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Simply-TypedLambdaCalculus
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Lasttime

Lasttimewetalkedaboutprovingtypesoundnessforthesimply-typed

lambdacalculuswithbooleans.Thisinvolvedshowing:

�CanonicalForms

�InversionLemmas

�ProgressTheorem

�PreservationTheorem
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Preservation

Theorem:If`t:Tandt−→t
′
,then`t

′
:T.

Wegottothepointwhereweneededasubstitutionlemmatoshowthe

preservationtheorem:

Ifx:S`t:Tand`s:S,then`[x7→s]t:T.

CIS500,26October,20054



'

&

$

%

Typingrules

Γ`true:Bool(T-True)

Γ`false:Bool(T-False)

Γ`t1:BoolΓ`t2:TΓ`t3:T

Γ`ift1thent2elset3:T
(T-If)

x:T∈Γ

Γ`x:T
(T-Var)

Γ,x:T1`t2:T2

Γ`λx:T1.t2:T1→T2

(T-Abs)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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Strengthenedinductionhypothesis

Lemma:Typesarepreservedundersubstitition.

IfΓ,x:S`t:TandΓ`s:S,thenΓ`[x7→s]t:T.
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Lemmasaboutthecontext

Lemma[Permutation]:IfΓ`t:Tand∆isapermutationofΓthen

∆`t:T.

Lemma[Weakening]:IfΓ`t:Tandx6∈dom(Γ)thenΓ,x:S`t:T.
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ImportantpointsabouttypesoundnessforSTLC

�Typingrulesneedacontexttodealwithvariables.

�Progresslemmamusthaveanemptycontexttobetrue.

�Preservationlemmaneednot(seeTAPL).

�Applicationcaseofpreservationlemmaneedssubstitutionlemma.

�Substitutionlemmamustbestrenthenedtonon-emptycontexts.

�Substitutionlemmacannotbeprovedbyinductionontypingderivation.
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Ontorealprogramminglanguages...
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TheUnittype

t::=...terms

unitconstantunit

v::=...values

unitconstantunit

T::=...types

Unitunittype

NewtypingrulesΓ`t:T

Γ`unit:Unit(T-Unit)
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Sequencing

t::=...terms

t1;t2

t1−→t
′

1

t1;t2−→t
′

1;t2

(E-Seq)

unit;t2−→t2(E-SeqNext)

Γ`t1:UnitΓ`t2:T2

Γ`t1;t2:T2

(T-Seq)
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Sequencing

t::=...terms

t1;t2

t1−→t
′

1

t1;t2−→t
′

1;t2

(E-Seq)

unit;t2−→t2(E-SeqNext)

Γ`t1:UnitΓ`t2:T2

Γ`t1;t2:T2

(T-Seq)
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Derivedforms

Onewaytoextendaprogramminglanguageisthroughderivedforms.

Aderivedformisanewsyntax,operationalsemanticst−→Et
′
andtype

systemΓ`
E
t:Tforalanguagesuchthatthereisafunctionethattranslates

thenewlanguageintotheoldlanguagewiththefollowingproperties:

�t−→Et
′
iffe(t)−→e(t

′
).

�Γ`t:TiffΓ`e(t):T.

Derivedformsarealsocalledsyntacticsugar.
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Sequencingasaderivedform

t1;t2

def

=(λx:Unit.t2)t1

wherex/∈FV(t2)
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Equivalenceofthetwodefinitions

[board]
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Let-bindings

Newsyntacticforms

t::=...terms

letx=tintletbinding

Newevaluationrulest−→t
′

letx=v1int2−→[x7→v1]t2(E-LetV)

t1−→t
′

1

letx=t1int2−→letx=t
′

1int2

(E-Let)

NewtypingrulesΓ`t:T

Γ`t1:T1Γ,x:T1`t2:T2

Γ`letx=t1int2:T2

(T-Let)
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Pairs

t::=...terms

{t,t}pair

t.1firstprojection

t.2secondprojection

v::=...values

{v,v}pairvalue

T::=...types

T1×T2producttype
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Evaluationrulesforpairs

{v1,v2}.1−→v1(E-PairBeta1)

{v1,v2}.2−→v2(E-PairBeta2)

t1−→t
′

1

t1.1−→t
′

1.1
(E-Proj1)

t1−→t
′

1

t1.2−→t
′

1.2
(E-Proj2)

t1−→t
′

1

{t1,t2}−→{t
′

1,t2}
(E-Pair1)

t2−→t
′

2

{v1,t2}−→{v1,t
′

2}
(E-Pair2)
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Typingrulesforpairs

Γ`t1:T1Γ`t2:T2

Γ`{t1,t2}:T1×T2

(T-Pair)

Γ`t1:T11×T12

Γ`t1.1:T11

(T-Proj1)

Γ`t1:T11×T12

Γ`t1.2:T12

(T-Proj2)
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Tuples

t::=...terms

{ti
i∈1..n

}tuple

t.iprojection

v::=...values

{vi
i∈1..n

}tuplevalue

T::=...types

{Ti
i∈1..n

}tupletype
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Evaluationrulesfortuples

{vi
i∈1..n

}.j−→vj(E-ProjTuple)

t1−→t
′

1

t1.i−→t
′

1.i
(E-Proj)

tj−→t
′

j

{vi
i∈1..j−1

,tj,tk
k∈j+1..n

}

−→{vi
i∈1..j−1

,t
′

j,tk
k∈j+1..n

}

(E-Tuple)
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Typingrulesfortuples

foreachiΓ`ti:Ti

Γ`{ti
i∈1..n

}:{Ti
i∈1..n

}
(T-Tuple)

Γ`t1:{Ti
i∈1..n

}

Γ`t1.j:Tj

(T-Proj)
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Records

t::=...terms

{li=ti
i∈1..n

}record

t.lprojection

v::=...values

{li=vi
i∈1..n

}recordvalue

T::=...types

{li:Ti
i∈1..n

}typeofrecords
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Evaluationrulesforrecords

{li=vi
i∈1..n

}.lj−→vj(E-ProjRcd)

t1−→t
′

1

t1.l−→t
′

1.l
(E-Proj)

tj−→t
′

j

{li=vi
i∈1..j−1

,lj=tj,lk=tk
k∈j+1..n

}

−→{li=vi
i∈1..j−1

,lj=t
′

j,lk=tk
k∈j+1..n

}

(E-Rcd)
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Typingrulesforrecords

foreachiΓ`ti:Ti

Γ`{li=ti
i∈1..n

}:{li:Ti
i∈1..n

}
(T-Rcd)

Γ`t1:{li:Ti
i∈1..n

}

Γ`t1.lj:Tj

(T-Proj)
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Discussion
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Introvs.elimforms

Anintroductionformforagiventypegivesusawayofconstructingelements

ofthistype.

Aneliminationformforatypegivesusawayofusingelementsofthistype.

Whattypingrulesareintroductionforms?Whatareeliminationforms?
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Erasure

erase(x)=x

erase(λx:T1.t2)=λx.erase(t2)

erase(t1t2)=erase(t1)erase(t2)
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Typability

Anuntypedλ-termmissaidtobetypableifthereissometermtinthesimply

typedlambda-calculus,sometypeT,andsomecontextΓsuchthat

erase(t)=mandΓ`t:T.

Cf.typereconstructioninOCaml.
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