , bg}, and
satisfying the single equation

a1b1a−1
1 b−1

1 · · · agbga−1
g b−1

g = 1.

When g = 0, it is the trivial group reduced to 1.

For a nonorientable cell complex K (of type (II)), the fundamental group
π1(K ) is the group presented by the generators {a1, . . . , ag}, and
satisfying the single equation

a1a1 · · · agag = 1.
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