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MidtermExam

�Examsolutionsonwebpage.

�LookatyourexaminCherylHickey’soffice.

�Submitregraderequest(inwriting)beforeOctober26.

�YoucanpickupyourexamfromCherylafterOctober26.
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Types
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TypeSystems

�currently,activeandsuccessfultopicinPLresearch

�“light-weight”formalmethods

�“enablingtechnology”forallsortsofotherthings,e.g.language-based

security

�the“skeleton”aroundwhichmodernprogramminglanguagesareoften

designed
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ApproachestoTyping

�Astronglytypedlanguagepreventsprogramsfromaccessingprivatedata,

corruptingmemory,crashingthemachine,etc.

�Aweaklytypedlanguagedoesnot.

�Astaticallytypedlanguageperformstype-consistencychecksatwhen

programsarefirstentered.

�Adynamicallytypedlanguagedelaysthesechecksuntilprogramsare

executed.

WeakStrong

DynamicLisp,Scheme,Perl,Python,Smalltalk

StaticC,C++ML,ADA,Java
?

?
Strictlyspeaking,Javashouldbecalled“mostlystatic”
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Plan

�Fortoday,we’llgobacktothesimplelanguageofarithmeticandboolean

expressionsandshowhowtogiveita(verysimple)typesystem

�Nextweek,we’lldevelopasimpletypesystemforthelambda-calculus,

followingTAPLCh.9.

�We’llspendagoodpartoftherestofthesemesteraddingfeaturestothis

typesystem
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Outline

1.beginwithasetofterms,asetofvalues,andanevaluationrelation

2.defineasetoftypesclassifyingvaluesaccordingtotheir“shapes”

3.defineatypingrelationt:Tthatclassifiestermsaccordingtotheshape

ofthevaluesthatresultfromevaluatingthem

4.checkthatthetypingrelationissoundinthesensethat,ift:T,then

evaluationoftwillnotgetstuck
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ArithmeticExpressions–Syntax

t::=terms

trueconstanttrue

falseconstantfalse

iftthentelsetconditional

0constantzero

succtsuccessor

predtpredecessor

iszerotzerotest

v::=values

truetruevalue

falsefalsevalue

nvnumericvalue

nv::=numericvalues

0zerovalue

succnvsuccessorvalue
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EvaluationRules

iftruethent2elset3
−→t2(E-IfTrue)

iffalsethent2elset3
−→t3(E-IfFalse)

t1
−→t

′

1

ift1thent2elset3
−→ift

′

1thent2elset3

(E-If)
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t1
−→t

′

1

succt1
−→succt

′

1

(E-Succ)

pred0−→0(E-PredZero)

pred(succnv1)−→nv1(E-PredSucc)

t1
−→t

′

1

predt1
−→predt

′

1

(E-Pred)

iszero0−→true(E-IszeroZero)

iszero(succnv1)−→false(E-IszeroSucc)

t1
−→t

′

1

iszerot1
−→iszerot

′

1

(E-IsZero)
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Types

Inthislanguage,valueshavetwopossible“shapes”:theyareeitherbooleans

ornumbers.

T::=types

Booltypeofbooleans

Nattypeofnumbers
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TypingRules

true:Bool(T-True)

false:Bool(T-False)

t1:Boolt2:Tt3:T

ift1thent2elset3:T

(T-If)

CIS500,19October,200513

'

&

$

%

TypingRules

true:Bool(T-True)

false:Bool(T-False)

t1:Boolt2:Tt3:T

ift1thent2elset3:T

(T-If)
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TypingRules

0:Nat(T-Zero)

t1:Nat

succt1:Nat

(T-Succ)

t1:Nat

predt1:Nat

(T-Pred)

t1:Nat

iszerot1:Bool

(T-IsZero)
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TypingRules

0:Nat(T-Zero)

t1:Nat

succt1:Nat

(T-Succ)

t1:Nat

predt1:Nat

(T-Pred)

t1:Nat

iszerot1:Bool

(T-IsZero)
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TypingRules

0:Nat(T-Zero)

t1:Nat

succt1:Nat

(T-Succ)

t1:Nat

predt1:Nat

(T-Pred)

t1:Nat

iszerot1:Bool

(T-IsZero)
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TypingRules

0:Nat(T-Zero)

t1:Nat

succt1:Nat

(T-Succ)

t1:Nat

predt1:Nat

(T-Pred)

t1:Nat

iszerot1:Bool

(T-IsZero)
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TypingDerivations

Everypair(t,T)inthetypingrelationcanbejustifiedbyaderivationtree

builtfrominstancesoftheinferencerules.

T-Zero

0:Nat
T-IsZero

iszero0:Bool
T-Zero

0:Nat

T-Zero

0:Nat
T-Pred

pred0:Nat
T-If

ifiszero0then0elsepred0:Nat

Proofsofpropertiesaboutthetypingrelationoftenproceedbyinductionon

typingderivations.
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ImprecisionofTyping

Likeotherstaticprogramanalyses,typesystemsaregenerallyimprecise:they

donotpredictexactlywhatkindofvaluewillbereturnedbyeveryprogram,

butjustaconservative(safe)approximation.

t1:Boolt2:Tt3:T

ift1thent2elset3:T

(T-If)

Usingthisrule,wecannotassignatypeto

iftruethen0elsefalse

eventhoughthistermwillcertainlyevaluatetoanumber.
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PropertiesoftheTypingRelation
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TypeSafety

TypeSafetyTheorem:Ift:Tandt−→
∗

t
′
andt

′
6−→thent

′
isavalue.

Weusuallyprovetypesafetybyshowingthefollowingtwoproperties:

1.Progress:Awell-typedtermisnotstuck

Ift:T,theneithertisavalueorelset−→t
′
forsomet

′
.

2.Preservation:Typesarepreservedbyone-stepevaluation

Ift:Tandt−→t
′
,thent

′
:T.
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Inversion

Lemma:

1.Iftrue:R,thenR=Bool.

2.Iffalse:R,thenR=Bool.

3.Ifift1thent2elset3:R,thent1:Bool,t2:R,andt3:R.

4.If0:R,thenR=Nat.

5.Ifsucct1:R,thenR=Natandt1:Nat.

6.Ifpredt1:R,thenR=Natandt1:Nat.

7.Ifiszerot1:R,thenR=Boolandt1:Nat.

Proof:...

Thisleadsdirectlytoarecursivealgorithmforcalculatingthetypeofaterm...
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Inversion

Lemma:

1.Iftrue:R,thenR=Bool.

2.Iffalse:R,thenR=Bool.

3.Ifift1thent2elset3:R,thent1:Bool,t2:R,andt3:R.

4.If0:R,thenR=Nat.

5.Ifsucct1:R,thenR=Natandt1:Nat.

6.Ifpredt1:R,thenR=Natandt1:Nat.

7.Ifiszerot1:R,thenR=Boolandt1:Nat.

Proof:...

Thisleadsdirectlytoarecursivealgorithmforcalculatingthetypeofaterm...
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Inversion

Lemma:

1.Iftrue:R,thenR=Bool.

2.Iffalse:R,thenR=Bool.

3.Ifift1thent2elset3:R,thent1:Bool,t2:R,andt3:R.

4.If0:R,thenR=Nat.

5.Ifsucct1:R,thenR=Natandt1:Nat.

6.Ifpredt1:R,thenR=Natandt1:Nat.

7.Ifiszerot1:R,thenR=Boolandt1:Nat.

Proof:...

Thisleadsdirectlytoarecursivealgorithmforcalculatingthetypeofaterm...
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TypecheckingAlgorithm

typeof(t)=ift=truethenBool

elseift=falsethenBool

elseift=ift1thent2elset3then

letT1=typeof(t1)in

letT2=typeof(t2)in

letT3=typeof(t3)in

ifT1=BoolandT2=T3thenT2

else"nottypable"

elseift=0thenNat

elseift=succt1then

letT1=typeof(t1)in

ifT1=NatthenNatelse"nottypable"

elseift=predt1then

letT1=typeof(t1)in

ifT1=NatthenNatelse"nottypable"

elseift=iszerot1then

letT1=typeof(t1)in

ifT1=NatthenBoolelse"nottypable"
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CanonicalForms

Lemma:

1.IfvisavalueoftypeBool,thenviseithertrueorfalse.

2.IfvisavalueoftypeNat,thenvisanumericvalue

Proof:...
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CanonicalForms

Lemma:

1.IfvisavalueoftypeBool,thenviseithertrueorfalse.

2.IfvisavalueoftypeNat,thenvisanumericvalue

Proof:...
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Progress

Theorem:Supposetisawell-typedterm(thatis,t:TforsomeT).Then

eithertisavalueorelsethereissomet
′
witht−→t

′
.

Proof:Byinductiononaderivationoft:T.

TheT-True,T-False,andT-Zerocasesareimmediate,sincetinthese

casesisavalue.

CaseT-If:t=ift1thent2elset3

t1:Boolt2:Tt3:T

Bytheinductionhypothesis,eithert1isavalueorelsethereissomet
′

1such

thatt1−→t
′

1.Ift1isavalue,thenthecanonicalformslemmatellsusthatit

mustbeeithertrueorfalse,inwhichcaseeitherE-IfTrueorE-IfFalse

appliestot.Ontheotherhand,ift1−→t
′

1,then,byE-If,

t−→ift
′

1thent2elset3.
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Progress

Theorem:Supposetisawell-typedterm(thatis,t:TforsomeT).Then

eithertisavalueorelsethereissomet
′
witht−→t

′
.

Proof:

Byinductiononaderivationoft:T.

TheT-True,T-False,andT-Zerocasesareimmediate,sincetinthese

casesisavalue.

CaseT-If:t=ift1thent2elset3
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′

1such
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Progress
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Preservation

Theorem:Ift:Tandt−→t
′
,thent

′
:T.

Proof:...
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Preservation

Theorem:Ift:Tandt−→t
′
,thent

′
:T.

Proof:...
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