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Administrivia

�Homework9assignedtoday,dueDec1.

�ClassonWednesday,butnorecitationsduetoThanksgiving.

�NoofficehoursonWednesdayandThursday.
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Subtyping(Review)
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Subtyperelation

S<:S(S-Refl)

S<:UU<:T

S<:T
(S-Trans)

{li:Ti
i∈1..n+k

}<:{li:Ti
i∈1..n

}(S-RcdWidth)

foreachiSi<:Ti

{li:Si
i∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdDepth)

{kj:Sj
j∈1..n

}isapermutationof{li:Ti
i∈1..n

}

{kj:Sj
j∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdPerm)
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T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

S<:Top(S-Top)
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SubsumptionRule

Γ`t:SS<:T

Γ`t:T
(T-Sub)

Othertypingrulesasinλ→
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Subtypingreferences
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SubtypingandReferences

S1<:T1T1<:S1

RefS1<:RefT1

(S-Ref)

I.e.,Refisnotacovariant(noracontravariant)typeconstructor.

Why?

�Whenareferenceisread,thecontextexpectsaT1,soifS1<:T1thenan

S1isok.

�Whenareferenceiswritten,thecontextprovidesaT1andiftheactual

typeofthereferenceisRefS1,someoneelsemayusetheT1asanS1.So

weneedT1<:S1.
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SubtypingandArrays

Similarly...

S1<:T1T1<:S1

ArrayS1<:ArrayT1

(S-Array)

S1<:T1

ArrayS1<:ArrayT1

(S-ArrayJava)

Thisisregarded(evenbytheJavadesigners)asamistakeinthedesign.
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Referencesagain

Observation:avalueoftypeRefTcanbeusedintwodifferentways:asa

sourceforvaluesoftypeTandasasinkforvaluesoftypeT.

Idea:SplitRefTintothreeparts:

�SourceT:referencecellwith“readcabability”

�SinkT:referencecellwith“writecabability”

�RefT:cellwithbothcapabilities
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ModifiedTypingRules

Γ|Σ`t1:SourceT11

Γ|Σ`!t1:T11

(T-Deref)

Γ|Σ`t1:SinkT11Γ|Σ`t2:T11

Γ|Σ`t1:=t2:Unit
(T-Assign)
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Subtypingrules

S1<:T1

SourceS1<:SourceT1

(S-Source)

T1<:S1

SinkS1<:SinkT1

(S-Sink)

RefT1<:SourceT1(S-RefSource)

RefT1<:SinkT1(S-RefSink)
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MetatheoryofSubtyping
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Syntax-directedrules

Inthesimplytypedlambda-calculus(withoutsubtyping),eachrulecanbe

“readfrombottomtotop”inastraightforwardway.

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

IfwearegivensomeΓandsometoftheformt1t2,wecantrytofindatype

fortby

1.finding(recursively)atypefort1

2.checkingthatithastheformT11→T12

3.finding(recursively)atypefort2

4.checkingthatitisthesameasT11
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Technically,thereasonthisworksisthatwecandividethe“positions”ofthe

typingrelationintoinputpositions(Γandt)andoutputpositions(T).

�Fortheinputpositions,allmetavariablesappearinginthepremisesalso

appearintheconclusion(sowecancalculateinputstothe“subgoals”

fromthesubexpressionsofinputstothemaingoal)

�Fortheoutputpositions,allmetavariablesappearingintheconclusions

alsoappearinthepremises(sowecancalculateoutputsfromthemain

goalfromtheoutputsofthesubgoals)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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Syntax-directedsetsofrules

Thesecondimportantpointaboutthesimplytypedlambda-calculusisthat

thesetoftypingrulesissyntax-directed,inthesensethat,forevery“input”Γ

andt,thereonerulethatcanbeusedtoderivetypingstatementsinvolvingt.

E.g.,iftisanapplication,thenwemustproceedbytryingtouseT-App.If

wesucceed,thenwehavefoundatype(indeed,theuniquetype)fort.Ifit

fails,thenweknowthattisnottypable.

−→nobacktracking!
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Non-syntax-directednessoftyping

Whenweextendthesystemwithsubtyping,bothaspectsof

syntax-directednessgetbroken.

1.Thesetoftypingrulesnowincludestworulesthatcanbeusedtogivea

typetotermsofagivenshape(theoldoneplusT-Sub)

Γ`t:SS<:T

Γ`t:T
(T-Sub)

2.Worseyet,thenewruleT-Subitselfisnotsyntaxdirected:theinputsto

theleft-handsubgoalareexactlythesameastheinputstothemaingoal!

(Hence,ifwetranslatedthetypingrulesnaivelyintoatypechecking

function,thecasecorrespondingtoT-Subwouldcausedivergence.)
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Non-syntax-directednessofsubtyping

Moreover,thesubtypingrelationisnotsyntaxdirectedeither.

1.Therearelotsofwaystoderiveagivensubtypingstatement.

2.Thetransitivityrule

S<:UU<:T

S<:T
(S-Trans)

isbadlynon-syntax-directed:thepremisescontainametavariable(inan

“inputposition”)thatdoesnotappearatallintheconclusion.

Toimplementthisrulenaively,we’dhavetoguessavalueforU!
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Whattodo?

1.Observation:Wedon’tneed1000waystoproveagiventypingor

subtypingstatement—oneisenough.

−→Thinkmorecarefullyaboutthetypingandsubtypingsystemstosee

wherewecangetridofexcessflexibility

2.Usetheresultingintuitionstoformulatenew“algorithmic”(i.e.,

syntax-directed)typingandsubtypingrelations

3.Provethatthealgorithmicrelationsare“thesameas”theoriginalonesin

anappropriatesense.

CIS500,22November19
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Developinganalgorithmicsubtypingrelation
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Subtyperelation

S<:S(S-Refl)

S<:UU<:T

S<:T
(S-Trans)

{li:Ti
i∈1..n+k

}<:{li:Ti
i∈1..n

}(S-RcdWidth)

foreachiSi<:Ti

{li:Si
i∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdDepth)

{kj:Sj
j∈1..n

}isapermutationof{li:Ti
i∈1..n

}

{kj:Sj
j∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdPerm)
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T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

S<:Top(S-Top)
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Issues

Foragivensubtypingstatement,therearemultiplerulesthatcouldbeused

lastinaderivation.

1.S-Rcd-Width,S-Rcd-Depth,andS-Rcd-Permoverlapwitheachother

2.S-ReflandS-Transoverlapwitheverything

CIS500,22November23
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Step1:simplifyrecordsubtyping

Idea:combineallthreerecordsubtypingrulesintoone“macrorule”that

capturesalloftheireffects

{li
i∈1..n

}⊆{kj
j∈1..m

}kj=liimpliesSj<:Ti

{kj:Sj
j∈1..m

}<:{li:Ti
i∈1..n

}
(S-Rcd)
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Simplersubtyperelation

S<:S(S-Refl)

S<:UU<:T

S<:T
(S-Trans)

{li
i∈1..n

}⊆{kj
j∈1..m

}kj=liimpliesSj<:Ti

{kj:Sj
j∈1..m

}<:{li:Ti
i∈1..n

}
(S-Rcd)

T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

S<:Top(S-Top)
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Step2:Getridofreflexivity

Observation:S-Reflisunnecessary.

Lemma:S<:ScanbederivedforeverytypewithoutusingS-Refl.
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Evensimplersubtyperelation

S<:UU<:T

S<:T
(S-Trans)

{li
i∈1..n

}⊆{kj
j∈1..m

}kj=liimpliesSj<:Ti

{kj:Sj
j∈1..m

}<:{li:Ti
i∈1..n

}
(S-Rcd)

T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

S<:Top(S-Top)

CIS500,22November27



'

&

$

%

Step3:Getridoftransitivity

Observation:S-Transisunnecessary.

Lemma:IfS<:Tcanbederived,thenthereisaderivationthatdoesnotuse

S-Trans.
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“Algorithmic”subtyperelation

ÌS<:Top(SA-Top)

ÌT1<:S1
ÌS2<:T2

ÌS1→S2<:T1→T2

(SA-Arrow)

{li
i∈1..n

}⊆{kj
j∈1..m

}foreachkj=li,ÌSj<:Ti

Ì{kj:Sj
j∈1..m

}<:{li:Ti
i∈1..n

}
(SA-Rcd)
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Soundnessandcompleteness

Theorem:S<:TiffÌS<:T.

Proof:...

Terminology:

�Thealgorithmicpresentationofsubtypingissoundwithrespecttothe

originalifÌS<:TimpliesS<:T.

(Everythingvalidatedbythealgorithmisactuallytrue.)

�Thealgorithmicpresentationofsubtypingiscompletewithrespecttothe

originalifS<:TimpliesÌS<:T.

(Everythingtrueisvalidatedbythealgorithm.)
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SubtypingAlgorithm(pseudo-code)

Thealgorithmicrulescanbetranslateddirectlyintocode:

subtype(S,T)=ifT=Top,thentrue

elseifS=S1→S2andT=T1→T2

thensubtype(T1,S1)∧subtype(S2,T2)

elseifS={kj:Sj
j∈1..m

}andT={li:Ti
i∈1..n

}

then{li
i∈1..n

}⊆{kj
j∈1..m

}

∧forallithereissomej∈1..mwithkj=li

andsubtype(Sj,Ti)

elsefalse.

CIS500,22November31
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DecisionProcedures

AdecisionprocedureforarelationR⊆UisatotalfunctionpfromUto

{true,false}suchthatp(u)=trueiffu∈R.

Isoursubtypefunctionadecisionprocedure?

Sincesubtypeisjustanimplementationofthealgorithmicsubtypingrules,we

have

1.ifsubtype(S,T)=true,thenÌS<:T

(hence,bysoundnessofthealgorithmicrules,S<:T)

2.ifsubtype(S,T)=false,thennotÌS<:T

(hence,bycompletenessofthealgorithmicrules,notS<:T)

Q:What’smissing?

A:Howdoweknowthatsubtypeisatotalfunction?

Proveit!
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MetatheoryofTyping
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Issue

Forthetypingrelation,wehavejustoneproblematicruletodealwith:

subsumption.

Γ`t:SS<:T

Γ`t:T
(T-Sub)

Whereisthisrulereallyneeded?

Forapplications.E.g.,theterm

(λr:{x:Nat}.r.x){x=0,y=1}

isnottypablewithoutusingsubsumption.

Whereelse??

Nowhereelse!Usesofsubsumptiontohelptypecheckapplicationsaretheonly

interestingones.

CIS500,22November34
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Example

.

.

.

Γ,x:S1`s2:S2

.

.

.

S2<:T2

(T-Sub)
Γ,x:S1`s2:T2

(T-Abs)
Γ`λx:S1.s2:S1→T2

becomes

.

.

.

Γ,x:S1`s2:S2

(T-Abs)
Γ`λx:S1.s2:S1→S2

(S-Refl)
S1<:S1

.

.

.

S2<:T2

(S-Arrow)
S1→S2<:S1→T2

(T-Sub)
Γ`λx:S1.s2:S1→T2
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Example

.

.

.

Γ`s1:S11→S12

.

.

.

T11<:S11

.

.

.

S12<:T12

(S-Arrow)
S11→S12<:T11→T12

(T-Sub)
Γ`s1:T11→T12

.

.

.

Γ`s2:T11

(T-App)
Γ`s1s2:T12

becomes

.

.

.

Γ`s1:S11→S12

.

.

.

Γ`s2:T11

.

.

.

T11<:S11

(T-Sub)
Γ`s2:S11

(T-App)
Γ`s1s2:S12

.

.

.

S12<:T12
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