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Announcements

�Homework1wasdueatnoon.

�Homework2isonthewebpage.
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TheLambdaCalculus
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Thelambda-calculus

�Ifourpreviouslanguageofarithmeticexpressionswasthesimplest

nontrivialprogramminglanguage,thenthelambda-calculusisthesimplest

interestingprogramminglanguage...

�Turingcomplete

�higherorder(functionsasdata)

�mainnewfeature:variablebindingandlexicalscope

�Thee.coliofprogramminglanguageresearch

�Thefoundationofmanyreal-worldprogramminglanguagedesigns

(includingML,Haskell,Scheme,Lisp,...)
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Intuitions

Supposewewanttodescribeafunctionthataddsthreetoanynumberwepass

it.Wemightwrite

plus3x=succ(succ(succx))

Thatis,“plus3xissucc(succ(succx)).”

Q:Whatisplus3itself?

A:plus3isthefunctionthat,givenx,yieldssucc(succ(succx)).

plus3=λx.succ(succ(succx))

Thisfunctionexistsindependentofthenameplus3.

Onthisview,plus3(succ0)isjustaconvenientshorthandfor“thefunction

that,givenx,yieldssucc(succ(succx)),appliedtosucc0.”

plus3(succ0)=(λx.succ(succ(succx)))(succ0)

CIS500,19September5
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Essentials

Wehaveintroducedtwoprimitivesyntacticforms:

�abstractionofatermtonsomesubtermx:

λx.t

“Thefunctionthat,whenappliedtoavaluev,yieldstwithvin

placeofx.”

�applicationofafunctiontoanargument:

t1t2

“thefunctiont1appliedtotheargumentt2”

CIS500,19September6
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AbstractionsoverFunctions

Considertheλ-abstraction

g=λf.f(f(succ0))

Notethattheparametervariablefisusedinthefunctionpositioninthebody

ofg.Termslikegarecalledhigher-orderfunctions.

Ifweapplygtoanargumentlikeplus3,the“substitutionrule”yieldsa

nontrivialcomputation:

gplus3=(λf.f(f(succ0)))(λx.succ(succ(succx)))

i.e.(λx.succ(succ(succx)))

((λx.succ(succ(succx)))(succ0))

i.e.(λx.succ(succ(succx)))

(succ(succ(succ(succ0))))

i.e.succ(succ(succ(succ(succ(succ(succ0))))))
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AbstractionsReturningFunctions

Considerthefollowingvariantofg:

double=λf.λy.f(fy)

I.e.,doubleisthefunctionthat,whenappliedtoafunctionf,yieldsafunction

that,whenappliedtoanargumenty,yieldsf(fy).

CIS500,19September8
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Example

doubleplus30

=(λf.λy.f(fy))

(λx.succ(succ(succx)))

0

i.e.(λy.(λx.succ(succ(succx)))

((λx.succ(succ(succx)))y))

0

i.e.(λx.succ(succ(succx)))

((λx.succ(succ(succx)))0)

i.e.(λx.succ(succ(succx)))

(succ(succ(succ0)))

i.e.succ(succ(succ(succ(succ(succ0)))))
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ThePureLambda-Calculus

Astheprecedingexamplessuggest,oncewehaveλ-abstractionand

application,wecanthrowawayalltheotherlanguageprimitivesandstillhave

leftarichandpowerfulprogramminglanguage.

Inthislanguage—the“purelambda-calculus”—everythingisafunction.

�Variablesalwaysdenotefunctions

�Functionsalwaystakeotherfunctionsasparameters

�Theresultofafunctionisalwaysafunction

CIS500,19September10
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Formalities
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Syntax

t::=terms

xvariable

λx.tabstraction

ttapplication

Terminology:

�termsinthepureλ-calculusareoftencalledλ-terms

�termsoftheformλx.tarecalledλ-abstractionsorjustabstractions

CIS500,19September12
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Syntacticconventions

Sinceλ-calculusprovidesonlyone-argumentfunctions,allmulti-argument

functionsmustbewrittenincurriedstyle.

Thefollowingconventionsmakethelinearformsoftermseasiertoreadand

write:

�Applicationassociatestotheleft

E.g.,tuvmeans(tu)v,nott(uv)

�Bodiesofλ-abstractionsextendasfartotherightaspossible

E.g.,λx.λy.xymeansλx.(λy.xy),notλx.(λy.x)y

CIS500,19September13
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Scope

Theλ-abstractiontermλx.tbindsthevariablex.

Thescopeofthisbindingisthebodyt.

Occurrencesofxinsidetaresaidtobeboundbytheabstraction.

Occurrencesofxthatarenotwithinthescopeofanabstractionbindingxare

saidtobefree.

λx.λy.xyz

λx.(λy.zy)y

CIS500,19September14
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Values

v::=values

λx.tabstractionvalue
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'

&

$

%

OperationalSemantics

Computationrule:

(λx.t12)v2−→[x7→v2]t12(E-AppAbs)

Notation:[x7→v2]t12is“thetermthatresultsfromsubstitutingfree

occurrencesofxint12withv12.”

Congruencerules:

t1−→t
′

1

t1t2−→t
′

1t2

(E-App1)

t2−→t
′

2

v1t2−→v1t
′

2

(E-App2)
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Terminology

Atermoftheform(λx.t)v—thatis,aλ-abstractionappliedtoavalue—

iscalledaredex(shortfor“reducibleexpression”).
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ProgrammingintheLambda-Calculus
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Multiplearguments

Above,wewroteafunctiondoublethatreturnsafunctionasanargument.

double=λf.λy.f(fy)

Thisidiom—aλ-abstractionthatdoesnothingbutimmediatelyyieldanother

abstraction—isverycommonintheλ-calculus.

Ingeneral,λx.λy.tisafunctionthat,givenavaluevforx,yieldsafunction

that,givenavalueufory,yieldstwithvinplaceofxanduinplaceofy.

Thatis,λx.λy.tisatwo-argumentfunction.

CIS500,19September19
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The“ChurchBooleans”

tru=λt.λf.t

fls=λt.λf.f

truvw

=(λt.λf.t)vwbydefinition

−→(λf.v)wreducingtheunderlinedredex

−→vreducingtheunderlinedredex

flsvw

=(λt.λf.f)vwbydefinition

−→(λf.f)wreducingtheunderlinedredex

−→wreducingtheunderlinedredex

CIS500,19September20
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FunctionsonBooleans

not=λb.bflstru

Thatis,notisafunctionthat,givenabooleanvaluev,returnsflsifvistru

andtruifvisfls.

CIS500,19September21
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FunctionsonBooleans

and=λb.λc.bcfls

Thatis,andisafunctionthat,giventwobooleanvaluesvandw,returnswifv

istruandflsifvisfls

Thusandvwyieldstruifbothvandwaretruandflsifeithervorwisfls.
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Pairs

pair=λf.λs.λb.bfs

fst=λp.ptru

snd=λp.pfls

Thatis,pairvwisafunctionthat,whenappliedtoabooleanvalueb,

appliesbtovandw.

Bythedefinitionofbooleans,thisapplicationyieldsvifbistruandwifbis

fls,sothefirstandsecondprojectionfunctionsfstandsndcanbe

implementedsimplybysupplyingtheappropriateboolean.

CIS500,19September23
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Example

fst(pairvw)

=fst((λf.λs.λb.bfs)vw)bydefinition

−→fst((λs.λb.bvs)w)reducingtheunderlinedredex

−→fst(λb.bvw)reducingtheunderlinedredex

=(λp.ptru)(λb.bvw)bydefinition

−→(λb.bvw)trureducingtheunderlinedredex

−→truvwreducingtheunderlinedredex

−→
∗

vasbefore.
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Churchnumerals

Idea:representthenumbernbyafunctionthat“repeatssomeactionn

times.”

c0=λs.λz.z

c1=λs.λz.sz

c2=λs.λz.s(sz)

c3=λs.λz.s(s(sz))

Thatis,eachnumbernisrepresentedbyatermcnthattakestwoarguments,

sandz(for“successor”and“zero”),andappliess,ntimes,toz.
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FunctionsonChurchNumerals

Successor:

scc=λn.λs.λz.s(nsz)

Addition:

plus=λm.λn.λs.λz.ms(nsz)

Multiplication:

times=λm.λn.m(plusn)c0

Zerotest:

iszro=λm.m(λx.fls)tru

Whataboutpredecessor?

CIS500,19September26
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Predecessor

zz=pairc0c0

ss=λp.pair(sndp)(scc(sndp))

prd=λm.fst(msszz)

CIS500,19September27
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Predecessor

zz=pairc0c0

ss=λp.pair(sndp)(scc(sndp))

prd=λm.fst(msszz)
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Normalforms

Recall:

�Anormalformisatermthatcannottakeanevaluationstep.

�Astucktermisanormalformthatisnotavalue.

Arethereanystucktermsinthepureλ-calculus?

Proveit.

Doeseverytermevaluatetoanormalform?

Proveit.

CIS500,19September28
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Divergence

omega=(λx.xx)(λx.xx)

Notethatomegaevaluatesinonesteptoitself!

Soevaluationofomeganeverreachesanormalform:itdiverges.

Beingabletowriteadivergentcomputationdoesnotseemveryusefulinitself.

However,therearevariantsofomegathatareveryuseful...
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RecursionintheLambdaCalculus
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IteratedApplication

Supposefissomeλ-abstraction,andconsiderthefollowingterm:

Yf=(λx.f(xx))(λx.f(xx))

Nowthe“patternofdivergence”becomesmoreinteresting:

Yf

=

(λx.f(xx))(λx.f(xx))

−→

f((λx.f(xx))(λx.f(xx)))

−→

f(f((λx.f(xx))(λx.f(xx))))

−→

f(f(f((λx.f(xx))(λx.f(xx)))))

−→

···
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Yfisstillnotveryuseful,since(likeomega),allitdoesisdiverge.

Isthereanywaywecould“slowitdown”?

CIS500,19September32
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DelayingDivergence

poisonpill=λy.omega

Notethatpoisonpillisavalue—ititwillonlydivergewhenweactually

applyittoanargument.Thismeansthatwecansafelypassitasanargument

tootherfunctions,returnitasaresultfromfunctions,etc.

(λp.fst(pairpfls)tru)poisonpill

−→

fst(pairpoisonpillfls)tru

−→
∗

poisonpilltru

−→

omega

−→

···
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Adelayedvariantofomega

Hereisavariantofomegainwhichthedelayanddivergenceareabitmore

tightlyintertwined:

omegav=λy.(λx.(λy.xxy))(λx.(λy.xxy))y

Notethatomegavisanormalform.However,ifweapplyittoanyargumentv,

itdiverges:

omegavv

=

(λy.(λx.(λy.xxy))(λx.(λy.xxy))y)v

−→

(λx.(λy.xxy))(λx.(λy.xxy))v

−→

(λy.(λx.(λy.xxy))(λx.(λy.xxy))y)v

=

omegavv

CIS500,19September34
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Anotherdelayedvariant

Supposefisafunction.Define

Zf=λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

Thistermcombinesthe“addedf”fromYfwiththe“delayeddivergence”of

omegav.
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IfwenowapplyZftoanargumentv,somethinginterestinghappens:

Zfv

=

(λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y)v

−→

(λx.f(λy.xxy))(λx.f(λy.xxy))v

−→

f(λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y)v

=

fZfv

SinceZfandvarebothvalues,thenextcomputationstepwillbethereduction

offZf—thatis,beforewe“diverge,”fgetstodosomecomputation.

Nowwearegettingsomewhere.

CIS500,19September36
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Recursion

Let

f=λfct.

λn.

ifn=0then1

elsen*(fct(predn))

flooksjusttheordinaryfactorialfunction,exceptthat,inplaceofarecursive

callinthelasttime,itcallsthefunctionfct,whichispassedasaparameter.

N.b.:forbrevity,thisexampleuses“real”numbersandbooleans,infixsyntax,

etc.Itcaneasilybetranslatedintothepurelambda-calculus(usingChurch

numerals,etc.).
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WecanuseZto“tietheknot”inthedefinitionoffandobtainarealrecursive

factorialfunction:

Zf3

−→
∗

fZf3

=

(λfct.λn....)Zf3

−→−→

if3=0then1else3*(Zf(pred3))

−→
∗

3*(Zf(pred3)))

−→

3*(Zf2)

−→
∗

3*(fZf2)

···
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AGenericZ

Ifwedefine

Z=λf.Zf

i.e.,

Z=λf.λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

thenwecanobtainthebehaviorofZfforanyfwelike,simplybyapplyingZ

tof.

Zf−→Zf

CIS500,19September39
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Forexample:

fact=Z(λfct.

λn.

ifn=0then1

elsen*(fct(predn)))
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Technicalnote:

ThetermZhereisessentiallythesameasthefixdiscussedthebook.

Z=λf.λy.(λx.f(λy.xxy))(λx.f(λy.xxy))y

fix=λf.(λx.f(λy.xxy))(λx.f(λy.xxy))

Zishopefullyslightlyeasiertounderstand,sinceithasthepropertythat

Zfv−→
∗

f(Zf)v,whichfixdoesnot(quite)share.
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ProofsabouttheLambdaCalculus
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Twoinductionprinciples

Likebefore,wehavementionedtwowaystoprovethatpropertiesaretrueof

theuntypedlambdacalculus.

�Structuralinduction

�Inductiononderivationoft→t
′
.

Let’sdoanexampleofthelatter.
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Inductionprinciple

Recalltheinductionprincipleforthesmall-stepevaluationrelation.

WecanshowapropertyPistrueforallderivationsoft→t
′
,when

�PholdsforallderivationsthatusetheruleE-AppAbs.

�PholdsforallderivationsthatendwithauseofE-App1assumingthatP

holdsforallsubderivations.

�PholdsforallderivationsthatendwithauseofE-App2assumingthatP

holdsforallsubderivations.
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Example

Wecanformallydefinethesetoffreevariablesinaλ-termasfollows:

FV(x)={x}

FV(λx.t1)=FV(t1)/{x}

FV(t1t2)=FV(t1)∪FV(t2)

Theorem:ift→t
′

thenFV(t)⊇FV(t
′
).
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Inductiononderivation

Wewanttoprove,forallderivationsoft→t
′
,thatFV(t)⊇FV(t

′
).

Wehavethreecases.

�Thederivationoft→t
′
couldjustbeauseofE-AppAbs.Inthiscase,t

is(λx.u)vwhichstepsto[x7→v]u.

FV(t)=FV((λx.u)v)

=FV(u)/{x}∪FV(v)

⊇FV([x7→v]u)

=FV(t
′
)
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⊇FV([x7→v]u)

=FV(t
′
)

CIS500,19September46-a



'

&

$

%

�ThederivationcouldendwithauseofE-App1.Inotherwords,wehavea

derivationoft1→t
′

1andweuseittoshowthatt1t2→t
′

1t2.

ByinductionFV(t1)⊇FV(t
′

1).

FV(t)=FV(t1t2)

=FV(t1)∪FV(t2)

⊇FV(t
′

1)∪FV(t2)

=FV(t
′

1t2)

=FV(t
′
)

�ThederivationcouldendwithauseofE-App2.Here,wehaveaderivation

oft2→t
′

2andweuseittoshowthatt1t2→t1t
′

2.Thiscaseis

analogoustothepreviouscase.
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Moreaboutboundvariables
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Substitution

Ourdefinitionofevaluationwasbasedonthesubstitutionofvaluesforfree

variableswithinterms.

E-AppAbs

(λx.t12)v2→[x7→v2]t12

Butwhatissubstitution,really?Howdowedefineit?
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FormalizingSubstitution

Considerthefollowingdefinitionofsubstitution:

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Itsubstitutesforfreeandboundvariables!

[x7→y](λx.x)=λx.y

Thisisnotwhatwewant.
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Substitution,taketwo

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y

[x7→s](λx.t1)=λx.t1

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Itsuffersfromvariablecapture!

[x7→y](λy.x)=λx.x

Thisisalsonotwhatwewant.
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Substitution,takethree

[x7→s]x=s

[x7→s]y=yifxisnoty

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y,y6∈FV(s)

[x7→s](λx.t1)=λx.t1

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Whatiswrongwiththisdefinition?

Nowsubstitionisapartialfunction!

[x7→y](λy.x)isundefined.

Butwewantananswerforeverysubstitution.
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Boundvariablenamesshouldn’tmatter

It’sannoyingthatthatthenamesofboundvariablesarecausingtroublewith

ourdefinitionofsubstitution.

Intuitiontellsusthatthereshouldn’tbeadifferencebetweenthefunctions

λx.xandλy.y.Bothofthesefunctionswilldothesamething.

Becausetheydifferonlyinthenamesoftheirboundvariables,we’dliketo

thinkthatthesearethesamefunction.

Wecallsuchtermsalpha-equivalent.
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Alpha-equivalenceclasses

Infact,wecancreateequivalenceclassesoftermsthatdifferonlyinthenames

ofboundvariables.

Whenworkingwiththelambdacalculus,itisconvenienttothinkaboutthese

equivalenceclasses,insteadofrawterms.

Forexample,whenwewriteλx.xwemeannotjustthisterm,buttheclassof

termsthatincludesλy.yandλz.z.

Unfortunately,wehavetobemorecleverwhenimplementingthelambda

calculusinML...(cf.TAPLchapters6and7)
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Substitution,foralpha-equivalenceclasses

Nowconsidersubstitutionasanoperationoveralpha-equivalenceclassesof

terms:

[x7→s]x=s

[x7→s]y=yifx6=y

[x7→s](λy.t1)=λy.([x7→s]t1)ifx6=y,y6∈FV(s)

[x7→s](t1t2)=([x7→s]t1)([x7→s]t2)

Examples:

�[x7→y](λy.x)mustgivethesameresultas[x7→y](λz.x).Weknow

thelatterisλz.y,sothatiswhatwewillusefortheformer.

�[x7→y](λx.z)mustgivethesameresultas[x7→y](λw.z).Weknow

thelatterisλw.zsothatiswhatweusefortheformer.
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