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(Mutable) Queue Interface

module type QUEUE =
sig
(* abstract type *)
type 'a queue

(* Make a new, empty queue *)
val create : unit -> 'a queue

(* Determine if a queue is empty *)
val is_empty : 'a queue -> bool

(* Add a value to the end of a queue *)
val enq : 'a -> 'a queue -> unit

(* Remove the first value (if any) and return it *)
val deq : 'a queue -> ‘a option

end




Representing links



Data Structure for Linked Mutable Queues

type 'a gnode = {
v: 'a;
mutable next : 'a gnode option

}

type 'a queue = { mutable head : 'a gnode option;
mutable tail : 'a gnode option }

There are two parts to a mutable queue:
1. the “internal nodes” of the queue, with links from one
to the next
2. arecord with links to the head and tail nodes

All of these links are options so that the queue can be empty




Queues in the Heap

type 'a gnode = { Type Information
7 None Ve 'a;
fleqe I—I,N mutable next : 'a gnode option
tail |[ ] None ¥ .
. int queue type 'a queue = { mutable head : 'a gnode option;
An empty queue mutable tail : 'a gnode option
ks
/) r e
head | ¢ | >ome / v 1
tail | =] Some | next ||« None
: int gnode : ‘
A queue with one element + int gnode option
/N Some
head |[ ] v 1ﬁ/\ Some //a‘ A 2/l | None
tail Some next | ¢ |

A queue with two elements

next




Visual Shorthand: Abbreviating Options

¢

A

Val Some
head / means 7 Val
tail
An empty queue
Py q S | means® | None
head If_\t\ vV 1 *Note: OCaml optimizes "nullary" constructors like Nil, None,
] Empty so that they aren't allocated in the heap. This is why

tail || \l\/cjnext N Nohe == Nohe

A queue with one element

head

= T

tail

1

even though

not ((Some x) == (Some x)).
Be careful with reference equality and options!

next

j*(‘v 5 /’*C\V
[ next

[

next )/

A queue with three elements




Linked Queue Invariants

Just as we imposed some restrictions on which trees count as legitimate Binary

Search Trees, we require that Linked Queues satisfy the following representation
invariants:

Either:
(1) head and tail are both None (i.e., the queue is empty)
or
(2) head is Some n1, tailis Some n2and
- n2isreachable from nl by following ‘next’ pointers
- n2.nextis None

* We can prove that these properties suffice to rule out all of the “bogus”
examples.

* Each queue operation may assume that these invariants hold on its inputs
and must ensure that the invariants hold when it’s done.




“Bogus” values of type 1nt queue

head

tail

v | 1
next

head is None, tail is Some

head

tail

\%

next

=

head is Some, tail is None

head v 1 v 2
tail || o “ next C,neXt
\ j
tail is not reachable from head
head ﬁ-\t\ v 1 | v 2 | v 2
tail next next || a ﬂ next
G G,
/’ \/

tail doesn’t point to the last element of the queue




"Bogus" cyclic 1ht queue values

head |z|{\t\ v 1

tail |Ca ]l

t
\/Clnex

head ﬁ\t\ v 1 | v 2
tail | \K next C,nex’c

(And many, many others...)




g.ml



create and is_empty

(* create an empty queue *)

let create () : 'a queue =
{ head = None;
tail = None }

(* determine whether a queue 1is empty *)
let 1s_empty (q:'a queue) : bool =
g.head = None

e Create establishes the queue invariants
— both head and tail are None

« 1S_empty assumes the queue invariants
— it doesn’t have to check that g.ta1il is None



eng

(* add an element to the tail of a queue *)
let eng (x: 'a) (g: 'a queue) : unit =
let newnode = {v=x; next=None} 1in

begin match g.tail with
| None ->
q.head <- Some newnode;
g.tail <- Some newnode
| Some n ->
n.next <- Some newnode;
g.tail <- Some newnode
end

* The code for enq is informed by the queue invariant:
— either the queue is empty, and we just update head and tail, or

— the queue is non-empty, in which case we must “patch up” the
“next” link of the old tail node to maintain the queue invariant.




Calling Eng on a non-empty queue

Workspace Stack = Heap
fun (x: 'a) (q: ' D -
enq ‘// u?etxnewﬂodeq= {3=g?e::xt=ﬁone}

enqg 2 q

in begin match g.tail with
q| « | None -> ..

| Some n -> ..
end

head
tail |Ca )

—

¢ )

\Y;
next




Calling Eng on a non-empty queue

Workspace Stack = Heap
fun (x: 'a) (g: 'a queue) ->
enq v let de = {v=x; next=N
eng 2 g o T
| None -> ..
q) « | Some n -5 .
end
head
tail || « ﬂ
J
\V; 1 f>
next




Calling Eng on a non-empty queue

WW Stack

//N

q

\l

ﬁ. Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

he

head
tail |Ca )
1

v
next B




Calling Eng on a non-empty queue

WW Stack

//N

q

\l

ﬁ. Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

he

head
tail |Ca )
1

v
next B




Calling Eng on a non-empty queue

Workspace™ Stack

4

ﬁ—\l Heap

/\5

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}

q

o«

in begin match g.tail with
| None -> ..

| Some n -> ..

end

head
tail || « |
1

S(\ v
next EESJ




Calling Eng on a non-empty queue

Workspaee™ Stack ) Hea
T P

! fun (x: 'a) (g: 'a queue) ->
( 2 Y enq / let newnode = {v=x; next=None}
J in begin match g.tail with
| None -> ..
q “ | Some n -> ..
end
(= head
tail |[Caf
R S—

v 1 f'>

nhext

Note: we condense several steps of
function applications into one when
there are multiple arguments...

We push one saved workspace and

bind all the arguments in the stack

(This is technically an optimization.)



Calling Eng on a non-empty queue

Workspace Stack
let newnode = {v=x; next=None} in enq ‘/
begin match q.tail with
| None -> q

g.head <- Some newnode;
gq.tail <- Some newnode
| Some n ->
n.next <- Some newnode;
gq.tail <- Some newnode
end

Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

head




Calling Eng on a non-empty queue

Workspace Stack
let newnode = {v=x; next=None} in enq ‘/
begin match q.tail with
| None -> q

g.head <- Some newnode;
gq.tail <- Some newnode
| Some n ->
n.next <- Some newnode;
gq.tail <- Some newnode
end

Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

head




Calling Eng on a non-empty queue

Workspace Stack
let newnode = {v=2; next=None} in enq ‘/
begin match q.tail with
| None -> q

g.head <- Some newnode;
gq.tail <- Some newnode
| Some n ->
n.next <- Some newnode;
gq.tail <- Some newnode
end

Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

head




Calling Eng on a non-empty queue

Workspace Stack
let newnode = {v=2; next=None} in enq v
begin match q.tail with
| None -> q

g.head <- Some newnode;
gq.tail <- Some newnode
| Some n ->
n.next <- Some newnode;
gq.tail <- Some newnode
end

Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

head




Calling Eng on a non-empty queue

Workspace ™\ Stack o~ Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = / i enq / let newnode = {v=x; next=None}
begin match g.tail wit

in begin match g.tail with

| None -> q ./h | None -> ..
| Some n -> ..
g.head <- Some newndde; end
gq.tail <- Some newnolle
| Some n -> .C_)
n.next <- Some newno
g.tail <- Some newnod head
end x| 2 tail
q| *~ l \
Vv
next E
Vv 2
next

Note: there is no “Some bubble”: this
is a qnode, not a gnode option.



Calling Eng on a non-empty queue

Workspace ™\ Stack o~ Heap

fun (x: 'a . 'a queue) ->
= enq / le’E newnc)>d<(eq= {v=g; ne>)(t=None}
begin match g.tail wit in begin match g.tail with
| None -> q /V'\ | None -> ..
. | Some n -> ..
q.head <- Some newndde; end
gq.tail <- Some newnolle
| Some n -> .C_)
n.next <- Some newno
q.tail <- Some newnod head
end x| 2 tail




Calling Eng on a non-empty queue

Workspace Stack o~ Heap
fun (x: 'a) (g: 'a queue) ->
begin match q.tail with eng / let newnode = {v=x; next=None}
| None -> in begin match qg.tail with
q.head <- Some newnode; q /'_\ : ggrrr‘lg >
gq.tail <- Some newnode end
| Some n ->
n.next <- Some newnode; )
gq.tail <- Some newnode
end head
x| 2 tail
a4/ A
\V; 1
newnode | ¢

\nextﬂgl
]




Calling Eng on a non-empty queue

Workspace Stack o~ Heap
fun (x: 'a) (g: 'a queue) ->
begin match g.tail with enq / let newnode = {v=x; next=None}

| None -> in begin match qg.tail with

gq.head <- Some newnode; q| o : ggrrrllg r_1>—;
g.tail <- Some newnode "

!

V-\ |
| Some n -> en
n.next <- Some newnode; )
gq.tail <- Some newnode
end head
x| 2 tail
q ¢
newnode
v “ next B




Calling Eng on a non-empty queue

Workspace Stack o~ Heap
fun (x: 'a) (g: 'a queue) ->
begin match Awith enq / let newnode = {v=x; next=None}
| None -> in begin match qg.tail with
q.head <- Some newnode; q /'_\ : gone >
. ome n -> ..
gq.tail <- Some newnode end
| Some n ->
n.next <- Some newnode; )
gq.tail <- Some newnode
end head
x| 2 tail
—_/'
q| *~
V] 1
newnode | ¢

\nextﬂgl
]




Calling Eng on a non-empty queue

Workspace Stack o Heap
fun (x: 'a) (g: 'a queue) ->
begin match_.ﬁ with enq / let newnode = {v=x; next=None}
| None -> in begin match qg.tail with
q.head <- Some newnode; q /"\ : gone >
. ome n -> ..
gq.tail <- Some newnode end
| Some n ->
n.next <- Some newnode; )
gq.tail <- Some newnode
end head
x| 2 tail
—_/'
q| *~
V] 1
newnode | ¢

\nextﬂgl
]




Calling Eng on a non-empty queue

VVorkspags,——~\§L

begin match & with

end

None ->

q.head <- Some
gq.tail <- Some
Some n ->
n.next <- Some
gq.tail <- Some

newnode;
newnode

newnode;
newnode

Stack
enq
q f”‘\
C )
x| 2
q|
newnode | o

Heap

e///—~“

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

head




Calling Eng on a non-empty queue

Workspay\ Stack o~ Heap
/ en o fun (x: 'a) (q: 'a queue) ->
begin match & with q let newnode = {v=x; next=None}
None -> in begin match q.tail with
_ . | None -> ..
. q /’-\ | Some n -> ..
—~ end
| Some_n ->
n.next <- Some_newnode; -C—)
il <- m
end head
x| 2 tail

!
o1

q

newnode | ¢
next B




Simplifying Match

* A match expression
begin match e with
| pat; -> branchy
| ..
| pat, -> branch,
end

is ready if e is a value

— Note that e will always be a pointer to a constructor cell in the heap

— This expression is simplified by finding the first pattern pat; that matches the cell and adding
new bindings for the pattern variables (to the parts of e that line up) to the end of the stack

— replacing the whole match expression in the workspace with the corresponding branch;




Calling Eng on a non-empty queue

Heap

fun (x: 'a) (g: 'a queue) ->
let newnode = {v=x; next=None}
in begin match g.tail with
| None -> ..
| Some n -> ..
end

VVorkspagg,——~\x Stack
enq | ¢
q f”‘\
n.next <- Some_newnode; 1;———)
<- m
_end
x| 2
q| *~
newnode | o

head

tail || « |




Calling Eng on a non-empty queue

Workspa}/\ Stack o Heap
en o fun (x: 'a) (q: 'a queue) ->
q let newnode = {v=x; next=None}
in begin match g.tail with
B | None -> ..
q /’-\ | Some n -> ..
= end
< EI Some_n -> .C_)
head
x| 2 tail || « |

%

q

newnode | ¢
next EESI




Calling Eng on a non-empty queue

Workspace Stack o~ Heap
fun (x: 'a) (q: ' ) -
enq / u?etxnewgodeq= {3=g?e::xt=§one}

n.next <- Some newnode;
gq.tail <- Some newnode

in begin match g.tail with
| None -> ..

q| « | Some n -> ..

’-\ end
D

head
X tail
g e T

\Y;
newnode Faret E
n| e 1
e ]

Note: n pointsto a
gnode, not a
gnode option.

N




Calling Eng on a non-empty queue

Workspace

n.next <- Some newnode;
gq.tail <- Some newnode

X

q

Heap

| None -> ..
| Some n -> ..
end

Stack
en fun (x: 'a) (g: 'a queue) ->
q let newnode = {v=x; next=None}
—./}\ in begin match g.tail with
q

head

newnode

NN

v 1
next EESJ
v 2




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

Xtail <- Some newnode in begin match g.tail with

end

Workspace Stack Heap
en fun (x: 'a) (g: 'a queue) ->
next <- Some newnode; q let newnode = {v=x; next=None}
)

head
tail

X

q

newnode

NN




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

Xtail <- Some newnode in begin match g.tail with

end

Workspace Stack Heap
en il fun (x: 'a) (g: 'a queue) ->
next <- Some pnewnode; q let newnode = {v=x; next=None}
(GEED)]

head
tail || « |

X

q

newnode

NN




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

.next <- Some ¢ ; ) r X; Ne
\tail <- Some }iwnode in begin match g.tail with

end

Workspace Stack Heap
il fun (x: 'a) (q: ' D -
. enq u?etxnewﬂodeq= {?/:gl;eﬁ:xt:;one}
q :l \
)

head
X tail || « |

q

newnode




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

tall <- Some %wnode in begin match q.tail with

end

Workspace Stack Heap
:I fun (x: 'a) (q: ' eue) -
.next <- enq .uletxr_lewﬂodeq= {3=?<l; :gxt=§one}
)

head
X tail || « |

q

newnode




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

.next <- R . :
xtail <- 5‘)me newnode in begin match g.tail with

end

Workspace Stack Heap
il fun (x: 'a) (q: ' D -
. enq u?etxnewﬂodeq= {?/:gl;}eﬁ:xt:;one}
q :l \
)

head
X tail

q

newnode




Calling Eng on a non-empty queue

| None -> ..
| Some n -> ..

&.tail <- %r,ne newnode in begin match g.tail with

end

Workspace Stack Heap
il fun (x: 'a) (q: ' D -
. enq u?etxnewﬂodeq= {?/:gl;eﬁ:xt:;one}
q :l \
)

head
X tail || « |

q

newnode




Calling Eng on a non-empty queue

Heap

b
gq.tail <- Some newnode
| None -> ..
| Some n -> ..

end

Workspace Stack
en fun (x: 'a) (g: 'a queue) ->
O; q let newnode = {v=x; next=None}
in begin match g.tail with
9 :I \
)

head
x| 2 tail |[ « |
q| e —
V; 1
newnode | ¢ next




Calling Eng on a non-empty queue

Heap

gq.tail <- Some newnode
| None -> ..
| Some n -> ..

end

Workspace Stack
en fun (x: 'a) (g: 'a queue) ->
Q; q let newnode = {v=x; next=None}
in begin match g.tail with
9 :I \
)

head
x| 2 tail |[ « |
q| ‘O
V; 1
newnode | ¢ P IT'
7




Calling Eng on a non-empty queue

Workspace

gq.tail <- Some newnode

X

q

newnode

NN

Heap

| None -> ..
| Some n -> ..
end

Stack
en fun (x: 'a) (g: 'a queue) ->
q let newnode = {v=x; next=None}
—./}_\ in begin match g.tail with
q

head
tail || « |




Calling Eng on a non-empty queue

Heap

g.tail <- Some newnode
| None -> ..
| Some n -> ..

end

Workspace Stack
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
in begin match g.tail with
9 :I \
)

head
x| 2 tail |[ « |
q| ‘O
V; 1
newnode | ¢ P IT'
7




Calling Eng on a non-empty queue

Workspace Stack Heap
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
.tail <- Some newnode in begin match g.tail with
/ q | None -> ..
| Some n -> ..
L/ end
)
head
x| 2 tail | o]
e
q| ! \
Vv 1
newnode
| next | LN |
~~
n| e ﬂc\ ,
Vv 2
next




Calling Eng on a non-empty queue

Workspace Stack Heap
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
.tail <- Some newnode in begin match q.tail with
/ q | None -> ..
- | Some n -> ..
end

—

head
x| 2 tail |[ « |
q| E : y 1]
newnode | o next |T|
7




Calling Eng on a non-empty queue

Workspace Stack Heap
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
.tail <- Some in begin match q.tail with
/ \ q ;a'\ | None -> ..
- | Some n -> ..

end

C
head
_tail [ « |
newnode P |T|
—




Calling Eng on a non-empty queue

Workspace Stack Heap
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
.tail <- Some ‘ . in begin match q.tail with
/ q ;a'\ | None -> ..
- | Some n -> ..

end

C
head
_tail [ « |
newnode P |T|
—




Calling Eng on a non-empty queue

Workspace

/ .tail <—,

Heap

Stack
en fun (x: 'a) (g: 'a queue) ->
q let newnode = {v=x; next=None}
in begin match g.tail with

)
x| 2
q| *~
newnode | ¢
n| e

| None -> ..
| Some n -> ..
end

head
tail




Calling Eng on a non-empty queue

Heap

Workspace Stack
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
i - in begin match g.tail with
7 ’ q | None -> ..
| Some n -> ..
end

C )
head
x| 2 tail
q| o}/ S —
i
newnode | ¢ next
IS\




Calling Eng on a non-empty queue

Workspace Stack Heap
il fun (x: 'a) (g: 'a queue) ->
enq let newnode = {v=x; next=None}
O in begin match g.tail with
q | None -> ..
| Some n -> ..
end
)

X|2
q|

newnode | ¢




Calling Eng on a non-empty queue

Workspace Stack = Heap
fun (x: 'a) (q: ' ) -
enq / u?etxnewﬂodeq= {3=g?e::xt=§one}
6) T in begin match g.tail with
q I:}\ | None -> ..
| Some n -> ..
end
O [
head
O x| 2 tail
q| *~
Vv
\\ewnode o« next
A
POP! . ) &
L] Vv




Calling Eng on a non-empty queue

O

in begin match g.tail with
| None -> ..
| Some n -> ..

Workspace Stack Heap
::I fun (x: 'a) (q: ' J -
enq ur11etxnewﬂodeq= {3=g?ez:xt=§one}
q

end

head
tail

next

T

\%

next




Calling Eng on a non-empty queue

Workspace Stack Heap
2

fun (x: 'a) (g: 'a queue) ->
enq / let newnode = {v=x; next=None}
O in begin match g.tail with
| None -> ..
q “ | Some n -> ..
end

head
tail

Notes: v
- the enq function imperatively updated next
the structure of g <

- the new structure still satisfies the next
gueue invariants




Challenge problem — discuss w/partner

type 'a gnode

type 'a queue

{ v: 'a; mutable next:'a gnode option }

{ mutable head : 'a gnode option;

mutable tail : 'a gnode option }

(* remove element at the head of queue and return it *)

let deq (g: 'a queue) : ‘a option
begin match q.head with
| None -> None
| Some n ->
g.head <- n.next;
Some n.v
end

3. | let g = create () 1in
enq 1 q;
ignore (deq q);
enq 2 q;
begin match deq q with
| None -> false
| Some hd -> hd = 2
end

ANSWER: 3

Whi

1.

ch test case shows the bug?

let q = create () in
enqg 1 q;
begin match deq q with
| None -> false
| Some hd -> hd =1
end

let q = create () in
enqg 1 q;
enq 2 q;
ignore (deq q);
begin match deq q with
| None -> false
| Some hd -> hd = 2
end




deg

(* remove an element from the head of the queue *)
let deq (q: 'a queue) : ‘a option =
begin match q.head with
| None -> None
| Some n ->
q.head <- n.next;
1f n.next = None then g.tail <- None;
Some n.v
end

* The code for deq must also “patch pointers” to maintain the queue
invariant:
— The head pointer is always updated to the next element in the queue.

— If the removed node was the last one in the queue, the tail pointer must be
updated to None




working with singly linked data structures



Queue Length

Suppose we want to extend the interface with a length function:

module type QUEUE =

sig
(* type of the data structure *)
type 'a queue

(* Get the length of the queue *)
val length : 'a queue -> int
end

How can we implement it?



length (recursively)

(* Calculate the length of the queue recursively *)
let length (g:'a queue) : int =
let rec loop (no: 'a gnode option) : int =
begin match no with

| None -> 0
| Some n -> 1 + (loop n.next)
end
in
loop q.head

* This code for Length uses a helper function, Loop:
— the correctness depends crucially on the queue invariant
— (what happens if we pass in a bogus g that is cyclic?)

* The height of the ASM stack is proportional to the length of
the queue
— That seems inefficient... why should it take so much space?




Workspace

Stack

length q

fun (q:'a queue) ->
let rec loop (no:.) : int =

length

in
loop g.head




Workspace

Stack

length g

fun (q:'a queue) ->
let rec loop (no:.) : int =

length

in
loop g.head




mrkspace

Stack

la

fun (q:'a queue) ->
let rec loop (no:.) : int =

length

in
loop g.head




Mpace Stack
fun (q:' ) -
/.__l Iength l1‘2t ﬂecalggsugnozi) :int =

in
loop g.head




Mpace Stack
:: f ! -
\ Iength lIJZtCﬂecalggSuao:i) tint =

in
loop g.head




Evaluating length

=
loop qg.head

| None -> @
| Some n -> 1 + (loop n.next)
end

Workspace Stack Heap
let rec loop (no: D) : int = length : I fun (q:'a queue) -> = _
begin match no with g let rec loop (no:..) : int =
q:l\

in (___)

loop q.head

head
q| s tail




Evaluating length

Workspace Stack Heap
let rec loop = fun (no: ..) -> length : I fun (g:'a queve) -> =
begin match no with g let rec loop (no:..) : int =
q :l \

| None -> @ in
| Some n -> 1 + (loop n.next) loop q.head
end
in
loop q.head )
head
Vv
nhext
: Vv 2




Evaluating length

Workspace Stack Heap
- . _ fun (q:'a queue) ->
Lel 1OO|QDeg_j mfu]ﬂnat(:njom ? j!>|] Iength I let rec loop (no:.) : int =
| None_-> @ q in
| Some.n -> 1 + (loop n.next) loop q.head
—end
—1n
loop q.head -
head
q| s tail
Vv 1
next | 8 |
~
: Vv 2
next




Evaluating length

Workspace Stack Heap
Loop g.head length '_’| et Fic 0p Ghoro : it =
a| e {5op a.pead
(G
qa N
loop | «”

The reference to loop in its
own body is backpatched
when it moves into the
heap...

fun (no: ..) ->
begin match no with
| None -> @
| Some n -=> 1 + (

n.next)
end




Evaluating length

Workspace Stack Heap
i:l fun (q:' ) -
(\ Q\) Iength %gt ﬂecalgggugno:i) :int =
q ; I \ {gop g.head

)

After a few steps...

(From here on, we’ll
take some shortcuts
in the ASM animations.)

fun (no: ..) ->
begin match no with
| None -> @
| Some n -=> 1 + (
end

n.next)




Evaluating length

Workspace

begin match no with
| None -> @
| Some n -> 1 + (
end

r n.next)

Stack
length :I
q:l\

)

-

Heap

fun (q:'a queue) ->

let rec loop (no:..) : int =
=
loop g.head

fun (no: ..) ->
begin match no with
| None -> @
| Some n -=> 1 + (
end

n.next)




Evaluating length

=
loop qg.head

Stack Heap
E:l fun (q:' ) -
Iength %gt ﬁecalggguﬁno:i) :int =
q :I \

fun (no: ..) —>
begin match no with
| None -> @
| Some n > 1 + (
end

n.next)




Evaluating length

Workspace Stack Heap
' fun (q:'a queue) ->
@E&T/\M—m length let rec loop (no:.) : int =
ome n ->1 + (C q =
loop g.head
k fun (no: .) —->
begin match no with

| None -> 0@
| Some n > 1 + ( n.next)
end
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S

() gome n->14+2¢

in

Workspace tack Heap
. . f ( 2! ) -
begin atch ¢ with length i| Yot rec oop Chor + int =
q '_’I \

K

loop qg.head

k fun (no: .) >
begin match no with

| None -> 0@
| Some n > 1 + ( n.next)
end




Evaluating length

Heap

fun (q:'a queue) ->

let rec loop (no:..) : int =
=
loop g.head

head

tail

Workspace Stack

L+ C P ononext) length :I
q :I \
(G

q

loop | «”
(G

no| *
n| e—

fun (no: ..) ->
begin match no with
| None -> 0@
| Some n > 1 + ( n.next)
end




Evaluating length

in

Workspace Stack Heap
f ! ->
1+ ('f'___f) length : I %gt(ﬂecalgggugao:.ﬂ) :int =
q :I \

loop qg.head
)
head
q| s tail
loop |
v | 1
) next | \A|
7
no| *
s
N | Gm next

fun (no: ..) —>
begin match no with

| None -> @

| Some n -=> 1 + ( n.next)
end




Evaluating length

Workspace

begin match no with
| None -> @
| Some n -> 1 + (
end

f

n.next)

Stack
length :I
q:I\

)

Heap

fun (q:'a queue) ->

let rec loop (no:..) : int =
=
loop g.head

head

tail

fun (no: ..) ->
begin match no with
| None -> @
| Some n -=> 1 + (
end

n.next)







Evaluating length

in

Workspace Stack Heap
L+ (p n.next) length | ¢ I ot Rec om0y + int =
—————:;—:q :

loop qg.head
)
head
q tail
loop
2
no
n
1+ (____ ) fun (no: .) >
begin match no with

| None -> @
| Some n -> 1 + (
end

n.next)
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

in

loop q.head
Workspace 2
begin match no with head
: 28;: :—8 1+ ( T n.next) g N tail
ene loop | «”
\V; 1

— next |[ « |

nji e
A ) fun (no: ..D) ->
begin match no with
| None -> @
no | & | Some n -> 1 + ( n.next)

end
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

in

loop q.head
Workspace 2
begin match no with head
e 1 e (e nnext) a| tail
—end T loop | «”
)
no
n
1+ (- D)
no
n
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

e
loop qg.head

Workspace )

head

91 tail
o«

loop
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

e
loop qg.head

Workspace )

head

91 tail
o«

loop

(G
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fun (q:' ) -
Eva I u ati Iength / %gt ﬂecalggguino:i) cint =
=
9 1lLoop q.head
Workspace 2
head
q | s tail
loop | «”
Vv 1
() hext |T|
~
uikdli b
2
n| e
A ) fun (no: ..) ->
begin match no with
| None -> @
no | & | Some n -> 1 + ( n.next)

end
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end

fun (q:"' ) -
Eva I u ati Iength / %gt ﬂecalggguino:i) cint =
-
9 1lLoop q.head
Workspace -
head
q | s tail
o loop | «”
-
O o
n
______ ) fun (no: ..D) ->
I /\ begin match no with
| None -> @
P O P 5 no | & | Some n -> 1 + ( n.next)
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

in

loop qg.head
Workspace )
head
Sl BN tail
loop | «”
\ 1
— next | N |
v
no| *”
ﬂt\ Vv 2
L= e None

fun (no: .) >
begin match no with

| None -> @

| Some n -> 1 + ( n.next)
end
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

in

loop qg.head
Workspace )
head
KN tail
O loop | ¢
)
O ——

fun (no: .) >
begin match no with
| None -> @
| Some n -> 1 + ( n.next)
end
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length 4 fun (q:'a queue) ->

Evaluati ; | o oo G e

in

loop g.head
Workspace )
head
Sl BN tail
loop | ¢
C> \ 1
hext N
O N
‘E\ \Y; 2
e None

fun (no: .) >
begin match no with
| None -> @
| Some n -> 1 + (
end

n.next)




Evaluating length

Workspace Stack Heap
f ! ) -
length . I %gt(ﬂecalggsugno:i) D int =
q {gop g.head
head
tail
v 1
hext
Lo
next None

fun (no: .) ->
begin match no with
| None -> @
| Some n -> 1 + (
end

n.next)




Using tail calls for loops



length (recursively)

(* Calculate the length of the queue recursively *)
let length (g:'a queue) : int =
let rec loop (no: 'a gnode option) : int =
begin match no with
| None -> 0
| Some n -> 1 + (loop n.next)
end
in
loop q.head

As we’ve just seen, this implementation uses a lot of stack space
if g is large.

Can we do better?




length (using iteration)

(* Calculate the length of the list using iteration *)
let length (g:'a queue) : int =
let rec loop (no:'a gnode option) (len:int) : int =
begin match no with
| None -> len
| Some n -> loop n.next (l+len)
end
in
loop qg.head 0

This implementation of Length also uses a helper function, Loop:
— This loop takes an extra argument, len, called the accumulator

— Unlike the previous solution, the computation happens “on the way
down” as opposed to “on the way back up”

— Note that Loop will always be called in an otherwise-empty workspace—
the results of the call to Loop never need to be used to compute another
expression. In contrast, we had (1 + (Loop ...)) in the recursive version.




“Tail Call Optimization”

* Question: Why does it matter that ‘loop’ is only called in an empty
workspace?

* Answer: We can optimize the behavior of the abstract stack machine in
this case!

— The workspace pushed onto the stack tells us “what to do” when the function
call returns. If empty, "what to do" is pop immediately.

— If there is nothing to do after a function call, we are done with the current set of
local variables — so pop them early to save space.

— Plus, no need to save the empty workspace either.

* The upshot is that we can execute a tail recursion using a constant
amount of stack space, just like a ‘for’ loop in Java or C.




Tail Calls and Iterative length

Heap

Workspace Stack
2
length g length 4
q | ¢«

Bindings above this line
are top-level declarations.

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=
=
loop g.head @

head

tail




Tail Calls and Iterative length

Wor Stack Heap

FE;“ fun (q:'a queue) ->
Iength let rec loop (no:..) (len:int)=
=

loop g.head @

head
tail |




Tail Calls and Iterative length

Workspace Stack o~ Heap
. fun (q:" eue) -
Iength / Tet gecalggpu(no:i) (len:int)=

(len:int) : int =
- .
—begin match no with q

| None_-> len

.
loop g.head @

| Some_n -> loop n.next (l+len)

—  end
in q
loop q.head 0 \/ head | El
tail
v 1 ,P
Note: next ([ & |I
(1) No workspace is saved —there is no need (Y ),->
do to that for tail calls ¢ v 2
(2) We pop all the locals, up to the last
next
saved workspace.
(In this case, there weren’t any.)




Tail Calls and Iterative length

Heap

Workspace Stack
fun (q:' ) -
(loop g.head @) Iength I ﬂt ﬂecalgggugno:i) (len:int)=

.
loop g.head @

I head
00 o .
P ’-\ tail
Vv 1
nhext | LY |
_J
: Vv 2
next
—_—
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

S W N

Workspace Stack Heap
i:l fun (q:' ) -
Iength %gt ﬂecalgggugno:i) (len:int)=

.
loop g.head @

hext

e

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

 w——

Workspace Stack Heap
fun (q:'a queue) -
Iength : I %et ﬂec lggpu(no:i)

.
loop g.head @

(len:int)=

head
tail

Tail Call! 1 ;

end

fun (no:'a gnode option)
(len:int) -> begin match with
| Some n -> n.next

| None -> len

(1+len)




Tail Calls and Iterative length

Workspace

Stack Hea
= p

begin match no with
| None -> len
| Some n -> n.next (1+len)
end /r

length 4

q | «

no | &
len | @

Notes:
- no workspace is saved on the stack
- pop the old locals (q and loop)
- push the argument bindings
- the new workspace is the body
of the function, as usual

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=
=
loop g.head @

head
tail

Vv
next
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

Mnggmﬁir——\\\\

Heap

<

| None_-> len

| Some n ->

_end

2 n.next (1+1A\

Stack
length :I

fun (q:'a queue) ->

.
loop g.head @

let rec loop (no:..) (len:int)=

no

head

len

tail
Vv 1
next | LN |
7
L
hext

—

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

end

(1+len)




Tail Calls and Iterative length

Mkwk

in
loop g.head @

Stack Heap
fun ( eue) -
@wﬁ length :| et ﬁecalgﬂpucno 2 Qlensint)-
Some_n ->

head
N tail
N\
len | @
v

next

e

-

Vv
next
fun (no a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end
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Mkwk

Stack Heap
fun ( eue) -
Iength : I %et ﬂecalggpu(no >) (len:int)=
{ ? I;Some n -> in

loop g.head @

head
N tail
N\
len | @
v

next

e

-

Vv
next
fun (no a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

Heap

Workspace Stack
::I fun (q:"' ) -
n.next (1+len)) Iength %gt ﬂecalgggugno:i) (len:int)=

.
loop g.head @

Cq

head
tail

S
C)
X
+
N k EE] =

ii:\ V

hext

——
fun (no:'a gnode option)
(len:int) -> begin match with

| None -> len

| Some n -> n.next
(1+len)

end




Tail Calls and Iterative length

Heap

Workspace Stack
fi ! -
( 1 ? (1+len)) Iength : I %gt(ﬂecalggguﬁao:i) (len:int)=

.
loop g.head @

head

tail
V; 1
nhext | LY |
_J
Vv 2
next
—
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next
(1+len)

end




Tail Calls and Iterative length

Heap

Workspace Stack
fun (q:' -
( 1 1 (112> length : I %gt ﬁecalgggugao:i) (len:int)=

.
loop g.head @

head

tail
V; 1
nhext | LY |
_J
Vv 2
next
—
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next
(1+len)

end




Tail Calls and Iterative length

Workspace Stack
1) length : I

no \\

Heap

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=
=
loop g.head @

head

tail |

Tail Call!

V; 1
next
Vv 2
next
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

Workspace Stack = Heap
. : fun (q:' eue) -
beg}nNgﬁchLmlze\;]nth Iength / Tet gecalggpu(no:i) (len:int)=
| Some n -> n.next (l+len) q in.
end / loop q.head 0
head
- tail
Note: we popped the old
values of no, 1en, and n when | 1
we did the tail call. Then we pushed v
the new values of no, and len. next
This leaves a stack with exactly the ¢ v
same shape as when we first called
loop next
In effect, we have updated the stack o piy0 anode oprion) B with
slots for no and len. | None > len /ot
(1+len)

end




Tail Calls and Iterative length

WorkspdtCe

o« i

| None_-> len

| Some n ->

n.next (l+len)

_end

Stack
length :I

nNo | o

len| 1

Heap

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=
=
loop g.head @

head

tail

hext

—

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end
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VVodgunﬁi;’—__\\\\\ Stack Heap

Some_n ->
_end

[__anmLJlihml

loop g.head @

let rec loop (no:..) (len:int)=

head
tail

hext

e

fun (no:'a gnode op
(len:int) -> begin
| None -> 1
| Some n ->

end

tion)
match with
en

n.next

(1+len)
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Mkwk

Stack
\\\ length :I

Heap

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=

in
loop g.head @

head

tail

1
[a]

2
hext

e

fun (no:'a gnode op
(len:int) -> begin
| None -> 1
| Some n ->

end

tion)
match with
en

n.next

(1+len)
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Workspace Stack Heap
fun (q:"' ) -
n.next (1+len)) length . I let ﬂec°133§“‘5no:i> (len:int)=

.
loop g.head @

head
tail

1
[a]

Vv 2
—>
next None

s

4__________________-——- fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next
(1+len)
end
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no

len

Stack Heap
Iength : I fun (q:'a queue) ->

let rec loop (no:..) (len:int)=

.
loop g.head @

head
tail

\%

2
hext None
—

// fun (no:'a gnode op
(len:int) -> begin

| None -> 1
| Some n ->

end

tion)
match with
en

n.next

(1+len)
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Stack Heap
Iength : I fun (q:'a queue) ->

let rec loop (no:..) (len:int)=

.
loop g.head @

head
tail

\%

2
hext None
—

// fun (no:'a gnode op
(len:int) -> begin

| None -> 1
| Some n ->

end

tion)
match with
en

n.next

(1+len)
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Stack Heap
Iength : I fun (q:'a queue) ->

let rec loop (no:..) (len:int)=

.
loop g.head @

head
tail

\%

2
hext None
—

// fun (no:'a gnode op
(len:int) -> begin

| None -> 1
| Some n ->

end

tion)
match with
en

n.next

(1+len)
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Workspace Stack
C P D length il

Heap

fun (q:'a queue) ->

let rec loop (no:..) (len:int)=
=
loop g.head @

head
ol tail |
1
Vv 1
" next
Tail Call! —
next None
____——

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

Workspace Stack o~ Heap
begin match no with length < f%” (q:'alqueue) 73 (len:i
| None -> len et rec loop (ho:.) (len:int)=
| Some n -> n.next (1+len) in
end / q| « {gop g.head 0
head
tail
I 2
Y%
Again, the tail call leaves next
the stack the same shape as before,
but it effectively updates the values f(‘\
of no and len. v
next None
We can think of this as an
in-place update of the stack, fun (no:'a gnode option) .
even though technically these (len:int) > begin match po with
bindings are not mutable! | Some n -> (1+1e25“ext

end
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Stack Heap
: . ::l fun (q:"' eue) -
Wﬁﬁﬂﬂ Iength %et ﬂecalggpu(no:i) (len:int)=

| Some n -> in
_end loop g.head @

None

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end
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@Somen -> f n.next (11;:&i

Stack
length :I

Heap

fun (q:'a queue) ->
let rec loop (no:..) (len:int)=

in
loop g.head @

fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Tail Calls and Iterative length

Workspace Stack Heap
i:l fun (q:"' eue) -
Iength %et ﬂecalggpu(no:i) (len:int)=

.
loop g.head @

N head
no tail
len | 2
Vv 1

Vv
next None
—

fun (no:'a gnode option)

(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)

end
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Workspace Stack
E:l fun (q:"' eue) -
Iength ?et ﬂecalggpu(no:i) (len:int)=

.
loop g.head @

N head
no .
<:> tail
len | 2
Vv 1
nhext | LY |
_J
: Vv 2
next None
—_—
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end
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Workspace Stack Heap
il fun (q:'a queue) ->
Iength let rec loop (no:..) (len:int)=
=
loop g.head @
head
tail
V; 1
nhext
t Vv 2
next None
—
fun (no:'a gnode option)
(len:int) -> begin match with
| None -> len
| Some n -> n.next

(1+len)
end




Crucial Observations

* Tail call optimization lets the stack take only a fixed amount of
space.

* The recursive call to 1Loop effectively updates the stack
bindings in place.

— We can think of these bindings as the state being modified by each
iteration of the loop.

* These two properties are the essence of iteration.
— They are the difference between general recursion and iteration
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What happens when you run this function on a (valid) queue
containing 2 elements?

let f (g:'a queue) : int =
let rec loop (gn:'a gnode option) : int =
begin match gn with
| None -> 0
| Some n -> 1 + loop gn
end
in loop qg.head

1. The value 2 is returned
2. The value @ is returned
3. StackOverflow

4. Your program hangs ANSWER: 3
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What happens when you run this function on a (valid) queue
containing 2 elements?

let f (g:'a queue) : int =
let rec loop (gn:'a gnode option) (len:int) : int =
begin match gn with
| None -> len
| Some n -> loop gn (len + 1)
end
in loop g.head 0

1. The value 2 is returned
2. The value @ is returned
3. StackOverflow

4. Your program hangs ANSWER: 4




Infinite Loops

(* Accidentally go into an infinite loop.. *)
let accidental_infinite_loop (q:'a queue) : int =
let rec loop (gn:'a gnode option) (len:int) : int =
begin match gn with
| None -> len
| Some n -> loop gn (len + 1)
end
in loop q.head 0

* This program will go into an infinite loop.

* Unlike a non-tail-recursive program, which uses some space
on each recursive call, there is no resource being exhausted,

so the program will “silently diverge” and simply never
produce an answer...




to_list

print
chop



to_l1ist (usingiteration)

(* Retrieve the list of values stored in the queue,
ordered from head to tail. *)
let to_list (q: 'a queue) : 'a list =
let rec loop (no: 'a gnode option) (l:'a 1list) : 'a list =
begin match no with
| None -> List.rev 1
| Some n -> loop n.next (n.v::1)
end
in loop q.head []

* Here, the state maintained across each iteration of the loop is
the queue “index pointer” no and the (reversed) list of

elements traversed.
* The “exit case” post processes the list by reversing it.



print (using iteration)

let print (q:'a queue) (string_of_element:'a -> string) : unit =
let rec loop (no: 'a gnode option) : unit =
begin match no with
| None -> ()
| Some n -> print_endline (string_of_element n.v);
loop n.next

end
in
print_endline "--- queue contents ---";
loop qg.head;
print_endline "--- end of queue ----- "

* Here, the only state needed is the queue “index pointer”.




chop (remembering “previous”)

(* Removes all elements from q starting with the first
occurrence of elt. *)
let chop (elt:’a) (q:'a queue) : unit =
let rec loop (Ccurr: 'a gnode option)
(prev: 'a gnode option) : unit =
begin match curr with
| None -> O
| Some n ->
if n.v == elt
then begin
g.tail <- prev; (* NOTE: update the tail with prev *)
begin match prev with
| None -> g.head <- None (* We deleted everything! *)
| Some n -> n.next <- None (* prev is the new tail *)
end
end else loop n.next curr
end
in loop q.head None

* Here, the state needed is the current “pointer” and
(optionally) the previous node.

— We need to keep track of the previous node to update the tail




General Guidelines

Processing must maintain the queue invariants
Update the head and tail references (if necessary)

If changing the link structure:

— Sometimes useful to keep reference to the previous node
(allows removal of the current node)

Drawing pictures of the queue heap structure is helpful

If iterating over the whole queue (e.g. to find an element)

— It is usually not useful to use helpers like “is_empty” or “contains” because you
will have to account for those cases during the traversal anyway!




Singly-linked Queue Processing

* General structure (schematically) :

(* Process a singly-linked queue. *)

let queue_operation (q: 'a queue) : ’b =
let rec loop (current: 'a gnode option) (s:'a state) : ‘b
begin match current with
| None -> .. (* iteration complete, produce result *)
| Some n -> .. (¥ do something with n,

create new loop state *)
loop n.next new_s

end
in loop qg.head init

 What is useful to put in the state?

— Accumulated information about the queue (e.g., length so far)
— Link to previous node (so that it could be updated, for example)




