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Announcements

�MidtermIIisoneweekfromWednesday(November16).

�ItwillcoverTAPLchapters8-14(except12).

�Recitationsthisweekwillbereviewformidterm.

�Noinclassreview.

�Homework6duetoday.

�Homework7outtoday,dueNovember14.
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References
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Anotherexample

BoolArray=Ref(Nat→Bool);

newarray=λ_:Unit.ref(λn:Nat.false);

:Unit→BoolArray

lookup=λa:BoolArray.λn:Nat.(!a)n;

:BoolArray→Nat→Bool

update=λa:BoolArray.λm:Nat.λv:Bool.

letoldf=!ain

a:=(λn:Nat.ifequalmnthenvelseoldfn);

:BoolArray→Nat→Bool→Unit

leta=newarray()in

print(lookupa3);

updatea3true;

lookupa3
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Syntax

t::=terms

unitunitconstant

xvariable

λx:T.tabstraction

ttapplication

reftreferencecreation

!tdereference

t:=tassignment

lstorelocation

v::=values

unitunitconstant

λx:T.tabstractionvalue

lstorelocation
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Evaluation

Anassignmentt1:=t2firstevaluatest1andt2untiltheybecomevalues...

t1|µ−→t
′

1|µ
′

t1:=t2|µ−→t
′

1:=t2|µ
′

(E-Assign1)

t2|µ−→t
′

2|µ
′

v1:=t2|µ−→v1:=t
′

2|µ
′

(E-Assign2)

...andthenreturnsunitandupdatesthestore:

l:=v2|µ−→unit|[l7→v2]µ(E-Assign)
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Atermoftheformreft1firstevaluatesinsidet1untilitbecomesavalue...

t1|µ−→t
′

1|µ
′

reft1|µ−→reft
′

1|µ
′

(E-Ref)

...andthenchooses(allocates)afreshlocationl,augmentsthestorewitha

bindingfromltov1,andreturnsl:

l/∈dom(µ)

refv1|µ−→l|(µ,l7→v1)
(E-RefV)
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Aterm!t1firstevaluatesint1untilitbecomesavalue...

t1|µ−→t
′

1|µ
′

!t1|µ−→!t
′

1|µ
′

(E-Deref)

...andthenlooksupthisvalue(whichmustbealocation,iftheoriginalterm

waswelltyped)andreturnsitscontentsinthecurrentstore:

µ(l)=v

!l|µ−→v|µ
(E-DerefLoc)
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Evaluationrulesforfunctionabstractionandapplicationareaugmentedwith

stores,butdon’tdoanythingwiththemdirectly.

t1|µ−→t
′

1|µ
′

t1t2|µ−→t
′

1t2|µ
′

(E-App1)

t2|µ−→t
′

2|µ
′

v1t2|µ−→v1t
′

2|µ
′

(E-App2)

(λx:T11.t12)v2|µ−→[x7→v2]t12|µ(E-AppAbs)
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StoreTypings
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TypingLocations

Q:Whatisthetypeofalocation?

A:Itdependsonthestore!

E.g.,inthestore(l17→unit,l27→unit),theterm!l2hastypeUnit.

Butinthestore(l17→unit,l27→λx:Unit.x),theterm!l2hastype

Unit→Unit.
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TypingLocations
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TypingLocations—firsttry

Roughly:

Γ`µ(l):T1

Γ`l:RefT1

Moreprecisely:

Γ|µ`µ(l):T1

Γ|µ`l:RefT1

I.e.,typingisnowafour-placerelation(betweencontexts,stores,terms,and

types).
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Problem

However,thisruleisnotcompletelysatisfactory.Foronething,itcanmake

typingderivationsverylarge!

E.g.,if

(µ=l17→λx:Nat.999,

l27→λx:Nat.!l1(!l1x),

l37→λx:Nat.!l2(!l2x),

l47→λx:Nat.!l3(!l3x),

l57→λx:Nat.!l4(!l4x)),

thenhowbigisthetypingderivationfor!l5?
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Problem!

Butwait...itgetsworse.Suppose

(µ=l17→λx:Nat.!l2x,

l27→λx:Nat.!l1x),

Nowhowbigisthetypingderivationfor!l2?
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StoreTypings

Observation:Thetypingruleswehavechosenforreferencesguaranteethata

givenlocationinthestoreisalwaysusedtoholdvaluesofthesametype.

Theseintendedtypescanbecollectedintoastoretyping—apartialfunction

fromlocationstotypes.
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E.g.,for

µ=(l17→λx:Nat.999,

l27→λx:Nat.!l1(!l1x),

l37→λx:Nat.!l2(!l2x),

l47→λx:Nat.!l3(!l3x),

l57→λx:Nat.!l4(!l4x)),

Areasonablestoretypingwouldbe

Σ=(l17→Nat→Nat,

l27→Nat→Nat,

l37→Nat→Nat,

l47→Nat→Nat,

l57→Nat→Nat)
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Now,supposewearegivenastoretypingΣdescribingthestoreµinwhichwe

intendtoevaluatesometermt.ThenwecanuseΣtolookupthetypesof

locationsintinsteadofcalculatingthemfromthevaluesinµ.

Σ(l)=T1

Γ|Σ`l:RefT1

(T-Loc)

I.e.,typingisnowafour-placerelationbetweenbetweencontexts,store

typings,terms,andtypes.
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Finaltypingrules

Σ(l)=T1

Γ|Σ`l:RefT1

(T-Loc)

Γ|Σ`t1:T1

Γ|Σ`reft1:RefT1

(T-Ref)

Γ|Σ`t1:RefT11

Γ|Σ`!t1:T11

(T-Deref)

Γ|Σ`t1:RefT11Γ|Σ`t2:T11

Γ|Σ`t1:=t2:Unit

(T-Assign)
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Q:Wheredothesestoretypingscomefrom?

A:Whenwefirsttypecheckaprogram,therewillbenoexplicitlocations,so

wecanuseanemptystoretyping.

So,whenanewlocationiscreatedduringevaluation,

l/∈dom(µ)

refv1|µ−→l|(µ,l7→v1)
(E-RefV)

wecanobservethetypeofv1andextendthe“currentstoretyping”

appropriately.
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Provingtypesafety

Statingthepresevationtheoremisalittletrickiernow.Whatiswrongwith

thisstatementofpreservation?

IfΓ|Σ`t:Tandt|µ−→t
′

|µ
′

thenΓ|Σ`t
′
:T.

Weneedtotalkabouthowstorescanbetyped!Thereisnoconnection

betweenΣandµ.
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Storetyping

Astoreµissaidtobewell-typedwithrespecttoatypingcontextΓanda

storetypingΣ,writtenΓ|Σ`µ,if

dom(µ)=dom(Σ)andΓ|Σ`µ(l):Σ(l)foreveryl∈dom(µ)
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Preservationtheorem,secondtry

Whatiswrongwiththisstatementofthepreservationtheorem?

IfΓ|Σ`t:TandΓ|Σ`µandt|µ−→t
′

|µ
′

then

Γ|Σ`t
′
:T
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Preservationtheorem

IfΓ|Σ`t:TandΓ|Σ`µandt|µ−→t
′

|µ
′

then,

forsomeΣ
′
⊇Σ,Γ|Σ

′
`t

′
:T
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Newlemmasforpreservation

Substitutionforstores:

IfΓ|Σ`µandΣ(l)=TandΓ|Σ`v:Tthen

Γ|Σ`[l7→v]µ

Weakeningforstores:

IfΓ|Σ`t:TandΣ
′

⊇Σ,then

Γ|Σ
′

`t:T
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Progresstheorem

Supposethat∅|Σ`t:Ttheneither

1.tisavalue,orelse

2.foranystoreµsuchthat∅|Σ`µ,thereissomet
′
andstoreµ

′
with

t|µ−→t
′

|µ
′
.

Whyisn’tΣrequiredtobeempty?
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Safety

If∅|∅`t:Tandt|∅−→
∗

t
′

|µandt
′

|µ6−→thentisavalue.
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