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Recursioninλ→

�Inλ→,allprogramsterminate.(Cf.Chapter12.)

�Hence,untypedtermslikeomegaandfixarenottypable.

�Butwecanextendthesystemwitha(typed)fixed-pointoperator...
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Example

ff=λie:Nat→Bool.

λx:Nat.

ifiszeroxthentrue

elseifiszero(predx)thenfalse

elseie(pred(predx));

iseven=fixff;

iseven7;
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Newsyntacticforms

t::=...terms

fixtfixedpointoft

Newevaluationrulest−→t
′

fix(λx:T1.t2)

−→[x7→(fix(λx:T1.t2))]t2

(E-FixBeta)

t1−→t
′

1

fixt1−→fixt
′

1

(E-Fix)
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NewtypingrulesΓ`t:T

Γ`t1:T1→T1

Γ`fixt1:T1

(T-Fix)
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Amoreconvenientform

letrecx:T1=t1int2

def

=letx=fix(λx:T1.t1)int2

letreciseven:Nat→Bool=

λx:Nat.

ifiszeroxthentrue

elseifiszero(predx)thenfalse

elseiseven(pred(predx))

in

iseven7;
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Mutability

�Inmostprogramminglanguages,variablesaremutable—i.e.,avariable

providesboth

�anamethatreferstoapreviouslycalculatedvalue,and

�thepossibilityofoverwritingthisvaluewithanother(whichwillbe

referredtobythesamename)

�Insomelanguages(e.g.,OCaml),thesetwofeaturesarekeptseparate

�variablesareonlyfornaming—thebindingbetweenavariableandits

valueisimmutable

�introduceanewclassofmutablevalues(calledreferencecellsor

references)

�atanygivenmoment,areferenceholdsavalue(andcanbe

dereferencedtoobtainthisvalue)

�anewvaluemaybeassignedtoareference
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BasicExamples

letr=ref5

!r

r:=7

(r:=succ(!r);!r)

(r:=succ(!r);r:=succ(!r);r:=succ(!r);r:=succ(!r);!r)

i.e.,

((((r:=succ(!r);r:=succ(!r));r:=succ(!r));r:=succ(!r));!r)
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Aliasing

AvalueoftypeRefTisapointertoacellholdingavalueoftypeT.

r  =

5

Ifthisvalueis“copied”byassigningittoanothervariable,thecellpointedto

isnotcopied.

r  =

5

s  =

Sowecanchangerbyassigningtos:

(s:=6;!r)

CIS500,2November11



'

&

$

%

Aliasingallaroundus

Referencecellsarenottheonlylanguagefeaturethatintroducesthepossibility

ofaliasing.

�arrays

�communicationchannels

�I/Odevices(disks,etc.)
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Thedifficultiesofaliasing

Thepossibilityofaliasinginvalidatesallsortsofusefulformsofreasoning

aboutprograms,bothbyprogrammers...

Thefunction

λr:RefNat.λs:RefNat.(r:=2;s:=3;!r)

alwaysreturns2unlessrandsarealiasesforthesamecell.

...andbycompilers:

Codemotionoutofloops,commonsubexpressionelimination,

allocationofvariablestoregisters,anddetectionofuninitialized

variablesalldependuponthecompilerknowingwhichobjectsaload

orastoreoperationcouldreference.

High-performancecompilersspendsignificantenergyonaliasanalysistotryto

establishwhendifferentvariablescannotpossiblyrefertothesamestorage.
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Thebenefitsofaliasing

Theproblemsofaliasinghaveledsomelanguagedesignerssimplytodisallowit

(e.g.,Haskell).

Buttherearegoodreasonswhymostlanguagesdoprovideconstructs

involvingaliasing:

�efficiency(e.g.,arrays)

�“actionatadistance”(e.g.,symboltables)

�sharedresources(e.g.,locks)inconcurrentsystems

�etc.
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Example

c=ref0

incc=λx:Unit.(c:=succ(!c);!c)

decc=λx:Unit.(c:=pred(!c);!c)

inccunit

deccunit

o={i=incc,d=decc}
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letnewcounter=

λ_:Unit.

letc=ref0in

letincc=λx:Unit.(c:=succ(!c);!c)in

letdecc=λx:Unit.(c:=pred(!c);!c)in

leto={i=incc,d=decc}in

o
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Syntax

t::=terms

unitunitconstant

xvariable

λx:T.tabstraction

ttapplication

reftreferencecreation

!tdereference

t:=tassignment

...plusotherfamiliartypes,inexamples.
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TypingRules

Γ`t1:T1

Γ`reft1:RefT1

(T-Ref)

Γ`t1:RefT1

Γ`!t1:T1

(T-Deref)

Γ`t1:RefT1Γ`t2:T1

Γ`t1:=t2:Unit
(T-Assign)
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Anotherexample

BoolArray=Ref(Nat→Bool);

newarray=λ_:Unit.ref(λn:Nat.false);

:Unit→BoolArray

lookup=λa:BoolArray.λn:Nat.(!a)n;

:BoolArray→Nat→Bool

update=λa:BoolArray.λm:Nat.λv:Bool.

letoldf=!ain

a:=(λn:Nat.ifequalmnthenvelseoldfn);

:BoolArray→Nat→Bool→Unit
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Evaluation

Whatisthevalueoftheexpressionref0?

Crucialobservation:evaluatingref0mustdosomething.

Otherwise,

r=ref0

s=ref0

and

r=ref0

s=r

wouldbehavethesame.

Specifically,evaluatingref0shouldallocatesomestorageandyielda

reference(orpointer)tothatstorage.

Sowhatisareference?
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TheStore

Areferencenamesalocationinthestore(alsoknownastheheaporjustthe

memory).

Whatisthestore?

�Concretely:Anarrayof8-bitbytes,indexedby32-bitintegers.

�Moreabstractly:anarrayofvalues

�Evenmoreabstractly:apartialfunctionfromlocationstovalues.

CIS500,2November21

'

&

$

%

TheStore

Areferencenamesalocationinthestore(alsoknownastheheaporjustthe

memory).

Whatisthestore?

�Concretely:Anarrayof8-bitbytes,indexedby32-bitintegers.

�Moreabstractly:anarrayofvalues

�Evenmoreabstractly:apartialfunctionfromlocationstovalues.

CIS500,2November21-a

'

&

$

%

TheStore

Areferencenamesalocationinthestore(alsoknownastheheaporjustthe

memory).

Whatisthestore?

�Concretely:Anarrayof8-bitbytes,indexedby32-bitintegers.

�Moreabstractly:anarrayofvalues

�Evenmoreabstractly:apartialfunctionfromlocationstovalues.

CIS500,2November21-b

'

&

$

%

TheStore

Areferencenamesalocationinthestore(alsoknownastheheaporjustthe

memory).

Whatisthestore?

�Concretely:Anarrayof8-bitbytes,indexedby32-bitintegers.

�Moreabstractly:anarrayofvalues

�Evenmoreabstractly:apartialfunctionfromlocationstovalues.

CIS500,2November21-c



'

&

$

%

Locations

Syntaxofvalues:

v::=values

unitunitconstant

λx:T.tabstractionvalue

lstorelocation

...andsinceallvaluesareterms...
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SyntaxofTerms

t::=terms

unitunitconstant

xvariable

λx:T.tabstraction

ttapplication

reftreferencecreation

!tdereference

t:=tassignment

lstorelocation
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Aside

Doesthismeanwearegoingtoallowprogrammerstowriteexplicitlocations

intheirprograms??

No:Thisisjustamodelingtrick.Weareenrichingthe“sourcelanguage”to

includesomerun-timestructures,sothatwecancontinuetoformalize

evaluationasarelationbetweensourceterms.

Aside:Ifweformalizeevaluationinthebig-stepstyle,thenwecanadd

locationstothesetofvalues(resultsofevaluation)withoutaddingthemtothe

setofterms.
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Evaluation

Theresultofevaluatingatermnowdependsonthestoreinwhichitis

evaluated.Moreover,theresultofevaluatingatermisnotjustavalue—we

mustalsokeeptrackofthechangesthatgetmadetothestore.

I.e.,theevaluationrelationshouldnowmapatermandastoretoareduced

termandanewstore.

t|µ−→t
′

|µ
′

Weusethemetavariableµtorangeoverstores.
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Evaluation

Anassignmentt1:=t2firstevaluatest1andt2untiltheybecomevalues...

t1|µ−→t
′

1|µ
′

t1:=t2|µ−→t
′

1:=t2|µ
′

(E-Assign1)

t2|µ−→t
′

2|µ
′

v1:=t2|µ−→v1:=t
′

2|µ
′

(E-Assign2)

...andthenreturnsunitandupdatesthestore:

l:=v2|µ−→unit|[l7→v2]µ(E-Assign)
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Atermoftheformreft1firstevaluatesinsidet1untilitbecomesavalue...

t1|µ−→t
′

1|µ
′

reft1|µ−→reft
′

1|µ
′

(E-Ref)

...andthenchooses(allocates)afreshlocationl,augmentsthestorewitha

bindingfromltov1,andreturnsl:

l/∈dom(µ)

refv1|µ−→l|(µ,l7→v1)
(E-RefV)
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Aterm!t1firstevaluatesint1untilitbecomesavalue...

t1|µ−→t
′

1|µ
′

!t1|µ−→!t
′

1|µ
′

(E-Deref)

...andthenlooksupthisvalue(whichmustbealocation,iftheoriginalterm

waswelltyped)andreturnsitscontentsinthecurrentstore:

µ(l)=v

!l|µ−→v|µ
(E-DerefLoc)
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Evaluationrulesforfunctionabstractionandapplicationareaugmentedwith

stores,butdon’tdoanythingwiththemdirectly.

t1|µ−→t
′

1|µ
′

t1t2|µ−→t
′

1t2|µ
′

(E-App1)

t2|µ−→t
′

2|µ
′

v1t2|µ−→v1t
′

2|µ
′

(E-App2)

(λx:T11.t12)v2|µ−→[x7→v2]t12|µ(E-AppAbs)
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Aside:garbagecollection

Notethatwearenotmodelinggarbagecollection—thestorejustgrows

withoutbound.
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Aside:pointerarithmetic

Wecan’tdoany!
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StoreTypings
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TypingLocations

Q:Whatisthetypeofalocation?

A:Itdependsonthestore!

E.g.,inthestore(l17→unit,l27→unit),theterm!l2hastypeUnit.

Butinthestore(l17→unit,l27→λx:Unit.x),theterm!l2hastype

Unit→Unit.
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TypingLocations

Q:Whatisthetypeofalocation?

A:Itdependsonthestore!

E.g.,inthestore(l17→unit,l27→unit),theterm!l2hastypeUnit.

Butinthestore(l17→unit,l27→λx:Unit.x),theterm!l2hastype

Unit→Unit.
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TypingLocations—firsttry

Roughly:

Γ`µ(l):T1

Γ`l:RefT1

Moreprecisely:

Γ|µ`µ(l):T1

Γ|µ`l:RefT1

I.e.,typingisnowafour-placerelation(betweencontexts,stores,terms,and

types).
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Problem

However,thisruleisnotcompletelysatisfactory.Foronething,itcanmake

typingderivationsverylarge!

E.g.,if

(µ=l17→λx:Nat.999,

l27→λx:Nat.!l1(!l1x),

l37→λx:Nat.!l2(!l2x),

l47→λx:Nat.!l3(!l3x),

l57→λx:Nat.!l4(!l4x)),

thenhowbigisthetypingderivationfor!l5?
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Problem!

Butwait...itgetsworse.Suppose

(µ=l17→λx:Nat.!l2x,

l27→λx:Nat.!l1x),

Nowhowbigisthetypingderivationfor!l2?

CIS500,2November36

'

&

$

%

StoreTypings

Observation:Thetypingruleswehavechosenforreferencesguaranteethata

givenlocationinthestoreisalwaysusedtoholdvaluesofthesametype.

Theseintendedtypescanbecollectedintoastoretyping—apartialfunction

fromlocationstotypes.
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E.g.,for

µ=(l17→λx:Nat.999,

l27→λx:Nat.!l1(!l1x),

l37→λx:Nat.!l2(!l2x),

l47→λx:Nat.!l3(!l3x),

l57→λx:Nat.!l4(!l4x)),

Areasonablestoretypingwouldbe

Σ=(l17→Nat→Nat,

l27→Nat→Nat,

l37→Nat→Nat,

l47→Nat→Nat,

l57→Nat→Nat)
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Now,supposewearegivenastoretypingΣdescribingthestoreµinwhichwe

intendtoevaluatesometermt.ThenwecanuseΣtolookupthetypesof

locationsintinsteadofcalculatingthemfromthevaluesinµ.

Σ(l)=T1

Γ|Σ`l:RefT1

(T-Loc)

I.e.,typingisnowafour-placerelationbetweenbetweencontexts,store

typings,terms,andtypes.
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Finaltypingrules

Σ(l)=T1

Γ|Σ`l:RefT1

(T-Loc)

Γ|Σ`t1:T1

Γ|Σ`reft1:RefT1

(T-Ref)

Γ|Σ`t1:RefT11

Γ|Σ`!t1:T11

(T-Deref)

Γ|Σ`t1:RefT11Γ|Σ`t2:T11

Γ|Σ`t1:=t2:Unit
(T-Assign)
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Q:Wheredothesestoretypingscomefrom?

A:Whenwefirsttypecheckaprogram,therewillbenoexplicitlocations,so

wecanuseanemptystoretyping.

So,whenanewlocationiscreatedduringevaluation,

l/∈dom(µ)

refv1|µ−→l|(µ,l7→v1)
(E-RefV)

wecanobservethetypeofv1andextendthe“currentstoretyping”

appropriately.
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Safety

[onboard]
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