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Abstract

Quantitative agreement with experimental data for adsorption of argon, krypton, and methane in high-silica
zeolites is achieved with a molecular model, which (1) assumes pairwise additivity of intermolecular forces; (2) ignores
partially concealed silicon atoms and lumps their dispersion energy with the oxygen atoms; (3) neglects energy
induced by the weak electric field inside silicalite; (4) uses the Lennard–Jones 12-6 potential for gas–gas and
gas–solid interactions. The parameters of the Ar–O gas–solid potential are �/k=93.0 K and �=3.335 A� . The
gas–solid potential parameters for krypton and methane were calculated from the Ar–O reference potential using
Lorentz–Berthelot mixing rules and the principle of corresponding states. The pore volume of silicalite determined
from the He–O potential is 0.175 cm3 g−1. The local density of gases adsorbed in the pores varies with the strength
of the gas–solid potential; at 306 K and 10 bar, the maximum absolute density of methane is about one half the
density of liquid methane at its normal boiling point. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Adsorption theory relies heavily upon molecu-
lar simulation for the interpretation, understand-
ing, and prediction of adsorption in microporous
materials. The input to the molecular simulation
is the forcefield: the intermolecular potentials for
dispersion, electrostatic, and induction energies of
gas–gas and gas–solid interactions. Unfortu-
nately, a handbook of reliable potentials with

tabulated constants does not exist and theory is
insufficiently developed to calculate these
forcefields from the principles of quantum me-
chanics. Current methods rely upon approximate
intermolecular potentials containing parameters,
which are extracted from experimental adsorption
data, usually at the limit of zero pressure. These
potential parameters can then be used to make
predictions for other conditions of temperature or
loading or for mixtures of gases under all condi-
tions. The potentials are also useful for studying
molecular-scale structural details such as energeti-
cally preferred sites and orientations, since this
kind of information is difficult to obtain by spec-
troscopic measurements.
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The first step toward the development of a
handbook of potential parameters is to determine
a reference potential for the dispersion energy of
small spherical molecules (argon, krypton, meth-
ane) interacting with high-silica materials such as
silicalite.

Simulation of adsorption in micropores of zeo-
lites is based upon the reasonable assumption that
adsorption on the external surface of the solid is
negligible. The bulk fluid is not included explicitly
in grand canonical Monte Carlo (GCMC) simula-
tions; its properties are obtained either from an
independent simulation or from an equation of
state. The simulation box contains at least enough
unit cells to ensure periodicity in the boundary
conditions. The independent experimental vari-
ables are the temperature (T) and pressure (P).
The input variables to the simulation are the
structure of the adsorbent, the temperature, and
the chemical potential �(T, P) of the bulk fluid as
established by its equation of state. The depen-
dent variables from the simulation are the abso-
lute number of molecules contained in the
micropores (Na) and the potential energy (�) of
the gas–gas and gas–solid interactions. Na is
specific adsorption in molecules per unit mass of
adsorbent.

The difference between absolute adsorption
from simulation (Na) and excess adsorption from
experiment (N) is negligible for adsorption of
vapors near their boiling points. However, in the
case of supercritical gases for which the difference
is 10% or more, simulation variables must be
converted to excess quantities (Myers et al. [1],
Sircar [2,3], Talu and Myers [4]) for comparison
with experimental data:

N=Na−Vp�b (1)

where �b(P, T) is the density of the bulk fluid and
Vp is the specific pore volume determined by:

Vp=
1

ms

�
e−�(r)/kT dr (for He) (2)

� is the helium-solid potential energy for a single
helium molecule, dr is a differential volume ele-
ment, and ms is the mass of solid adsorbent in the
simulation box. N is specific adsorption and Vp

has units of m3 kg−1. The pore volume deter-

mined from Eq. (2) mimics the experimental mea-
surement of dead space using helium at room
temperature and low pressure (Myers et al. [1];
Tulu and Meyers [4]; Neimark and Ravikovitch
[5]). In principle, the temperature in Eq. (2)
should be the same temperature (typically about
300 K) used to measure the dead space of the
sample cell. However, the integral in Eq. (2) is
insensitive to temperature; raising the temperature
from 300 to 500 K increases Vp by less than 1%.

For adsorption experiments performed at sub-
atmospheric pressure, the bulk density in Eq. (1)
is given by the perfect gas law:

�b=
P

kT
(3)

2. Adsorption second virial coefficient

Potential parameters of the gas–solid potential
energy function are extracted from variables ex-
trapolated to zero pressure, which corresponds
physically to the interaction of a single adsorbate
molecule with the surface of the adsorbent inside
its pores. The adsorption second virial coefficient
is:

B=kT lim
P�0

�dN
dP

�
(4)

The corresponding limit from simulation is:

Ba=kT lim
P�0

�dNa

dP
�

(5)

and it follows from Eq. (1) and Eqs. (3)– (5) that:

B=Ba−VP (6)

The second virial coefficient is calculated from
the configuration integral:

B=
1

ms

�
e−�(r)/kT dr−VP (7)

and the isosteric heat of adsorption at zero pres-
sure is:

Qst= −

�
�(r) e−�(r)/kT dr�

e−�(r)/kT dr−msVP

+kT (8)
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where � is the gas–solid potential energy for a
single adsorbate molecule and the integrations are
over a representative mass (ms) of solid adsorbent.
Given experimental values of B and Qst, Eq. (7)
and Eq. (8) can be solved for two unknown
parameters in �.

At the limit of zero pressure where �b�0, Eq.
(1) indicates that the difference between excess
and absolute variables vanishes. However, the
difference in the slopes of the absolute and excess
adsorption isotherms remains finite even at the
limit of zero pressure due to the pore volume (VP)
term in Eq. (6). Moreover, the difference between
the absolute and excess isosteric heats is finite at
the limit of zero pressure due to the VP term in
the denominator of Eq. (8).

3. Molecular model and GCMC simulations

An approximate but convenient and frequently
used potential function for the gas–gas and gas–
solid dispersion energy is the Lennard–Jones 12-6
potential:

�ij=4�ij
���ij

r
�12

−
��ij

r
�6n

(9)

This potential is for spherical adsorbate
molecules such as argon, krypton, and possibly
methane interacting with each other (gas–gas in-
teractions) or with the oxygen atoms composing
the zeolite (gas–solid interactions). Gas–gas po-
tential parameters are evaluated independently
from bulk-gas second virial coefficients. Gas–
solid potential parameters (� and �) can be evalu-
ated from adsorption second virial coefficients
using Eq. (7) and Eq. (8).

The molecular model assumes pairwise additiv-
ity of gas–gas and gas–solid intermolecular ener-
gies from Eq. (9), ignores partially concealed
silicon atoms and lumps their dispersion energy
with the oxygen atoms, and neglects energy in-
duced by the (small) electric field acting upon the
adsorbate molecules. The locations of the oxygen
atoms were obtained from crystallographic data
(Olson et al. [6]).

The GCMC simulations were run to conver-
gence, as defined by reduction in the standard

deviation in � and Na to 1–5%. The number of
cycles required for convergence varied from 0.5 to
50 million. The simulation box was 12 units cells
of silicalite, which is approximately 40 A� on a side
and provides periodic boundary conditions. The
cut-off radius for the pretabulated gas–solid en-
ergy was 100 A� and the cut-off radius for the
gas–gas interactions was set at 20 A� .

4. Sensitivity of potential parameters to
experimental error

The potential parameters of Eq. (9) must be
known before the molecular model can be imple-
mented in a simulation. A worthwhile goal is to
create a table of effective potential parameters (�
and �) between simple molecules and various
zeolites of practical importance. A longer-term
goal is a table of effective potential parameters for
non-spherical polar molecules, but here the dis-
cussion is limited to small non-polar spherical
molecules like argon, krypton, and methane.

Fig. 1. Lennard–Jones gas–solid potential parameters � and �,
which fit experimental values of adsorption second virial co-
efficient (B in cm3 g−1) and dimensionless isosteric heat
(Qst/RT) at limit of zero coverage for silicalite (Vp=0.175 cm3

g−1).
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Fig. 1 shows that the extraction of accurate
potential parameters from experimental data is
surprisingly difficult. Loci for 2.95���4.55 and
0.175� (�/kT)�0.950 are plotted on Fig. 1. In
principle, the two constants of the gas–solid inter-
action potential (� and �) can be extracted from
experimental values for the adsorption second
virial coefficient (B) and isosteric heat (Qst) at the
limit of zero coverage as discussed earlier. For
example, for ln (B)=3 and Qst/kT=10, the solu-
tion �/kT=0.255 and �=4.23 A� can be read
from Fig. 1 at the point (x,y)= (3,10). In practice,
the values of these parameters are very sensitive to
small experimental errors in B and Qst. Physical
solutions usually are found in the dense lower
portion of the families of curves on Fig. 1 where
individual loci for constant � and constant � are
difficult to distinguish. Thus there exists a family
of solutions for � and � which reproduce the
experimental value of B and Qst but have little
physical meaning and, therefore, cannot be used
for extrapolations to other temperatures or for
estimating potential energy functions for other
gases and zeolites.

5. Determination of argon and helium reference
potentials

Both the adsorption second virial coefficient
and the isosteric heat at the limit of zero coverage
must be converted from absolute to excess quanti-
ties using the pore volume (VP) in Eq. (7) and Eq.
(8). The pore volume depends on the gas–solid
potential for helium, which is unknown at this
point. Thus, gas–solid potentials for argon and
helium must be extracted simultaneously from the
experimental data for argon on silicalite at
32.6°C: B=4.35 cm3 g−1 and Qst=15.7 kJ
mol−1 at the limit of zero pressure (Dunne et al.
[7]). Special care was taken to obtain accurate and
reproducible experimental values of B and Qst for
the reasons discussed earlier. Since the potential
parameters are more sensitive to the isosteric heat
than the second virial coefficient, the probable
error in Qst was reduced to 0.1 kJ mol−1 by
taking a large number (21) of experimental points
at low pressure.

Table 1
Lennard–Jones 12-6 potential parameters for adsorption in
silicalite

Atom pair References�, (A� )�/k (K)

10.9He–He 2.640 Hirschfelder et al. [8]
Hirschfelder et al. [8]3.405119.8Ar–Ar

72.2 This studyO–O 3.265
28.0He–O Eqs. (10) and (11)2.952
93.0 3.335Ar–O Eqs. (10) and (11)

The gas–solid potential constants reported in
Table 1 were obtained by a steepest descent opti-
mization routine. The adsorption second virial
coefficient and isosteric heat at zero coverage were
calculated by integration of e−�/kT and �e−�/kT

respectively, over the pore volume of silicalite
according to Eq. (7) and Eq. (8). The pore volume
was calculated from Eq. (2) using the helium–
oxygen potential. Values for the helium–oxygen
and argon–oxygen potentials were calculated
from the customary Lorentz–Berthelot mixing
rules:

�ij= (�ii�jj)0.5 (10)

�ij=
�ii+�jj

2
(11)

The oxygen–oxygen constants in Table 1 (� and
�) were derived from the optimization routine:
the like-pair constants for argon and helium were
taken from the literature and the unlike-pair
parameters were obtained from Eqs. (10) and
(11). The oxygen–oxygen constants, which have
no physical meaning beyond their use in Eqs. (10)
and (11), were the two unknowns extracted from
B and Qst using the optimization routine. The
pore volume from Eq. (2) obtained by insertion of
the optimized helium–oxygen potential constants
in Table 1 is 0.175 cm3 g−1.

The constants in Table 1 reproduce the experi-
mental adsorption isotherms and isosteric heat
measured at room temperature in different labo-
ratories (Dunne et al. [7], Golden and Sircar [9])
for argon in silicalite up to a pressure of about
1000 kPa. Comparison of GCMC simulations
with experiment is shown in Fig. 2. The solid line
is a best fit of the experiment data. The average
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Fig. 2. Comparison of GCMC simulations with experiment for adsorption of argon in silicalite at 32.6°C. �, experimental data
(Dunne et al. [4]); �, experimental data (Golden and Sircar [9]); solid line, best fit of experimental data;�, GCMC simulation data
converted to excess adsorption by Eq. (1).

difference between the GCMC simulations and
experiment is less than 2%. The excellent agree-
ment of simulation with experiment implies that
the potential parameters have physical signifi-
cance in spite of their sensitivity to errors in
experimental data discussed in the earlier section.
The helium–oxygen and argon–oxygen potential
parameters in Table 1 are intended to serve as
reference values for dispersion interactions of
small spherical molecules with oxygen atoms in
siliceous materials like silicalite.

Table 2 shows that our Ar–O potential
parameters disagree with values obtained by oth-
ers (Macedonia et al. [10], Smit [11]). The first set
(Macedonia et al. [10]) of parameters predicts an
isosteric heat which is 3% too low and a Henry
constant which is 30% too high. The third set
(Smit [11]) predicts an isosteric heat, which is 2%
too high and a Henry constant, which is 40% too
low. The second set obtained by us agree exactly
with the experimental isosteric heat and Henry
constant for the argon–silicalite system (Dunne et
al. [7]; Golden and Sircar [9]).

6. Potential parameters for spherical molecules in
siliceous materials

According to the two-parameter principle of
corresponding states, the well depth � of the gas–
gas potential scales with the critical temperature
and the collision diameter scales with the cube
root of the critical volume of the adsorbate
molecule:

��Tc (12)

��V c

1/3 (13)

Table 3 contains a list of critical constants
(Reid et al. [12]) of small molecules which fit into

Table 2
Sets of Lennard–Jones 12-6 potential parameters for Ar–O in
silicate

�, (A� )�/k (K) References

117.2 3.121 Macedonia et al. [10]
3.335 This study93.0

81.7 3.532 Smit [11]
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Table 3
Gas–gas (1–1) and gas–solid (1–s) Lennard–Jones 12-6 potential parameters for small molecules interacting with oxygen atoms in
siliceous materials

VC, (cm3 mol−1)Gas �11/k (K)Tc (K) �11, (A� ) �1s/k, �1s, (A� )

89.5 100.2N2 3.613126.2 85.1 3.439
93.1 105.6 3.661 87.3CO 3.463132.9
74.9 119.8 3.405150.8 93.0Ar 3.335

154.6O2 73.4 122.8 3.382 94.2 3.324
190.6CH4 99.0 151.4 3.737 104.5 3.501

91.2 166.4 3.636209.4 109.6Kr 3.450
94.0 241.7 3.673CO2 132.1304.2 3.469

the channels of silicalite. The Lennard–Jones po-
tential parameters for the gas–solid interactions
were calculated from Eqs. (10)– (13) based upon
the reference value for argon–oxygen in Table 1.
The assumption of spherical symmetry, which is
strictly correct only for Kr, should hold for small
nonpolar molecules (O2, CH4). For the molecules
which contain dipole or quadrupole moments
(CO, N2, CO2), the neglect of electrostatic energy
is questionable even in silicalite.

7. Comparison of potential parameters with
experiment

Henry constants (B/kT) calculated from the
potential parameters in Table 3 are compared
with experiment in Table 4. For the nonpolar
spherical molecules (O2, CH4, Kr) the average
absolute error is 5%. The approximately spherical
but polar molecules (CO, N2, CO2) exhibit an
average error of about −10%. A similar trend is
observed for the isosteric heats, whose values
calculated from Table 3 are compared with exper-
iment in Table 5. As in the case of the Henry
constants, the predicted isosteric heats agree with
experiment for the nonpolar spherical molecules
(O2, CH4) but are about 10% too small for polar
molecules (CO2, N2). Evidently the neglect of
electrostatic energy of polar molecules in silicalite
generates an error of about 10% in both the
Henry constant and the energy of adsorption.

Simulated adsorption isotherms for methane on
silicalite are shown in Fig. 3. The almost perfect
agreement of the simulations with experimental

data from different laboratories using calculated
(not fitted) potential parameters is encouraging.
The quantitative agreement of simulations with
experiment for nonpolar spherical molecules is
attributed to: (1) extracting potential parameters
from a well characterized reference system (argon
on silicalite); and (2) converting simulation vari-
ables to experimental variables.

Simulated adsorption isotherms for krypton on
silicalite are shown in Fig. 4. As in the case of
methane, the agreement with experiment is almost
perfect.

In summary, the Lennard–Jones potential
parameters in Table 3 for small, spherical, nonpo-
lar molecules (Ar, Kr, O2, CH4) agree quantita-
tively with experiments from different laboratories
and are consistent with Lorentz–Berthelot mixing
rules. The potential parameters determined for
silicalite should in principle apply to other
siliceous materials such as TON, MTW, UTD-1,
FER, FAU, and MCM-41; the portability of the
potential parameters will be investigated in a fu-
ture paper.

8. Adsorption and density profiles in silicalite
micropores

Dimensionless potential energies (�/kT) are
plotted for methane in silicalite at 32.6°C on Fig.
5. Points plotted parallel to the pore axes are the
simulation-average total energy of adsorbate
molecules located in each of 50 slices of space
perpendicular to the pore axis. The total energy is
the sum of gas–gas and gas–solid energies. The
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Table 4
Comparison of Henry constants (B/kT) from simulation with experimental data

Gas T (°C) B/kT (mol per (kg kpa)) Error (%) References

Experimental Simulated

O2

0.00162 0.00170 532.3 (Dunne et al. [7])

CH4

3.8 0.0176 0.0169 −4 (Sun et al. [13])
0.00975 0.0095723.1 −2 (Dunne et al. [7])
0.0071131.0 0.00773 9 (Golden and Sircar [9])
0.00308 0.0031369.9 2 (Golden and Sircar [9])
0.00264 0.00254 −4 (Sun et al. [13])79.6

Kr
0.00691 0.0078332.3 13 (Golden and Sircar [9])
0.00349 0.00332 −569.4 (Golden and Sircar [9])

N2

0.00238 0.0019623.0 −18 (Dunne et al. [7])
0.00180 0.0016431.9 −9 (Golden and Sircar [9])
0.000947 0.00082668.7 −13 (Golden and Sircar [9])

CO
0.00259 0.0020632.3 −20 (Golden and Sircar [9])

68.4 0.00129 0.00103 −21 (Golden and Sircar [9])

CO2

0.1113.8 0.0986 −11 (Sun et al. [13])
0.0385 0.038131.4 −1 (Golden and Sircar [9])

68.4 0.0137 0.0135 −2 (Golden and Sircar [9])
0.0119 0.010179.6 −15 (Sun et al. [13])

planes dividing pore space into channels and in-
tersections were determined by the saddle point of
minimum potential energy trajectories along the
axis of the main and side channels. The distance
between the centers of the channel intersections is
about 10 A� for both channels; only half of the
main channel is plotted because of symmetry
about its center at 0 A� . The center of the intersec-
tion at 5 A� for the main channel and at 0 and 10
A� for the side channel is the same point but the
values of energy are slightly different because the
main and side channels intersect at an angle and
the space sampled perpendicular to the axis of the
each channel is slightly different.

The decrease in potential energy with increasing
pressure shown on Fig. 5 is due mainly to gas–gas
interactions. The absolute value of the gas–gas
interaction energy, which is zero at the limit of
zero pressure, increases with pressure but is less

than kT even at high pressure. The variation in
energy at constant pressure along the pore axes is
about 2kT. A diffuse minimum in energy, about
2kT lower than the energy at the center of the
channel intersection, occurs at the centers of the
main and side channels. These positions within

Table 5
Comparison of isosteric heats from simulation with experi-
mental data measured by calorimetry (Dunne et al. [7]) at
25°C and at limit of zero coverage

Qst (kJ mol−1)Gas Error (%)

Experimental Simulated

16.3O2 15.5 −5
−420.120.9CH4

27.2CO2 24.3 −12
17.6N2 15.9 −11
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Fig. 3. Comparison of experimental points (Dunne et al. [7],
Golden and Sircar [9], Sun et al. [13]) with simulations (solid
lines) for adsorption of methane in silicalite. Simulation data
converted to excess adsorption by Eq. (1). Line 1, 3.8°C; Line
2, 23.07°C; Line 3, 31.0°C; Line 4, 34.8°C; Line 5, 69.6°C;
Line 6, 79.6°C.

Fig. 5. Dimensionless simulation-averaged potential energy of
methane in silicalite at 32.6°C as a function of distance along
axes of straight main channel and zig-zag side channel. �, 100
kPa; �, 200 kPa; �, 400 kPa; �, 1000 kPa.

the main and side channels are therefore energeti-
cally preferred ‘sites’ at low loading.

Fig. 6 shows the simulation average loading of

methane in silicalite. As expected, the local abso-
lute amount adsorbed increases with pressure.
(The experimental excess loadings are plotted on

Fig. 4. Comparison of experimental points (Golden and Sircar
[9]) with simulations (solid lines) for adsorption of Krypton on
silicalite. Simulation data converted to excess adsorption by
Eq. (1). Line 1, 32.3°C; Line 2, 69.4°C.

Fig. 6. Simulation-averaged amount of methane adsorbed in
sections of main and side channels of silicalite at 32.6°C.
Legend, same as Fig. 5.
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Fig. 7. Simulation-averaged local density of methane in main
and side channels of silicalite at 32.6°C. Legend, same as Fig.
5.

0.266 g cm−3. These pore densities may be com-
pared with the density of liquid methane at its
normal boiling point, which is 0.425 g cm−3.
Thus, at 32.6°C and 1000 kPa, the average and
maximum local absolute densities of methane in
the pores are 40 and 62% of the liquid density,
respectively. The pore density is high considering
that the reduced temperature of methane is T/
Tc=305.75/190.4=1.60. Another interesting ob-
servation from Fig. 7 is the fivefold variation in
local density.

Fig. 8 shows a comparison of ensemble-average
densities for He, Ar, Kr, and CH4 at 32.6°C. The
average absolute loading at the indicated pres-
sures is about 2 mol kg−1 for methane and kryp-
ton so their profiles nearly coincide. The average
absolute loading for argon at 800 kPa is about
one-half the value for methane and krypton. The
absolute pore density of helium is equal to the
density of gaseous helium at 500 kPa and 32.6°C:
0.118 molecules per nm3. Therefore, (within 1% of
the total) no helium is adsorbed under these con-
ditions; the excess adsorption of helium is zero
(Talu and Myers [4]).

Fig. 3). At constant pressure, the local amount
adsorbed has a maximum near the center of each
channel located at the minimum in the potential
energy. However, the amount adsorbed is much
higher within the intersection because it contains
more space than the nearly one-dimensional chan-
nels. Even at low loading, the majority of the
molecules adsorb in the intersections where the
energy is higher (energetically less favorable) but
more space is available.

Fig. 7 shows the ensemble-average density of
methane in silicalite obtained by dividing the
ensemble-average number of molecules in Fig. 6
by the volume of each space. The volume of each
sample space was calculated from Eq. (2) by
helium simulations similar to the determination of
the total pore volume. The absolute density is
highest near the center of each channel and at the
center of the intersection where the potential ener-
gies have local minima. Conversion of the excess
adsorption from Fig. 3 at 1000 kPa and 32.6°C
using Eq. (1) gives an absolute adsorption of
about 2 mol kg−1. Based upon its pore volume of
0.175 cm3 g−1, the average absolute pore density
under these conditions is 0.170 g cm−3. The max-
imum density from Fig. 7 (10 molecule per nm3) is

Fig. 8. Simulation-averaged local density of helium, argon,
krypton, and methane in main and side channels of silicalite at
32.6°C. �, CH4 at 1000 kPa; �, Kr at 800 kPa; �, Ar at 800
kPa; �, He at 500 kPa.
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Fig. 9. Volume available for adsorption (��0) in 50 sections
of main and side channels of silicalite measured by helium,
argon, krypton, and methane molecules. Legend, same as Fig.
8.

molecules (He, O2, Kr, CH4) are derived from
Lorentz–Berthelot mixing rules using the prin-
ciple of corresponding states. These potential
constants for small nonpolar molecules are in
quantitative agreement with experiment for sili-
calite and in principle should predict adsorp-
tion of small nonpolar molecules in other
siliceous materials (TON, MTW, UTD-1,
FER, FAU, MCM-41).

� The absolute local density of supercritical gases
(Ar, Kr, CH4) adsorbed in silicalite at high
loading and room temperature is about half the
density of the liquids at their normal boiling
points.

� The quantitative agreement of the reference
potentials with experiment for nonpolar spheri-
cal molecules is attributed to the conversion of
absolute simulation variables to excess experi-
mental variables for the well-characterized ref-
erence system of argon on silicalite.

� The pore volume of silicalite from the helium-
oxygen potential is 0.175 cm3 g−1.
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