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Announcements

IwillbeawaySeptember19-October5.

�Iwillbereachablebyemail.

�Fastestresponse—cis500@cis.upenn.edu

�Noofficehours9/19,9/26,10/3

�Guestlecturersforthenext3weeks.
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Well-foundedinduction

CIS500,September143

'

&

$

%

Inductionprinciples

We’veseenthreedefinitionsofsetsandtheirassociatedinductionprinciples:

�Naturalnumbers

�Booleanterms

�Arithmeticterms

GivenasetdefinedwithBNF,itisnottoohardtodescribethestructural

inductionprincipleforthatset.

Forexample:

t::=brillig

tove

snickert

gyretgimblet

Whatisthestructuralinductionprincipleforthislanguage?

CIS500,September144



'

&

$

%

AQuestion

Whyareanyoftheseinductionprinciplestrue?WhyshouldIbelieveaproof

thatemploysone?
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Well-foundedinduction

Well-foundedinductionisageneralizedformofalloftheseinductionprinciples.

Let≺beawell-foundedrelationonasetA.LetPbeaproperty.Then

∀a∈A.P(a)iff

∀a∈A.([∀b≺a.P(b)]⇒P(a)

ChoosingtherightsetAandrelation≺determinestheinductionprinciple.
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Well-foundedinduction

Forexample,weletA=Nandn≺m
def

=m=n+1.Inthiscase,wecan

rewritepreviousprincipleas:

∀a∈N.P(a)iff

∀a∈N.([∀b≺a.P(b)]⇒P(a)

Now,bydefinitionaiseither0ori+1forsomei:

∀a∈N.P(a)iff

[∀b≺0.P(b)]⇒P(0)∧

∀i∈N.[∀b≺i+1.P(b)]⇒P(i+1)

Simplifyto:

∀a∈N.P(a)iffP(0)∧∀i∈N.P(i)⇒P(i+1)
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Stronginduction

If≺isthe“strictlylessthan”relation<,thentheprinciplewegetisstrong

induction.

∀a∈N.P(a)iff

∀a∈N.([∀b<a.P(b)]⇒P(a)

CIS500,September148



'

&

$

%

Well-foundedrelation

Theinductionprincipleholdsonlywhentherelation≺iswell-founded.

Definition:Awell-foundedrelationisabinaryrelation≺onasetAsuchthat

therearenoinfinitedescendingchains···≺ai≺···≺a1≺a0.

Arethesuccessorand<relationswell-founded?
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Structuralinduction

Well-foundedinductionalsogeneralizesstructuralinduction.

If≺isthe“immediatesubterm”relationforaninductivelydefinedset,then

theprinciplewegetisstructuralinduction.

Forexample,inArith,thetermt1isanimmediatesubtermoftheterm

succt1.

Istheimmediatesubtermrelationwell-founded?
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Proofofwell-foundedinduction

We’dliketoshowthat:

Theorem:Let≺isawell-foundedrelationonasetA.LetPbeaproperty.

Then∀a∈A.P(a)iff

∀a∈A.([∀b≺a.P(b)]⇒P(a)

The(⇒)directionistrivial.We’llshowthe(⇐)direction.

First,observethatanynonemptysubsetQofAhasaminimalelement,evenif

Qisinfinite.

Now,suppose¬P(a)forsomeainA.Theremustbeaminimalelementmof

theset{a∈A|¬P(a)}.Butthen,¬P(m)yet[∀b≺m.P(b)]whichisa

contradiction.

CIS500,September1411

'

&

$

%

Propertiesofsmall-stepsemantics
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Small-stepsemantics

Booleans:

iftruethent2elset3→t2iffalsethent2elset3→t3

t1→t
′

1

ift1thent2elset3→ift
′

1thent2elset3

Naturalnumbers:
t1→t

′

1

succt1→succt
′

1

pred0→0pred(succnv1)→nv1
t1→t

′

1

predt1→predt
′

1

Both:

iszero0→trueiszero(succnv1)→false
t1→t

′

1

iszerot1→iszerot
′

1
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Digression

Supposewewantedtochangeourevaluationstrategysothatthethenand

elsebranchesofanifgetevaluated(inthatorder)beforetheguard.How

wouldweneedtochangetherules?

Suppose,moreoverthatiftheevaluationofthethenandelsebranchesleads

tothesamevalue,wewanttoimmediatelyproducethatvalue

(“short-circuiting”theevaluationoftheguard).Howwouldweneedtochange

therules?

Oftheruleswejustinvented,whicharecomputationrulesandwhichare

congruencerules?
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Normalforms

�Anormalformisatermthatcannotbeevaluatedanyfurther–i.e.aterm

tisanormalform(or“isinnormalform”)isthereisnot
′

suchthat

t→t
′

�Anormalformisastatewheretheabstractmachineishalted–itcanbe

regardedasa“result”ofevaluation.

�Themeaningofatermtwithsmall-stepsemanticsisatermt
′
,suchthat

t→
∗
t

′
andt

′
isanormalform.

Wesaythatt
′

“isthenormalformof”t.
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Normalforms

�ForArith,notallnormalformsarevalues,buteveryvalueisanormal

form.

�Atermlikesuccfalsethatisanormalform,butisnotavalue,is

“stuck”.
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Propertiesofthissemantics

�(Homework):Thissmall-stepsemantics“agrees”withthelarge-step

semanticsfortermsthatdonotgetstuck.Inotherwords,t⇓vifand

onlyift→
∗
v.

�The→relationisdeterministic.Ift→t
′
andt→t

′′
thent

′
=t

′′
.

�Evaluationisdeterministic:Thereisatmostonenormalformforaterm

t.(Easytoprove:Followsbecausethe→relationisdeterministic).

�Evaluationistotal:Thereisatleastonenormalformforatermt.(More

difficulttoprove:Mustshowthattherearenoinfinitesequencesof

small-stepevaluation.)

CIS500,September1417

'

&

$

%

Reasoningaboutevaluation
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Inductiononevaluation

Wecandefineaninductionprincipleforsmall-stepevaluation.Recallthe

definition(justforbooleans,fornow):

iftruethent2elset3→t2E-IfTrue

iffalsethent2elset3→t3E-IfFalse

t1→t
′

1

ift1thent2elset3→ift
′

1thent2elset3
E-If

Whatistheinductionprincipleforthisrelation?
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Usingthisinductionprinciple

Forallt,t
′
,P(t→t

′
)if

�P(iftruethent2elset3→t2)and

�P(iffalsethent2elset3→t3)and

�P(ift1thent2elset3→ift
′

1thent2elset3)giventhat

P(t1→t
′

1)

Whatdoesitmeantosay

P(ift1thent2elset3→ift
′

1thent2elset3)?
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Derivations

Anotherwaytolookatitisintermsofderivations.

Aderivationrecordsthe“justification”foraparticularpairoftermsthatarein

theevaluationrelation,intheformofatree.We’veallreadyseenoneexample:

(exampleontheboard)

Terminology:

�Thesetreesarecalledderivationtrees(orjustderivations)

�Thefinalstatementinaderivationistheconclusion

�Wesaythataderivationisawitnessforitsconclusion(oraproofofits

conclusion)–itrecordsthereasoningstepstojustifytheconclusion

�Whenwereasonabouttheconclusions,wearereasoningaboutderivations
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Observation

Lemma:SupposewearegivenaderivationDwitnessingthepair(t,t
′
)inthe

→relation.Theneither:

1.thefinalruleusedinDisE-IfTrueandwehave

t=iftruethent2elset3andt
′

=t2forsomet2andt3,or

2.thefinalruleusedinDisE-IfFalseandwehave

t=iffalsethent2elset3andt
′

=t3forsomet2andt3,or

3.thefinalruleusedinDisE-Ifandwehavet=ift1thent2elset3and

t
′

=ift
′

1thent2elset3,forsomet1,t
′

1,t2andt3;moreoverthe

immediatesubderivationofDwitnessest1→t
′

1.
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InductiononDerivations

Wecannowwriteproofsaboutevaluation“byinductiononderivationtrees.”

GivenanarbitraryderivationDwithconclusiont→t
′
,weassumethe

desiredresultforitsimmediatesub-derivation(ifany)andproceedbyacase

analysis(usingthepreviouslemma)ofthefinalevaluationruleusedin

constructingthederivationtree.

E.g....
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Inductiononsmall-stepevaluation

Forexample,wecanshowthatsmall-stepevaluationisdeterministic.

Theorem:Ift→t
′
thenift→t

′′
thent

′
=t

′′
.

Proof:ByinductiononaderivationDoft→t
′
.

1.SupposethefinalruleusedinDisE-IfTrue,with

t=ift1thent2elset3andt1=trueandt
′

=t2.Therefore,thelast

ruleofthederivationoft→t
′

cannotbeE-IfFalse,becauset1isnot

false.Furthermore,thelastrulecannotbeE-Ifeither,becausethisrule

requiresthatt1→t
′

1,andtruedoesnotsteptoanything.Sothelastrule

canonlybeE-IfTrue.

2.SupposethefinalruleusedinDisE-IfFalse,with

t=iffalsethent2elset3andt
′

=t3.Thiscaseissimilartothe

previous.

3.SupposethefinalruleusedinDisE-If,witht=ift1thent2elset3

andt
′

=ift
′

1thent2elset3,wheret1→t
′

1iswitnessedbyaderivation
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D1.Thelastruleinthederivationoft→t
′′

canonlybeE-If,soitmust

bethatt1→t
′′

1.Byinductiont
′

1=t
′′

1sot
′

=t
′′
.
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Whatprincipletouse?

We’veproventhesametheoremusingtwodifferentinductionprinciples.

Q:Whichoneisthebestonetouse?

A:Theonethatworks.

Forthesesimplelanguages,anythingyoucanprovebyinductionont→t
′
,

youcanprovebystructuralinductionont.Butthatwillnotbethecasefor

everylanguage.
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Terminationofevaluation
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Terminationofevaluation

Theorem:Foreverytthereissomenormalformt
′

suchthatt→
∗
t

′
.
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AnInductiveDefinition

Wecandefinethesizeofatermwiththefollowingrelation:

size(true)=1

size(false)=1

size(0)=1

size(succt1)=size(t1)+1

size(predt1)=size(t1)+1

size(iszerot1)=size(t1)+1

size(ift1thent2elset3)=size(t1)+size(t2)+size(t3)+1

Note:thisisyetmoreshorthand.Howwouldwewritethisdefinitionwith

inferencerules?
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InductiononDerivations—AnotherExample

Theorem:Ift−→t
′

—i.e.,if(t,t
′
)∈−→—thensize(t)>size(t

′
).

Proof:ByinductiononaderivationDoft−→t
′
.

1.SupposethefinalruleusedinDisE-IfTrue,with

t=iftruethent2elset3andt
′

=t2.Thentheresultisimmediate

fromthedefinitionofsize.

2.SupposethefinalruleusedinDisE-IfFalse,with

t=iffalsethent2elset3andt
′

=t3.Thentheresultisagain

immediatefromthedefinitionofsize.

3.SupposethefinalruleusedinDisE-If,witht=ift1thent2elset3

andt
′

=ift
′

1thent2elset3,where(t1,t
′

1)∈−→iswitnessedbya

derivationD1.Bytheinductionhypothesis,size(t1)>size(t
′

1).But

then,bythedefinitionofsize,wehavesize(t)>size(t
′
).
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Terminationofevaluation

Theorem:Foreverytthereissomenormalformt
′

suchthatt−→
∗

t
′
.

Proof:

�First,recallthatsingle-stepevaluationstrictlyreducesthesizeoftheterm:

ift−→t
′
,thensize(t)>size(t

′
)

�Now,assume(foracontradiction)that

t0,t1,t2,t3,t4,...

isaninfinite-lengthsequencesuchthat

t0,−→t1,−→t2,−→t3,−→t4−→···,

�Then

size(t0),size(t1),size(t2),size(t3),size(t4),...

isaninfinite,strictlydecreasing,sequenceofnaturalnumbers.

�Butsuchasequencecannotexist—contradiction!
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TerminationProofs

Mostterminationproofshavethesamebasicform:

Theorem:TherelationR⊆X×Xisterminating—i.e.,thereareno

infinitesequencesx0,x1,x2,etc.suchthat(xi,xi+1)∈Rforeachi.

Proof:

1.Choose

�awell-foundedset(W,<)—i.e.,asetWwithapartialorder<

suchthattherearenoinfinitedescendingchains

w0>w1>w2>...inW

�afunctionffromXtoW

2.Showf(x)>f(y)forall(x,y)∈R

3.Concludethattherearenoinfinitesequencesx0,x1,x2,etc.such

that(xi,xi+1)∈Rforeachi),since,iftherewere,wecould

constructaninfinitedescendingchaininW.
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