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Abstract—Cooperative diversity (CD) networks have been
receiving a lot of attention recently as a distributed means of
improving error performance and capacity. For sufficiently large
signal-to-noise ratio (SNR), this paper derives the average symbol
error probability (SEP) for analog forwarding CD links. The
resulting expressions are general as they hold for an arbitrary
number of cooperating branches, arbitrary number of cooper-
ating hops per branch, and various channel fading models. Their
simplicity provides valuable insights to the performance of CD
networks and suggests means of optimizing them. Besides re-
vealing the diversity, they clearly show from where this advantage
comes from and prove that presence of diversity does not depend
on the specific (e.g., Rayleigh) fading distribution. Finally, they
explain how diversity is improved in multihop CD networks.

Index Terms—Cooperative diversity, diversity, fading, perfor-
mance analysis.

I. INTRODUCTION

THE USE of diversity to combat the detrimental effects
of multiplicative time-selective fading has by now been

well documented in wireless communication systems. In partic-
ular, the merits of multiantenna links over multiple-input mul-
tiple-output (MIMO) channels are well appreciated in terms of
boosting capacity and error performance [6], [16]. The appli-
cation of MIMO technology to mobile networks however, often
faces the practical implementation problem of packing many an-
tennas in a small mobile terminal. MIMO gains hinge on the in-
dependence of the paths between transmit and receive antennas,
for which one must guarantee antenna element separation sev-
eral times the wavelength, a requirement difficult to meet with
small-size terminals. In an effort to overcome this limitation,
cooperative diversity (CD) schemes have been introduced in
[8]–[10], [13], and [14]. The basic idea is that around a given
terminal, there can be other single-antenna terminals which can
be used to enhance diversity by forming a virtual (or distributed)
multiantenna system (see also Fig. 1) where a source terminal
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Fig. 1. Cooperative network scheme. The terminals R cooperate with the
undergoing transmission between S and D.

transmits to a destination and many cooperating terminals (re-
lays) . As demonstrated in [1], [3], [5], and [8], CD networks
can achieve a diversity order equal to the number of paths be-
tween the source and the destination, and thus, they can be used
to overcome the antenna array packing limitation.

Performance analysis of CD networks has yielded many
interesting results including outage signal-to-noise ratio (SNR),
information theoretic metrics, and average symbol error proba-
bility (SEP) expressions over Rayleigh-fading channels [2]–[4].
For sufficiently high SNR, this paper derives general average
SEP expressions, for amplify and forward links with mul-
tiple cooperating branches, composed of multiple cooperating
hops. The general treatment also encompasses various fading
models, provided that their probability density functions (pdfs)
are nonzero at zero instantaneous SNR (which is true for the
widely used Rayleigh and Ricean models). As the resultant
SEP expressions are simple and general, they can be used to
analyze complex CD scenarios. When restricted to Rayleigh
fading, our results coincide with those derived earlier in [2]
using a bounding approach which is different from the approach
derived here1.

The rest of the paper is organized as follows. Starting with the
simple case of one cooperating terminal, Section II lays out the
system model and develops an asymptotic expression for the av-
erage SEP, which is subsequently used to optimize relay selec-
tion and placement. Section III extends these results to general
cooperating setups that include multiple cooperating paths
and multiple cooperating hops per cooperating path. Sec-
tion IV confirms the usefulness of the asymptotic (high SNR)
expressions to pragmatic simulated setups, and Section V con-
cludes the paper.

1Our approach here is different from that in [3] and [4] and was derived in-
dependently of [2]. In fact, we became aware of [2] during the review process
of this paper.
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Fig. 2. Single cooperating terminal.

II. SEP WITH A SINGLE COOPERATING TERMINAL

A. System Model

Consider the simplest CD strategy shown in Fig. 2, where we
have an information source and a destination communi-
cating over a channel with fading coefficient . A relay terminal

is willing to participate in this link providing with a second
copy of the original signal through the complex channels ,
and with flat-fading coefficients and , respectively.
Without loss of generality, we assume that all the additive white
Gaussian noise (AWGN) terms , and have equal
variance . Similar to [2], [8], and [13], we suppose that the
realizations of the random variables , and have been ac-
quired at the receiver ends, e.g., via training. Note that no par-
ticular assumptions are made on channel statistics.

We consider the Amplify and Forward (AF) model where re-
lays simply amplify the signal received from the source [8]. As-
suming that and transmit through orthogonal channels, the
destination receives two independent copies of the signal ,
transmitted by the source

(1)

where and is the amplification factor
which will be discussed later. The receiver collects these copies
with a maximum ratio combiner (MRC). We emphasize that the
noise terms and do not have identical power because
includes a noise contribution at the intermediate stage; for this
reason, the MRC should be preceded by a noise normalization
step. With this combining rule, we form a decision variable
by weighting the combination with the respective powers. The
resulting SNR of the decision variable is

(2)

where is the transmitted power at , and
. For fixed , and realizations, is

Gaussian, and the SEP conditioned on the instantaneous SNR
is given by2 , where the constant depends

on the type of modulation [2 for phase shift keying (PSK)], and
.

The term in (2) is the per-hop SNR associated with the
direct channel ; that is, , but the term

2This is valid for many types of modulation including binary phase shift
keying (BPSK), quarternary phase shift keying (QPSK), M-pulse amplitude
modulation (M-PAM), and rectangular M-quadrature amplitude modulation
(M-QAM) [11, Ch. 5].

requires a bit more elaboration. Expanding , the term
takes the form

(3)

Here, we have choices over the amplification factor ; a conve-
nient one maintains constant average power output, equal to the
original transmitted power

(4)

Substituting (4) into (3) and (2), we obtain

(5)

where and are the per-hop SNRs associated with the chan-
nels and , respectively, and are defined similarly to ; that
is, and .

At high SNR, the 1 in the denominator of (5) is negligible,
and thus, (5) reduces to

(6)

The SNR in (6) is analytically more tractable than that in (5),
which will come handy when analyzing the SEP in Sections II-B
and III-B. In Section IV, it will be shown that the SEP calculated
from the SNR in (6) is very close to the simulated SEP even at
moderate SNR values. Furthermore, it is easy to verify that ne-
glecting the 1 in (5) is equivalent to considering an amplification
factor . Although practically less attractive (because
of the noise the transmitter power could be too large), this last
choice of serves as an upper bound for the practically justifi-
able choice of (4). By comparing with Proposition 1 of the next
subsection, we will also prove in Appendix A, that neglecting
the one in the denominator of (5) does not affect the SEP, when
the SNR is high.

To obtain the average SEP, we have to integrate the Gaussian
tail function on the distribution of the variable , which is often
cumbersome. For Rayleigh-fading channels, the distribution of

is known [7], and the distribution of is exponential. Thus,
an immediate approach is to find the pdf of by convolving the
pdfs of these two independent variables, which at least in prin-
ciple, is possible. Alternatively we can use the moment gener-
ating function (MGF) approach [15, ch. 8]. Whichever approach
we select, the calculations get involved, and even if we were able
to obtain the SEP in closed form, the resulting expression would
provide limited insight.

Instead, we will use a new tool developed in [17], which en-
ables average SEP calculations for sufficiently large SNR by
looking at the pdf of the SNR around zero. This approach will
allow us to achieve insightful results with relatively simple com-
putations, which we pursue next.

B. SEP Analysis

In fading channels, the probability of error is dominated by
the probability of having deep fades, or equivalently, the prob-
ability that the channel coefficient is vanishingly small, which
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Fig. 3. Behavior of Q(x) and the pdf of the exponential distribution.

in turn pertains to the behavior of the pdf of the SNR
around zero. To better explain this assertion, we will normalize

to isolate the effect of the transmitted power that determines
the expected value of from the effect of the random variation
around this expected value. We define thus, , where
denotes the average SNR.

With reference to Fig. 3, let us now expand the SEP expres-
sion to take into account the averaging over the random SNR

(7)

In Fig. 3, we depict the function for increasing values
of along with an example pdf for the fading effects. It is ap-
parent that for larger values of , the behavior of becomes
increasingly irrelevant because the term in (7) goes to zero
so fast that almost throughout all the integration range the in-
tegrand is almost null. However, recalling that ,
regardless of the value of , the behavior of around zero
never loses importance. On the other hand, this behavior can be
approximated by a McLaurin series which in general will yield
a group of terms easier to handle than the distribution itself. In
particular, for an arbitrarily large , we consider values of ar-
bitrarily close to zero, and approximate arbitrarily well
by the first term of the McLaurin series.

All these intuitive arguments have been rigorized in [17],
where the pdf of is approximated by

(8)

to deduce that the asymptotic behavior of the average SEP (as
) is given by

(9)

where denotes the Gamma function.
The constant in (9) is not necessarily an integer and is

not necessarily a McLaurin coefficient; but for our purposes, it
is convenient to restrict the formula to this case, for which, if
the derivatives of up to order are null, then is

related to the order derivative .
Using the relation between distributions of scaled random vari-
ables and making explicit the fact that
is a McLaurin coefficient, we can reduce (9) to the more conve-
nient expression

(10)

where we got rid off of the Gamma function by the ex-
plicit formula for its half natural values,

. Based on (10), we have to study the
behavior of around zero, and this is precisely what we
are going to do. In particular, we have the following result.

Proposition 1: Let us consider three nonnegative indepen-
dent random variables , and with pdfs , and

, respectively. These pdfs are unknown except for their
values at zero that are denoted as , and and assumed to
be nonzero. If the variable is defined as

(11)

then , and the first derivative of evaluated at
zero is given by

(12)

Before proving this proposition, we note that if , and
are the per-hop SNRs in (6), then is equivalent to , the SNR
of the decision variable. What is more, the derivative in (12) can
be plugged in (10) to yield an expression for the average SEP.

Also important to note is that for Ricean fading, , and
are noncentral chi-squared random variables and the values

, and , are proportional to the inverses of the average
SNRs: , and , with
denoting the so-called specular factor. Besides this particular
case, the treatment is also valid for any fading pdf that is nonzero
at the origin.

Having motivated Proposition 1, let us proceed with a
roadmap of the proof. The variable is the sum of two
independent terms and . We will
begin by demonstrating that the pdf of at zero satisfies

, and then, we are going to prove that the
sum of the two independent random variables and yields
a variable that satisfies (12).

To simplify the notation, we define the function
, and the auxiliary random variable ,

that represents the first term in (11) and is independent of .
The pdf of can be obtained from the following expression
for multidimensional functions of random variables [11, Sec.
2.1.2]:

(13)

where is the modulus of the gradient of . No-
tice that the integral in (13) is over the curves for which
has a constant value. In general, it is difficult to evaluate this in-
tegral, but since we are interested in , and there are only
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two possibilities for , namely , or , the com-
putations become tractable. Carrying out the integration in (13),
we obtain

(14)

where the first term comes from the curve and the
second from the curve . The reader can easily verify that

, which yields

(15)

The integrals in (15) are simply equal to one, from where we
deduce that

(16)

So far, we have resolved half of the problem, or in fact, more
than half. Computing the derivative of at zero is easy
if we consider the Laplace transform of . Since is the
sum of two independent random variables, we have

, where , and are the Laplace
transforms of , and , respectively. As we
are interested in the value at zero, we can use the initial value
theorem of Laplace transforms to arrive at

(17)

where we assumed that , and separated the MGF of
in its two factors. However, this limit can be easily rewritten

as a product of two limits

(18)

However, each of the limits in (18) is precisely the corre-
sponding pdf evaluated at zero, from where we obtain

(19)

The very fact that this limit is not infinite validates the as-
sumption of considering (using the initial value the-
orem, , but if the limit with

is finite, the limit with should be 0) which proves the first
statement of Proposition 1 and completes the second part of the
proof. Combining the results in (19) and (16), the proof of the
second statement of Proposition 1 follows.

Using this proposition, we can calculate the asymptotic av-
erage SEP from (10) as

(20)

In the special case of Ricean fading, the SNR is noncentral
chi-squared distributed according to the expression

, and (20)
reduces to

(21)

This result is strikingly simple and will allow us to draw some
interesting conclusions in Section II-C. Furthermore, the treat-
ment in this section can be easily generalized to an arbitrary

number of cooperative branches and hops per branch, as we will
see in Sections III-A and B, respectively.

By now, we have established that diversity of order two is pos-
sible for our simple CD network under various fading channel
models. Furthermore, we have seen that the diversity comes from
the product of two independent SNRs, that of the direct path and
the one of the relay path.

C. Relay Selection

Although the main goal of this paper is to develop general and
simple expressions for the asymptotic average SEP of CD net-
works, we wish to illustrate their impact in designing CD relay
systems. The average SEP is a good indicator of link perfor-
mance, and accordingly, having a relatively simple expression
for it allows for optimization problems to be efficiently tackled.
Even more important, the simplicity of (20), or (21) for the case
of Ricean fading, greatly simplifies these problems.

We consider the relay selection problem which is easily
tractable with our approach. We focus on Ricean fading but the
results can be readily generalized to other models. Suppose that
several terminals are available to cooperate with the source,
and the source has to decide which one will be the best possible
cooperator. The optimization problem under consideration is
selecting the relay that minimizes the average SEP. Looking
at (21), the SEP is composed of two factors: one that depends
solely on the relay path and a second one that depends solely on
the direct path. This second factor depends on the source-des-
tination path-loss which is a given quantity. Thus, optimizing
relay placement is equivalent to minimizing the function

(22)

where , and . Note that is
twice the inverse of the harmonic mean of and . So,
the solution to the relay selection problem is selecting the pair
which maximizes the harmonic mean of the fading coefficients
average power from the source and to the destination; i.e.,

(23)

where denotes the harmonic mean function. This is poten-
tially applicable to routing problems in CD networks.

A slightly different problem arises when and cannot
vary independently due to physical limitations arising from, e.g.,
the path-loss between two terminals. The latter depends on the
distance between them , where the constant depends on
propagation parameters such as carrier frequency, and is the
path-loss slope which is greater than two and usually considered
to be near four [12, p. 104]. For simplicity, we restrict ourselves
to the one dimensional case in which the relay is placed in be-
tween and . Letting denote the distance between and

and the distance between and , we define the relative
distance from source to relay as , from where we
can easily infer that and are given by

(24)
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where . Given this physical model, (22) takes
the form

(25)

which has a maximum for , regardless of the value of .
This proves the intuitively appealing result that the relay should
be placed just in the middle between source and destination.
Moreover, this result does not depend on the detailed path-loss
parameters ( and ). It is clear from (25) that for exponents

3, usually encountered in practice, the minimum SEP has
also null second derivative. Thus, this minimum is relatively
robust to relay displacements from the optimum position, which
is always desirable for optimal designs.

While our analysis here focuses on the one-dimensional case,
the optimal placement solution for this case also sheds light to
more general cooperation scenarios of interest. In this sense,
we should focus on CD schemes that work well when and

have balanced (ideally equal) power profiles, because either
placing the relay close to the source or placing it close to the
destination offer suboptimal solutions. This result also speaks
for the flexibility optimally placed CD systems have to improve
the average SEP relative to non-CD multiantenna systems of
diversity order two.

III. GENERAL COOPERATIVE LINKS

A. Multibranch CD

In Section II, we worked with the simplest possible scenario
of one cooperating terminal. Our closed-form expression for the
asymptotic behavior of the average SEP demonstrates that this
scheme can achieve diversity of order two. Existing works sug-
gest that the diversity order increases with the number of coop-
erating terminals [2], [8], [13], and, thus, it would be interesting
to obtain a SEP expression for this more complex but better per-
forming scenario.

The ideas of Section II can be generalized to multibranch CD
networks, such as those depicted in Fig. 4. In addition to the di-
rect path with fading coefficient , we consider cooperating
terminals (relays) . The channel coefficient be-
tween and relay is denoted as , while that between
and as . We assume that the relays transmit over mutually
orthogonal channels. At each relay, a noise term is present
and a second noise term is introduced at reception. At each
cooperating terminal, the amplification factor is that defined in
(4).

In Section II, we obtained an expression for the first derivative
of the pdf of the sum of two independently faded paths evaluated
at zero, and proved that this pdf is zero at the origin. Naturally,
we expect that for the sum of independent faded paths
the first non-null derivative of the pdf at zero is that of order ,
and this is precisely what is stated in the following proposition.

Proposition 2: Consider a finite set of nonnegative
random variables whose pdfs

have nonzero values at zero, and denote these

Fig. 4. Multibranch cooperation. M terminals cooperate with S to attain
diversity of order M + 1.

values as . If the random variable
is the sum of the components of the set

(26)

then all the derivatives of evaluated at zero up to order
are zero, while the th order derivative is given by

(27)

The proof is outlined in Appendix B.
Proposition 2 is the tool needed to study the performance of

multibranch diversity systems. It is worth mentioning that this
result is applicable to various conceivable diversity strategies,
even outside the scope of CD networks. This generality will be
exploited to analyze the multihop scenario in Section III-C, but
for now, we will use the limit in Proposition 2 as an expression
for the SNR of the multibranch CD network of Fig. 4. The de-
cision variable at the MRC output is given by

(28)

where we defined the variables and
. It follows easily from (28) that the SNR of the de-

cision variable is approximately given by

(29)

where again we eliminated the one in the denominator of the
relay path SNRs, which is equivalent to considering ,
and has no impact on the asymptotic SEP, as shown in Ap-
pendix A. We proceed by analogy to Section II-B defining

. From (16) we know that

(30)

and after applying Proposition 2 to the variable defined by (28)
we obtain

(31)
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Substituting (31) into (10), we obtain the asymptotic expression
for the average SEP of the multibranch CD system

(32)

where is a
constant that depends on the number of cooperating branches

. Its first values are , and
. It is interesting to note that increases

with , which slightly affects the diversity advantage.
Equation (32) is quite general as it holds under any SNR

distribution provided that the underlying pdf at the origin is
nonzero. For the particular case of Ricean fading, it takes the
form

(33)

while for Rayleigh faded links, it reduces to that derived in [2].

B. Multihop CD

A second point of interest is to explore what happens when
we add multiple hops to each of the diversity branches. In prin-
ciple, one expects that as the results were generalizable to
branches, they should be generalizable to hops. Indeed, this
is the case. We consider a set of cooperating relays , as
depicted in Fig. 5.

Without loss of generality, the relays will be considered to
be an ordered set , and for the sake of
uniformity, the source will be named and the destination

. At node , the received signal will be named and
the transmitted signal . Note that is the signal transmitted
by the source and is the signal received at destination. The
fading coefficient between and will be denoted as ,
the amplification factor at node as , and the AWGN as .
Given this nomenclature, the system equations are

(34)

A detailed treatment of this model for , defined as in (4),
seems infeasible. However, as we emphasized in Section II-A,
the results for large average SNR are indistinguishable from
the model using the simpler definition . For this
reason, we are going to work with the amplification factors

. With this simplification, we obtain the following
input–output relationship:

(35)

from where we can show that the instantaneous SNR of the
received variable is3

(36)

3Hasna and Alouini in [7] observe the interesting property that 
 is the har-
monic mean of 
 , but as we are interested in the behavior around 0, it is better
to avoid inverses.

Fig. 5. Multihop system with N intermediate relays (N + 1 hops).

where are the per-hop SNRs, defined by .
We note that the denominator in (36) is the sum of all possible
products that exclude one and only one of the individual SNRs.

Given this model, the importance of the following proposition
(proved in Appendix C) is self evident.

Proposition 3: We consider nonnegative indepen-
dent random variables , with unknown pdfs

except for their values at zero that
are assumed strictly positive and known. If we define the random
variable

(37)

then the pdf of at the origin satisfies

(38)

Using (38), it is easy to obtain from (10) the following ex-
pression for the asymptotic average SEP of a multihop system:

(39)

For the case of Ricean fading, the latter reduces to

(40)

From (40), we see that the multihop system is a diversity one
system, and each new hop adds a new term to the probability of
error. The advantage of multihop transmissions comes from the
path loss gains associated with it. In a practical system, dividing
the transmission path will result in a group of average SNRs
whose sum of inverses is smaller than the inverse of the original
path SNR. In fact, we can obtain from (40) a condition under
which a multihop system offers advantages over a single-hop
system. If denotes the average SNR of the single-hop system,
the multihop system should be preferred if

(41)

Note that the sum in the left-hand side of (41) is times
the harmonic mean of the individual hop SNRs. Thus, we have
established that for Rayleigh-fading channels multihop should
be preferred over single hop if the harmonic mean of the average



1270 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 4, NO. 3, MAY 2005

Fig. 6. Multihop, multibranch transmission.

multihop SNRs is larger than the single-hop SNR divided by the
number of hops4.

The gain of the multihop system in terms of diminution of
the average SEP is precisely the quotient of these two values

(42)

Also interesting to note is that from (40), we can easily gener-
alize the optimal relay placement design of Section II-C. Re-
gardless of the underlying path loss model, the result is that
equi-spaced relays along the line that connects source with des-
tination are SEP-optimal at sufficiently high SNR. This optimal
design enjoys the same properties as that of Section II-C and
points to the importance of CD networks having per-hop fading
coefficients with balanced average power.

C. Multibranch, Multihop CD

Relying on the results of Sections III-A and B, we are ready to
obtain an expression for the average SEP of multibranch, mul-
tihop transmissions. The result of Section III-A applies to a sum
of random variables regardless of their specific pdfs, provided
that their values at the origin are nonzero. In particular, Propo-
sition 2 applies when the pdfs correspond to a multihop trans-
mission as that of Section III-B for which the asymptotic value
of the pdf at zero is given by (38).

Based on these two observations, let us consider a coopera-
tive system with diversity branches
as depicted in Fig. 6, where by convention the diversity
branch corresponds to the direct path. Each of the re-
maining branches is composed of relays

. The channel coefficients between the relays
and of branch are denoted by , with being

the coefficient between the source and the first relay and
being that between the last relay and the destination.

We define the average per-hop SNRs as usual
, and we also define to be the pdf of .

With these definitions and combining the results of (32) and
(38), we arrive at

(43)

4Although a multihop system uses N times more power than the single hop
system, the result can be easily modified to keep the total transmitted power
constant.

Fig. 7. SEP for single relay cooperation. Rayleigh fading with j �f j = j�gj =

j�hj = 1 and transmit SNR defined as SNR = P=N .

Restricting (43) to Ricean fading, we obtain the expression

(44)

which is neat in its simplicity given its applicability to quite
general cooperative networks.

IV. SIMULATIONS AND NUMERICAL RESULTS

A first concern is how tight the asymptotic results are with
respect to pragmatic SNR values. Several simulations ran with
this goal confirmed that the asymptotic results provide a very
good approximation not only for large but also for moderate
SNR values. We tested BPSK modulation, Rayleigh fading (re-
call that the Rayleigh pdf can be obtained from the Ricean one
with unity specular factor; hence, (44) applies to Rayleigh with

). The resulting average SEP were plotted against the
transmit SNR defined as SNR .

Fig. 7 presents simulated values for the system of Sec-
tion II-B. In this case, we consider the channels and as
having equal expected value and compare the simulated SEP
with the analytical line predicted by (21). For SNR values as
low as 10 dB, the difference between the observed SEP and the
asymptotic SEP is less than 9%.

Similar tightness is observed in Figs. 8, and 9 for the multi-
branch and multihop case, respectively. The quality of the ap-
proximation decreases when the number of cooperating termi-
nals increases, a reasonable result due to the accumulation of
approximations. This effect limits the applicability of our ex-
pressions to no more than four or five cooperating branches.

In Fig. 9, we show the results of multihop cooperation when
the per-hop coefficients satisfy a physical constraint analo-
gous to (24). It is interesting to note that when we use a physical
constraint, the approximation is excellent for reasonable target
average SEPs even when the number of hops is as large as 10.
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Fig. 8. Multibranch cooperation. One, two, and three cooperating branches are
shown (j �f j = j�g j = j�h j = 1, for all branches).

Fig. 9. Multihop cooperation. Two, six, and ten cooperating hops are shown.
A physical constraint like (24) with � = 3 is used and hops are considered
equally spaced.

It is apparent from Figs. 8 and 9, and can be confirmed from
(44), that in general, relay power is better used when it adds a
cooperative branch than when it adds a hop in an existent branch.

V. CONCLUSION

We analyzed the average error probability for networks with
cooperating terminals amplifying and forwarding their received
signals from the source, when the average SNR is sufficiently
high. Our performance analysis is applicable to cooperative
links with any number of hops and branches; and remains valid
for a large class of fading models, whose pdfs have nonzero
values at the origin, including Rayleigh and Ricean fading
channels. While our error probability formulas were derived
for high average SNR, our simulations testified that they match

well the simulated error probability even at moderate SNR
values, especially when the number of cooperating branches is
relatively small.

Our error probability analysis revealed that the error gain of
multihop systems stems from the reduced path loss, while that
of multibranch systems comes from both the reduced path loss
and the diversity. Furthermore, the simplicity of our error prob-
ability expressions can be used to design cooperative relays op-
timally in the sense of minimizing error probability. This may
have interesting applications to routing algorithms, relay place-
ment, and power allocation among different terminals in wire-
less networks, which are directions we have marked in our fu-
ture research agenda5.

APPENDIX A
ASYMPTOTIC SEP FOR (5)

In Proposition 1, we proved that the pdf of the random vari-
able at the origin is

. In this Appendix, we show that the redefined variable
satisfies a similar property when both

and are large as well as and satisfy
certain conditions. Hence, the SEP calculated from the expres-
sion in (5) is approximately equal to that computed from the
SNR in (6).

Proposition 4: Consider two nonnegative independent
random variables and , with pdfs and , respectively.
These pdfs are unknown except for their values at zero that
are given by and
and are assumed to be nonzero. Furthermore, and are
bounded by and . If

and , then

(45)

The variables and correspond to the per-hop SNRs
and , and the pdf bounds correspond to Rayleigh fading, but
are also valid for other channel models. Parameter is the in-
verse of the average SNR; that is, , and .
Thus, in (45) describes the behavior of the probability of the
SNR of the relay path around zero, which is precisely what we
need in order to apply the results of [17]. The analysis becomes
more tedious as we are forced to work with limits but once
Proposition 4 is established the treatment is analogous to that
of Section II-B.

The probability in (45) is the cumulative distribution function
(cdf) of which for a given point can be calculated from the
integral of the joint distribution of and in the volume
defined by the points in which , i.e.,

(46)

The integration in (46) can be divided over the regions shown in
Fig. 10. The integrals over regions and are proportional to

5The views and conclusions contained in this document are those of the au-
thors and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U.S. Govern-
ment.
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Fig. 10. Decomposition of the integration region used in the Proof of
Proposition 4.

and thus go to zero for all . On the other hand, the integrals
over and are well approximated by

(47)

Since the integrals in all regions are positive, the limit is
lower bounded by (47)

(48)

regardless of . We now show that which will con-
clude the proof. To show this, we have to prove that the integrals
over and go to zero. The integral over is given by

(49)

which can be bounded as follows

(50)

Since the limit over is taken before the limit over
goes to zero. Mimicking this argument for the integral over
concludes the proof.

The limit is similar, but not equal, to the pdf of evaluated
at zero as the SNR grows. So, we have to keep working with the
limits and repeat the rest of the proof of Section II-B, including
part of the analysis in [17]. However, once we reach the limit ,
the rest of the analysis is straightforward.

APPENDIX B
PROOF OF PROPOSITION 2

The proof proceeds along the lines of the proof of Proposi-
tion 1, where we expressed the Laplace transform of as the
product of the Laplace transforms of the individual pdfs, and we
used the initial value theorem to compute the value of the pdf at
zero. Since the variables are independent, the Laplace trans-
form of is given by the product of the Laplace transforms of

the component variables , and the initial value theorem as-
serts

(51)

However, this limit can be rewritten as the product of a set of
limits

(52)

The first limit in the product is , while all the other limits
are null and, thus, . This allows us to move on to
the first derivative

(53)

where, analogously to (52), the limits of the first product are
the individual pdfs at zero, and the limits on the second product
are null. Repeating this process until the st derivative,
we conclude that all the lower than -order derivatives are
null, which proves the first claim of proposition 2. For the th
derivative, we have

(54)

Continuing with our use of the initial value theorem, each of
the limits in (54) is precisely the corresponding pdf evaluated at
zero, from where we arrive at

(55)

which is exactly the second claim of Proposition 2.

APPENDIX C
PROOF OF PROPOSITION 3

The proof is analogous to that of Section II-B, except that now
things are complicated because we work in dimensions.
The pdf of multidimensional functions of random variables is

(56)

Our interest is at , which is a condition equivalent to nulli-
fying one vector component at a time. This reduces the integra-
tion surface to the union of the hyperplanes of dimension

in which any of the coordinates . Given this restric-
tion, it is possible to prove that the modulus of the gradient eval-
uated at is equal to one over all these hyperplanes

(57)

Since the integration surface is the union of the -di-
mensional hyperplanes at which any of the is zero, we obtain

(58)
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However, the integrals in (58) are over all possible values of
which are axiomatically equal to one. After this obser-

vation, the proof of Proposition 3 follows.
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