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Announcements

UpcomingCISColloquiarelatedtoprogramminglanguages

Tuesdays,3:00-4:30,Levine101

�Oct19-AndyGordon,MSRCambridge

�Nov16-GregMorrisett,HarvardUniversity

�Nov23-JeanetteWing,CMU
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Today

�Encodingrecursion

�Provingpropertiesbyinduction

�Variablesubstitutionandalpha-equivalence

�Programequivalence
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RecursionintheLambdaCalculus
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IteratedApplication

Supposefissomeλ-abstraction,andconsiderthefollowingterm:

Yf=(λx.f(xx))(λx.f(xx))

Nowthe“patternofdivergence”becomesmoreinteresting:

Yf

=

(λx.f(xx))(λx.f(xx))

−→

f((λx.f(xx))(λx.f(xx)))

−→

f(f((λx.f(xx))(λx.f(xx))))

−→

f(f(f((λx.f(xx))(λx.f(xx)))))

−→

···

CIS500,29September5



'

&

$

%

IteratedApplication

Supposefissomeλ-abstraction,andconsiderthefollowingterm:

Yf=(λx.f(xx))(λx.f(xx))

Nowthe“patternofdivergence”becomesmoreinteresting:

Yf

=

(λx.f(xx))(λx.f(xx))

−→

f((λx.f(xx))(λx.f(xx)))

−→

f(f((λx.f(xx))(λx.f(xx))))

−→

f(f(f((λx.f(xx))(λx.f(xx)))))

−→

···

CIS500,29September5-a



'

&

$

%

Yfisstillnotveryuseful,since(likeomega),allitdoesisdiverge.

Isthereanywaywecould“slowitdown”?
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DelayingDivergence

poisonpill=λy.omega

Notethatpoisonpillisavalue—ititwillonlydivergewhenweactually

applyittoanargument.Thismeansthatwecansafelypassitasanargument

tootherfunctions,returnitasaresultfromfunctions,etc.

(λp.fst(pairpfls)tru)poisonpill

−→

fst(pairpoisonpillfls)tru

−→
∗

poisonpilltru

−→

omega

−→

···
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Adelayedvariantofomega

Hereisavariantofomegainwhichthedelayanddivergenceareabitmore

tightlyintertwined:

omegav=λy.(λx.(λy.xxy))(λx.(λy.xxy))y

Notethatomegavisanormalform.However,ifweapplyittoanyargumentv,

itdiverges:

omegavv

=

(λy.(λx.(λy.xxy))(λx.(λy.xxy))y)v

−→

(λx.(λy.xxy))(λx.(λy.xxy))v

−→

(λy.(λx.(λy.xxy))(λx.(λy.xxy))y)v

=

omegavv
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Anotherdelayedvariant

Supposefisafunction.Define

Zf=λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

Thistermcombinesthe“addedf”fromYfwiththe“delayeddivergence”of

omegav.
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IfwenowapplyZftoanargumentv,somethinginterestinghappens:

Zfv

=

(λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y)v

−→

(λx.f(λy.xxy))(λx.f(λy.xxy))v

−→

f(λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y)v

=

fZfv

SinceZfandvarebothvalues,thenextcomputationstepwillbethereduction

offZf—thatis,beforewe“diverge,”fgetstodosomecomputation.

Nowwearegettingsomewhere.
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Recursion

Let

f=λfct.

λn.

ifn=0then1

elsen*(fct(predn))

flooksjusttheordinaryfactorialfunction,exceptthat,inplaceofarecursive

callinthelasttime,itcallsthefunctionfct,whichispassedasaparameter.

N.b.:forbrevity,thisexampleuses“real”numbersandbooleans,infixsyntax,

etc.Itcaneasilybetranslatedintothepurelambda-calculus(usingChurch

numerals,etc.).
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WecanuseZto“tietheknot”inthedefinitionoffandobtainarealrecursive

factorialfunction:

Zf3

−→
∗

fZf3

=

(λfct.λn....)Zf3

−→−→

if3=0then1else3*(Zf(pred3))

−→
∗

3*(Zf(pred3)))

−→

3*(Zf2)

−→
∗

3*(fZf2)

···
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AGenericZ

Ifwedefine

Z=λf.Zf

i.e.,

Z=λf.λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

thenwecanobtainthebehaviorofZfforanyfwelike,simplybyapplyingZ

tof.

Zf−→Zf
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Forexample:

fact=Z(λfct.

λn.

ifn=0then1

elsen*(fct(predn)))
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Technicalnote:

ThetermZhereisessentiallythesameasthefixdiscussedthebook.

Z=λf.λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

fix=λf.(λx.f(λy.xxy))(λx.f(λy.xxy))

Zishopefullyslightlyeasiertounderstand,sinceithasthepropertythat

Zfv−→
∗

f(Zf)v,whichfixdoesnot(quite)share.
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ProofsabouttheLambdaCalculus
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Twoinductionprinciples

Likebefore,wehavementionedtwowaystoprovepropertiesaretrueofthe

untypedlambdacalculus.

�Structuralinduction

�Inductiononderivationoft→t
′
.

Let’sdoanexampleofthelatter.
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Inductionprinciple

Recalltheinductionprincipleforthesmall-stepevaluationrelation.

WecanshowapropertyPistrueforallderivationsoft→t
′
,when

�PholdsforallderivationsthatusetheruleE-AppAbs.

�PholdsforallderivationsthatendwithauseofE-App1assumingthatP

holdsforallsubderivations.

�PholdsforallderivationsthatendwithauseofE-App2assumingthatP

holdsforallsubderivations.
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Example

Wecanformallydefinethesetoffreevariablesinaλ-termasfollows:

FV(x)={x}

FV(λx.t1)=FV(t1)/{x}

FV(t1t2)=FV(t1)∪FV(t2)

Theorem:ift→t
′

thenFV(t)⊇FV(t
′
).
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Inductiononderivation

Wewanttoprove,forallderivationsoft→t
′
,thatFV(t)⊇FV(t

′
).

Wehavethreecases.

�Thederivationoft→t
′
couldjustbeauseofE-AppAbs.Inthiscase,t

is(λx.u)vwhichstepsto[x7→v]u.

FV(t)=FV((λx.u)v)

=FV(u)/{x}∪FV(v)

⊇FV([x7→v]u)

=FV(t
′
)
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�ThederivationcouldendwithauseofE-App1.Inotherwords,wehavea

derivationoft1→t
′

1andweuseittoshowthatt1t2→t
′

1t2.

ByinductionFV(t1)⊇FV(t
′

1).

FV(t)=FV(t1t2)

=FV(t1)∪FV(t2)

⊇FV(t
′

1)∪FV(t2)

=FV(t
′

1t2)

=FV(t
′
)

�ThederivationcouldendwithauseofE-App2.Here,wehaveaderivation

oft2→t
′

2andweuseittoshowthatt1t2→t1t
′

2.Thiscaseis

analogoustothepreviouscase.
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Moreaboutboundvariables
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Substitution

Ourdefinitionofevaluationwasbasedonthesubstitutionofvaluesforfree

variableswithinterms.

E-AppAbs

(λx.t12)v2→[x7→v2]t12

Butwhatissubstitution,really?Howdowedefineit?
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FormalizingSubstitution

Considerthefollowingdefinitionofsubstitution:

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Itsubstitutesforfreeandboundvariables!

[x7→y](λx.x)=λx.y

Thisisnotwhatwewant.

CIS500,29September24
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Substitution,taketwo

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y

[x7→s](λx.t1)=λx.t1

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Itsuffersfromvariablecapture!

[x7→y](λy.x)=λx.x

Thisisalsonotwhatwewant.
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Substitution,takethree

[x7→s]x=s

[x7→s]y=yifxisnoty

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y,y6∈FV(s)

[x7→s](λx.t1)=λx.t1

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Nowsubstitionisapartialfunction!

[x7→y](λy.x)isundefined.

Butwewantananswerforeverysubstitution.
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Boundvariablenamesshouldn’tmatter

It’sannoyingthatthatthenamesofboundvariablesarecausingtroublewith

ourdefinitionofsubstitution.

Intuitiontellsusthatthereshouldn’tbeadifferencebetweenthefunctions

λx.xandλy.y.Bothofthesefunctionswilldothesamething.

Becausetheydifferonlyinthenamesoftheirboundvariables,we’dliketo

thinkthatthesearethesamefunction.

Wecallsuchtermsalpha-equivalent.
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Alpha-equivalenceclasses

Infact,wecancreateequivalenceclassesoftermsthatdifferonlyinthenames

ofboundvariables.

Whenworkingwiththelambdacalculus,itisconvenienttothinkaboutthese

equivalenceclasses,insteadofrawterms.

Forexample,whenwewriteλx.xwemeannotjustthisterm,buttheclassof

termsthatincludesλy.yandλz.z.

Unfortunately,wehavetobemorecleverwhenimplementingthelambda

calculusinML...(cf.TAPLchapters6and7)
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Substitution,foralpha-equivalenceclasses

Nowconsidersubstitutionasanoperationoveralpha-equivalenceclassesof

terms:

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y,y6∈FV(s)

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Examples:

�[x7→y](λy.x)mustgivethesameresultas[x7→y](λz.x).Weknow

thelatterisλz.y,sothatiswhatwewillusefortheformer.

�[x7→y](λx.z)mustgivethesameresultas[x7→y](λw.z).Weknow

thelatterisλw.zsothatiswhatweusefortheformer.
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EquivalenceofLambdaTerms
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ProgramEquivalence

�Syntacticequivalence-Arethetermsthesame“letterbyletter”?Not

thatuseful.

�Alpha-equivalence-Arethetermsequivalentuptorenamingofbound

variables?

�Beta/eta-equivalence-Canweusespecificprogramtransformationsto

convertonetermintoanother?

�Behavioralequivalence-Ifbothtermsareplacedinthesamecontext,will

theyproducethesameresult?
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Whyisprogramequivalenceimportant?

�Usedtocatchcheatersinlow-levelprogrammingclasses.

�Usedtoprovethecorrectnessofembeddings.(Whyshouldwebelievethat

Churchencodingsrepresentnaturalnumbers?)

�Usedtoprovethecorrectnessofcompileroptimizations.

�Usedtoshowthatupdatestoaprogramdonotbreakit.
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RepresentingNumbers

Wehaveseenhowcertaintermsinthelambda-calculuscanbeusedto

representnaturalnumbers.

c0=λs.λz.z

c1=λs.λz.sz

c2=λs.λz.s(sz)

c3=λs.λz.s(s(sz))

Otherlambda-termsrepresentcommonoperationsonnumbers:

scc=λn.λs.λz.s(nsz)

Inwhatsensecanwesaythisrepresentationis“correct”?

Inparticular,onwhatbasiscanwearguethatscconchurchnumerals

correspondstoordinarysuccessoronnumbers?
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Thenaiveapproach

...doesn’twork

Onepossibility:

Foreachn,thetermscccnevaluatestocn+1.

Unfortunately,thisisfalse.

E.g.:

sccc2=(λn.λs.λz.s(nsz))(λs.λz.s(sz))

−→λs.λz.s((λs.λz.s(sz))sz)

6=λs.λz.s(s(sz))

=c3

CIS500,29September34
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Abetterapproach

Recalltheintuitionbehindthechurchnumeralrepresentation:

�anumbernisrepresentedasatermthat“doessomethingntimesto

somethingelse”

�scctakesatermthat“doessomethingntimestosomethingelse”and

returnsatermthat“doessomethingn+1timestosomethingelse”

I.e.,whatwereallycareaboutisthatsccc2behavesthesameasc3when

appliedtotwoarguments.
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sccc2vw=(λn.λs.λz.s(nsz))(λs.λz.s(sz))vw

−→(λs.λz.s((λs.λz.s(sz))sz))vw

−→(λz.v((λs.λz.s(sz))vz))w

−→v((λs.λz.s(sz))vw)

−→v((λz.v(vz))w)

−→v(v(vw))

c3vw=(λs.λz.s(s(sz)))vw

−→(λz.v(v(vz)))w

−→v(v(vw)))
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AMoreGeneralQuestion

Wehavearguedthat,althoughsccc2andc3donotevaluatetothesame

thing,theyarenevertheless“behaviorallyequivalent.”

What,precisely,doesbehavioralequivalencemean?
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Intuition

Roughly,

termssandtarebehaviorallyequivalent

shouldmean:

thereisno“test”thatdistinguishessandt—i.e.,nowaytousethemin

thesamecontextandobtaindifferentresults.
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Sometestcases

tru=λt.λf.t

tru’=λt.λf.(λx.x)t

fls=λt.λf.f

omega=(λx.xx)(λx.xx)

poisonpill=λx.omega

placebo=λx.tru

Yf=(λx.f(xx))(λx.f(xx))

Whichofthesearebehaviorallyequivalent?
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Observationalequivalence

Asafirststeptowarddefiningbehavioralequivalence,wecanusethenotionof

normalizabilitytodefineasimplewayoftestingterms.

Twotermssandtaresaidtobeobservationallyequivalentifeitherboth

arenormalizable(i.e.,theyreachanormalformafterafinitenumberof

evaluationsteps)orbotharedivergent.

I.e.,ourprimitivenotionof“observing”aterm’sbehaviorissimplyrunningit

onourabstractmachine.

Aside:

�Isobservationalequivalenceadecidableproperty?

�Doesthismeanthedefinitionisill-formed?

CIS500,29September40
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Examples

�omegaandtruarenotobservationallyequivalent

�truandflsareobservationallyequivalent
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BehavioralEquivalence

Thisprimitivenotionofobservationnowgivesusawayof“testing”termsfor

behavioralequivalence

Termssandtaresaidtobebehaviorallyequivalentif,foreveryfinite

sequenceofvaluesv1,v2,...,vn,theapplications

sv1v2...vn

and

tv1v2...vn

areobservationallyequivalent.
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Examples

Thesetermsarebehaviorallyequivalent:

tru=λt.λf.t

tru’=λt.λf.(λx.x)t

Soarethese:

omega=(λx.xx)(λx.xx)

Yf=(λx.f(xx))(λx.f(xx))

Thesearenotbehaviorallyequivalent(toeachother,ortoanyoftheterms

above):

fls=λt.λf.f

poisonpill=λx.omega

placebo=λx.tru
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