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TheSimplyTypedLambda-Calculus
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Lambda-calculuswithbooleans

t::=terms

xvariable

λx.tabstraction

ttapplication

trueconstanttrue

falseconstantfalse

iftthentelsetconditional

v::=values

λx.tabstractionvalue

truetruevalue

falsefalsevalue
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Operationalsemantics

(λx.t12)v2−→[x7→v2]t12(E-AppAbs)

t1−→t
′

1

t1t2−→t
′

1t2

(E-App1)

t2−→t
′

2

v1t2−→v1t
′

2

(E-App2)

iftruethent2elset3−→t2(E-IfTrue)

iffalsethent2elset3−→t3(E-IfFalse)

t1−→t
′

1

ift1thent2elset3−→ift
′

1thent2elset3

(E-If)
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“SimpleTypes”

T::=types

Booltypeofbooleans

T→Ttypesoffunctions
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Typingrules

Γ`

true:Bool(T-True)

Γ`

false:Bool(T-False)

Γ`

t1:Bool

Γ`

t2:T

Γ`

t3:T

Γ`

ift1thent2elset3:T

(T-If)

x:T∈Γ

Γ`x:T

(T-Var)

Γ,x:T1`t2:T2

Γ`λx:T1.t2:T1→T2

(T-Abs)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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TypingDerivations

Whatderivationsjustifythefollowingtypingstatements?

�`(λx:Bool.x)true:Bool

�f:Bool→Bool`f(iffalsethentrueelsefalse):Bool

�f:Bool→Bool`λx:Bool.f(ifxthenfalseelsex):Bool→Bool
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Propertiesofλ→

Asbefore,thefundamentalpropertyofthetypesystemwehavejustdefinedis

soundnesswithrespecttotheoperationalsemantics.

1.Progress:Aclosed,well-typedtermisnotstuck

If`t:T,theneithertisavalueorelset−→t
′

forsomet
′
.

2.Preservation:Typesarepreservedbyone-stepevaluation

If`t:Tandt−→t
′
,then`t

′
:T.
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Provingprogress

Samestepsasbefore...

�canonicalformslemma

�progresstheorem
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Provingprogress

Samestepsasbefore...

�canonicalformslemma

�progresstheorem
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Typingrulesagain(forreference)

Γ`true:Bool(T-True)

Γ`false:Bool(T-False)

Γ`t1:BoolΓ`t2:TΓ`t3:T

Γ`ift1thent2elset3:T

(T-If)

x:T∈Γ

Γ`x:T

(T-Var)

Γ,x:T1`t2:T2

Γ`λx:T1.t2:T1→T2

(T-Abs)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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CanonicalForms

Lemma:

1.IfvisavalueoftypeBool,thenviseithertrueorfalse.

2.IfvisavalueoftypeT1→T2,thenvhastheformλx:T1.t2.
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CanonicalForms

Lemma:

1.IfvisavalueoftypeBool,then

viseithertrueorfalse.

2.IfvisavalueoftypeT1→T2,thenvhastheformλx:T1.t2.
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CanonicalForms

Lemma:

1.IfvisavalueoftypeBool,thenviseithertrueorfalse.
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Progress

Theorem:Supposetisaclosed,well-typedterm(thatis,`t:TforsomeT).

Theneithertisavalueorelsethereissomet
′

witht−→t
′
.

Proof:Byinduction

ontypingderivations.Thecasesforbooleanconstants

andconditionsarethesameasbefore.Thevariablecaseistrivial(becausetis

closed).Theabstractioncaseisimmediate,sinceabstractionsarevalues.

Considerthecaseforapplication,wheret=t1t2with`t1:T11→T12and

`t2:T11.Bytheinductionhypothesis,eithert1isavalueorelseitcan

makeastepofevaluation,andlikewiset2.Ift1cantakeastep,thenrule

E-App1appliestot.Ift1isavalueandt2cantakeastep,thenruleE-App2

applies.Finally,ifbotht1andt2arevalues,thenthecanonicalformslemma

tellsusthatt1hastheformλx:T11.t12,andsoruleE-AppAbsappliestot.

Whatiftweren’tclosed?
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ProvingPreservation

Theorem:If`t:Tandt−→t
′
,then`t

′
:T.

Proof:Byinduction

ontypingderivations.

[Whichcaseisthehardone?]

CaseT-App:Givent=t1t2

`t1:T11→T12

`t2:T11

T=T12

Show`t
′
:T12

Bytheinversionlemmaforevaluation,therearethreesubcases...

Subcase:t1=λx:T11.t12

t2avaluev2

t
′

=[x7→v2]t12

Uhoh.
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The“SubstitutionLemma”

Lemma:Typesarepreservedundersubstitition.

Ifx:S`t:Tand`s:S,then`[x7→s]t:T.

Proof:...
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The“SubstitutionLemma”
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Strengthenedinductionhypothesis

Lemma:Typesarepreservedundersubstitition.

IfΓ,x:S`t:TandΓ`s:S,thenΓ`[x7→s]t:T.
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Lemmasaboutthecontext

Lemma[Permutation]:IfΓ`t:Tand∆isapermutationofΓthen

∆`t:T.Moreoverthelatterderivationhasthesamedepthastheformer.

Lemma[Weakening]:IfΓ`t:Tandx6∈dom(Γ)thenΓ,x:S`t:T.

Moreoverthelatterderivationhasthesamedepthastheformer.
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Summary

�Typingrulesneedacontexttodealwithvariables.

�Progresslemmamusthaveanemptycontexttobetrue.

�Preservationlemmaneednot.

�Applicationcaseofpreservationlemmaneedssubstitutionlemma.

�Substitutionlemmamustbestrenthenedtonon-emptycontexts.

�Substitutionlemmacannotbeprovedbyinductionontypingderivation.

CIS500,24October,200517


