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Motivation

Withourusualtypingruleforapplications

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

theterm

(λr:{x:Nat}.r.x){x=0,y=1}

isnotwelltyped.

Thisissilly:allwe’redoingispassingthefunctionabetterargumentthanit

needs.
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Polymorphism

Apolymorphicfunctionmaybeappliedtomanydifferenttypesofdata.

Varietiesofpolymorphism:

�Parametricpolymorphism(ML-style)

�Subtypepolymorphism(OO-style)

�Ad-hocpolymorphism(overloading)

Inthisclass,wewillconsidersubtypepolymorphism,whichisbasedonthe

ideaofsubsumption.
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Subsumption

Moregenerally:sometypesarebetterthanothers,inthesensethatavalueof

onecanalwayssafelybeusedwhereavalueoftheotherisexpected.

Wecanformalizethisintuitionbyintroducing

1.asubtypingrelationbetweentypes,writtenS<:T

2.aruleofsubsumptionstatingthat,ifS<:T,thenanyvalueoftypeScan

alsoberegardedashavingtypeT

Γ`t:SS<:T

Γ`t:T
(T-Sub)
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Example

Wewilldefinesubtypingbetweenrecordtypessothat,forexample,

{x:Nat,y:Nat}<:{x:Nat}

So,bysubsumption,

`{x=0,y=1}:{x:Nat}

andhence

(λr:{x:Nat}.r.x){x=0,y=1}

iswelltyped.
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TheSubtypeRelation:Records

“Widthsubtyping”(forgettingfieldsontheright):

{li:Ti
i∈1..n+k

}<:{li:Ti
i∈1..n

}(S-RcdWidth)

Intuition:{x:Nat}isthetypeofallrecordswithatleastanumericxfield.

Notethattherecordtypewithmorefieldsisasubtypeoftherecordtypewith

fewerfields.

Reason:thetypewithmorefieldsplacesastrongerconstraintonvalues,soit

describesfewervalues.
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TheSubtypeRelation:Records

Permutationoffields:

{kj:Sj
j∈1..n

}isapermutationof{li:Ti
i∈1..n

}

{kj:Sj
j∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdPerm)

ByusingS-RcdPermtogetherwithS-RcdWidthandS-Trans,wecandrop

arbitraryfieldswithinrecords.
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“Depthsubtyping”withinfields:

foreachiSi<:Ti

{li:Si
i∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdDepth)

Thetypesofindividualfieldsmaychange.
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Example

S-RcdWidth
{a:Nat,b:Nat}<:{a:Nat}

S-RcdWidth
{m:Nat}<:{}

S-RcdDepth
{x:{a:Nat,b:Nat},y:{m:Nat}}<:{x:{a:Nat},y:{}}
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Variations

Reallanguagesoftenchoosenottoadoptalloftheserecordsubtypingrules.

Forexample,inJava,

�Asubclassmaynotchangetheargumentorresulttypesofamethodofits

superclass(i.e.,nodepthsubtyping)

�Eachclasshasjustonesuperclass(“singleinheritance”ofclasses)

−→eachclassmember(fieldormethod)canbeassignedasingle

index,addingnewindices“ontheright”asmoremembersare

addedinsubclasses

(i.e.,nopermutationforclasses)

�Aclassmayimplementmultipleinterfaces(“multipleinheritance”of

interfaces)

I.e.,permutationisallowedforinterfaces.
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TheSubtypeRelation:Arrowtypes

T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

NotetheorderofT1andS1inthefirstpremise.Thesubtyperelationis

contravariantintheleft-handsidesofarrowsandcovariantintheright-hand

sides.

Intuition:ifwehaveafunctionfoftypeS1→S2,thenweknowthatfaccepts

elementsoftypeS1;clearly,fwillalsoacceptelementsofanysubtypeT1of

S1.ThetypeoffalsotellsusthatitreturnselementsoftypeS2;wecanalso

viewtheseresultsbelongingtoanysupertypeT2ofS2.Thatis,anyfunctionf

oftypeS1→S2canalsobeviewedashavingtypeT1→T2.
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TheSubtypeRelation:Top

Itisconvenienttohaveatypethatisasupertypeofeverytype.Weintroduce

anewtypeconstantTop,plusarulethatmakesTopamaximumelementof

thesubtyperelation.

S<:Top(S-Top)

Cf.ObjectinJava.
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TheSubtypeRelation:Generalrules

S<:S(S-Refl)

S<:UU<:T

S<:T
(S-Trans)
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Subtyperelation

S<:S(S-Refl)

S<:UU<:T

S<:T
(S-Trans)

{li:Ti
i∈1..n+k

}<:{li:Ti
i∈1..n

}(S-RcdWidth)

foreachiSi<:Ti

{li:Si
i∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdDepth)

{kj:Sj
j∈1..n

}isapermutationof{li:Ti
i∈1..n

}

{kj:Sj
j∈1..n

}<:{li:Ti
i∈1..n

}
(S-RcdPerm)
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T1<:S1S2<:T2

S1→S2<:T1→T2

(S-Arrow)

S<:Top(S-Top)
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PropertiesofSubtyping
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Safety

Statementsofprogressandpreservationtheoremsareunchangedfromλ→.

Proofsbecomeabitmoreinvolved,becausethetypingrelationisnolonger

syntaxdirected.

Givenaderivation,wedon’talwaysknowwhatrulewasusedinthelaststep.

TheruleT-Subcouldappearanywhere.

Γ`t:SS<:T

Γ`t:T
(T-Sub)
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Preservation

Theorem:IfΓ`t:Tandt−→t
′
,thenΓ`t

′
:T.

Proof:Byinductionontypingderivations.

(Whichcasesarehard?)
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Subsumptioncase

CaseT-Sub:t:SS<:T

Bytheinductionhypothesis,Γ`t
′
:S.ByT-Sub,Γ`t:T.

Nothard!
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Subsumptioncase
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Applicationcase

CaseT-App:

t=t1t2Γ`t1:T11→T12Γ`t2:T11T=T12

Bytheinversionlemmaforevaluation,therearethreerulesbywhicht−→t
′

canbederived:E-App1,E-App2,andE-AppAbs.Proceedbycases.

SubcaseE-App1:t1−→t
′

1t
′

=t
′

1t2

TheresultfollowsfromtheinductionhypothesisandT-App.

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

t1−→t
′

1

t1t2−→t
′

1t2

(E-App1)
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CaseT-App(continued):

t=t1t2Γ`t1:T11→T12Γ`t2:T11T=T12

SubcaseE-App2:t1=v1t2−→t
′

2t
′

=v1t
′

2

Similar.

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

t2−→t
′

2

v1t2−→v1t
′

2

(E-App2)
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CaseT-App(continued):

t=t1t2Γ`t1:T11→T12Γ`t2:T11T=T12

SubcaseE-AppAbs:t1=λx:S11.t12t2=v2t
′

=[x7→v2]t12

Bytheinversionlemmaforthetypingrelation...

T11<:S11and

Γ,x:S11`t12:T12.

ByT-Sub,Γ`t2:S11.

Bythesubstitutionlemma,Γ`t
′
:T12,andwearedone.

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

(λx:T11.t12)v2−→[x7→v2]t12(E-AppAbs)
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CaseT-App(continued):
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CaseT-App(continued):
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InversionLemmaforTyping

Lemma:IfΓ`λx:S1.s2:T1→T2,thenT1<:S1andΓ,x:S1`s2:T2.

Proof:Inductionontypingderivations.

CaseT-Sub:λx:S1.s2:UU<:T1→T2

Wewanttosay“Bytheinductionhypothesis...”,buttheIHdoesnotapply

(wedonotknowthatUisanarrowtype).Needanotherlemma...

Lemma:IfU<:T1→T2,thenUhastheformU1→U2,withT1<:U1and

U2<:T2.(Proof:byinductiononsubtypingderivations.)

Bythislemma,weknowU=U1→U2,withT1<:U1andU2<:T2.

TheIHnowapplies,yieldingU1<:S1andΓ,x:S1`s2:U2.

FromU1<:S1andT1<:U1,ruleS-TransgivesT1<:S1.

FromΓ,x:S1`s2:U2andU2<:T2,ruleT-SubgivesΓ,x:S1`s2:T2,and

wearedone.
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SubtypingwithOtherFeatures
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AscriptionandCasting

Ordinaryascription:

Γ`t1:T

Γ`t1asT:T
(T-Ascribe)

v1asT−→v1(E-Ascribe)

Casting(cf.Java):

Γ`t1:S

Γ`t1asT:T
(T-Cast)

`v1:T

v1asT−→v1

(E-Cast)
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SubtypingandVariants

<li:Ti
i∈1..n

><:<li:Ti
i∈1..n+k

>(S-VariantWidth)

foreachiSi<:Ti

<li:Si
i∈1..n

><:<li:Ti
i∈1..n

>
(S-VariantDepth)

<kj:Sj
j∈1..n

>isapermutationof<li:Ti
i∈1..n

>

<kj:Sj
j∈1..n

><:<li:Ti
i∈1..n

>
(S-VariantPerm)

Γ`t1:T1

Γ`<l1=t1>:<l1:T1>
(T-Variant)
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SubtypingandLists

S1<:T1

ListS1<:ListT1

(S-List)

I.e.,Listisacovarianttypeconstructor.

CIS500,14November28



'

&

$

%

SubtypingandReferences

S1<:T1T1<:S1

RefS1<:RefT1

(S-Ref)

I.e.,Refisnotacovariant(noracontravariant)typeconstructor.

Why?

�Whenareferenceisread,thecontextexpectsaT1,soifS1<:T1thenan

S1isok.

�Whenareferenceiswritten,thecontextprovidesaT1andiftheactual

typeofthereferenceisRefS1,someoneelsemayusetheT1asanS1.So

weneedT1<:S1.
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SubtypingandArrays

Similarly...

S1<:T1T1<:S1

ArrayS1<:ArrayT1

(S-Array)

S1<:T1

ArrayS1<:ArrayT1

(S-ArrayJava)

Thisisregarded(evenbytheJavadesigners)asamistakeinthedesign.
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SubtypingandArrays

Similarly...

S1<:T1T1<:S1

ArrayS1<:ArrayT1

(S-Array)

S1<:T1

ArrayS1<:ArrayT1

(S-ArrayJava)

Thisisregarded(evenbytheJavadesigners)asamistakeinthedesign.
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Referencesagain

Observation:avalueoftypeRefTcanbeusedintwodifferentways:asa

sourceforvaluesoftypeTandasasinkforvaluesoftypeT.

Idea:SplitRefTintothreeparts:

�SourceT:referencecellwith“readcabability”

�SinkT:referencecellwith“writecabability”

�RefT:cellwithbothcapabilities
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sourceforvaluesoftypeTandasasinkforvaluesoftypeT.
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�SinkT:referencecellwith“writecabability”

�RefT:cellwithbothcapabilities

CIS500,14November31-a



'

&

$

%

ModifiedTypingRules

Γ|Σ`t1:SourceT11

Γ|Σ`!t1:T11

(T-Deref)

Γ|Σ`t1:SinkT11Γ|Σ`t2:T11

Γ|Σ`t1:=t2:Unit
(T-Assign)
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Subtypingrules

S1<:T1

SourceS1<:SourceT1

(S-Source)

T1<:S1

SinkS1<:SinkT1

(S-Sink)

RefT1<:SourceT1(S-RefSource)

RefT1<:SinkT1(S-RefSink)
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AlgorithmicSubtyping
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Syntax-directedrules

Inthesimplytypedlambda-calculus(withoutsubtyping),eachrulecanbe

“readfrombottomtotop”inastraightforwardway.

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)

IfwearegivensomeΓandsometoftheformt1t2,wecantrytofindatype

fortby

1.finding(recursively)atypefort1

2.checkingthatithastheformT11→T12

3.finding(recursively)atypefort2

4.checkingthatitisthesameasT11
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Technically,thereasonthisworksisthatWecandividethe“positions”ofthe

typingrelationintoinputpositions(Γandt)andoutputpositions(T).

�Fortheinputpositions,allmetavariablesappearinginthepremisesalso

appearintheconclusion(sowecancalculateinputstothe“subgoals”

fromthesubexpressionsofinputstothemaingoal)

�Fortheoutputpositions,allmetavariablesappearingintheconclusions

alsoappearinthepremises(sowecancalculateoutputsfromthemain

goalfromtheoutputsofthesubgoals)

Γ`t1:T11→T12Γ`t2:T11

Γ`t1t2:T12

(T-App)
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Syntax-directedsetsofrules

Thesecondimportantpointaboutthesimplytypedlambda-calculusisthat

thesetoftypingrulesissyntax-directed,inthesensethat,forevery“input”Γ

andt,thereonerulethatcanbeusedtoderivetypingstatementsinvolvingt.

E.g.,iftisanapplication,thenwemustproceedbytryingtouseT-App.If

wesucceed,thenwehavefoundatype(indeed,theuniquetype)fort.Ifit

fails,thenweknowthattisnottypable.

−→nobacktracking!
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Non-syntax-directednessoftyping

Whenweextendthesystemwithsubtyping,bothaspectsof

syntax-directednessgetbroken.

1.Thesetoftypingrulesnowincludestworulesthatcanbeusedtogivea

typetotermsofagivenshape(theoldoneplusT-Sub)

Γ`t:SS<:T

Γ`t:T
(T-Sub)

2.Worseyet,thenewruleT-Subitselfisnotsyntaxdirected:theinputsto

theleft-handsubgoalareexactlythesameastheinputstothemaingoal!

(Hence,ifwetranslatedthetypingrulesnaivelyintoatypechecking

function,thecasecorrespondingtoT-Subwouldcausedivergence.)
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Non-syntax-directednessofsubtyping

Moreover,thesubtypingrelationisnotsyntaxdirectedeither.

1.Therearelotsofwaystoderiveagivensubtypingstatement.

2.Thetransitivityrule

S<:UU<:T

S<:T
(S-Trans)

isbadlynon-syntax-directed:thepremisescontainametavariable(inan

“inputposition”)thatdoesnotappearatallintheconclusion.

Toimplementthisrulenaively,we’dhavetoguessavalueforU!
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Whattodo?

1.Observation:Wedon’tneed1000waystoproveagiventypingor

subtypingstatement—oneisenough.

−→Thinkmorecarefullyaboutthetypingandsubtypingsystemstosee

wherewecangetridofexcessflexibility

2.Usetheresultingintuitionstoformulatenew“algorithmic”(i.e.,

syntax-directed)typingandsubtypingrelations

3.Provethatthealgorithmicrelationsare“thesameas”theoriginalonesin

anappropriatesense.
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