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Algorithmictyping

�Howdoweimplementatypecheckerforthelambda-calculuswith

subtyping?

�GivenacontextΓandatermt,howdowedetermineitstypeT,suchthat

Γ`t:T?
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Issue

Forthetypingrelation,wehavejustoneproblematicruletodealwith:

subsumption.

Γ`t:SS<:T

Γ`t:T
(T-Sub)

Weobservedlasttimethatthisruleissometimesrequiredwhentypechecking

applications:

E.g.,theterm

(λr:{x:Nat}.r.x){x=0,y=1}

isnottypablewithoutusingsubsumption.

Butweconjecturedthatapplicationsweretheonlycriticalusesof

subsumption.
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Plan

1.Investigatehowsubsumptionisusedintypingderivationsbylookingat

examplesofhowitcanbe“pushedthrough”otherrules

2.Usetheintuitionsgainedfromthisexercisetodesignanew,algorithmic

typingrelationthat

�omitssubsumption

�compensatesforitsabsencebyenrichingtheapplicationrule

3.Showthatthealgorithmictypingrelationisessentiallyequivalenttothe

original,declarativeone
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Example(T-SubwithT-Abs)

.

.

.

Γ,x:S1`s2:S2

.

.

.

S2<:T2

(T-Sub)
Γ,x:S1`s2:T2

(T-Abs)
Γ`λx:S1.s2:S1→T2

becomes

.

.

.

Γ,x:S1`s2:S2

(T-Abs)
Γ`λx:S1.s2:S1→S2

(S-Refl)
S1<:S1

.

.

.

S2<:T2

(S-Arrow)
S1→S2<:S1→T2

(T-Sub)
Γ`λx:S1.s2:S1→T2
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Example(T-SubwithT-Rcd)

foreachi

.

.

.

Γ`ti:Si

.

.

.

Si<:Ti

(T-Sub)
Γ`ti:Ti

(T-Rcd)
Γ`{li=ti

i∈1..n
}:{li:Ti

i∈1..n
}
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Intuitions

TheseexamplesshowthatwedonotneedT-Subto“enable”T-Absor

T-Rcd:givenanytypingderivation,wecanconstructaderivationwiththe

sameconclusioninwhichT-SubisneverusedimmediatelybeforeT-Absor

T-Rcd.

WhataboutT-App?

We’vealreadyobservedthatT-Subisrequiredfortypecheckingsome

applications.Soweexpecttofindthatwecannotplaythesamegamewith

T-Appaswe’vedonewithT-AbsandT-Rcd.Let’sseewhy.
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Example(T-SubwithT-Appontheleft)

.

.

.

Γ`s1:S11→S12

.

.

.

T11<:S11

.

.

.

S12<:T12

(S-Arrow)
S11→S12<:T11→T12

(T-Sub)
Γ`s1:T11→T12

.

.

.

Γ`s2:T11

(T-App)
Γ`s1s2:T12

becomes

.

.

.

Γ`s1:S11→S12

.

.

.

Γ`s2:T11

.

.

.

T11<:S11

(T-Sub)
Γ`s2:S11

(T-App)
Γ`s1s2:S12

.

.

.

S12<:T12

(T-Sub)
Γ`s1s2:T12
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Example(T-SubwithT-Appontheleft)
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Example(T-SubwithT-Appontheright)

.

.

.

Γ`s1:T11→T12

.

.

.

Γ`s2:T2

.

.

.

T2<:T11

(T-Sub)
Γ`s2:T11

(T-App)
Γ`s1s2:T12

becomes

.

.

.

Γ`s1:T11→T12

.

.

.

T2<:T11

(S-Refl)
T12<:T12

(S-Arrow)
T11→T12<:T2→T12

(T-Sub)
Γ`s1:T2→T12

.

.

.

Γ`s2:T2

(T-App)
Γ`s1s2:T12
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Example(T-SubwithT-Appontheright)
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Intuitions

Sowe’veseenthatusesofsubsumptioncanbe“pushed”fromoneof

immediatelybeforeT-App’spremisestotheother,butcannotbecompletely

eliminated.
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Example(nestedusesofT-Sub)

.

.

.

Γ`s:S

.

.

.

S<:U

(T-Sub)
Γ`s:U

.

.

.

U<:T

(T-Sub)
Γ`s:T

becomes

.

.

.

Γ`s:S

.

.

.

S<:U

.

.

.

U<:T

(S-Trans)
S<:T

(T-Sub)
Γ`s:T
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Example(nestedusesofT-Sub)
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Summary

Whatwe’velearned:

�UsesoftheT-Subrulecanbe“pusheddown”throughtypingderivations

untiltheyencountereither

1.auseofT-Appor

2.therootfothederivationtree.

�Inbothcases,multipleusesofT-Subcanbecollapsedintoasingleone.

Thissuggestsanotionof“normalform”fortypingderivations,inwhichthere

is

�exactlyoneuseofT-SubbeforeeachuseofT-App

�oneuseofT-Subattheveryendofthederivation

�nousesofT-Subanywhereelse.
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AlgorithmicTyping

Thenextstepisto“buildin”theuseofsubsumptioninapplicationrules,by

changingtheT-Appruletoincorporateasubtypingpremise.

Γ`t1:T11→T12Γ`t2:T2`T2<:T11

Γ`t1t2:T12

Givenanytypingderivation,wecannow

1.normalizeit,tomoveallusesofsubsumptiontoeitherjustbefore

applications(intheright-handpremise)orattheveryend

2.replaceusesofT-AppwithT-Subintheright-handpremisebyusesofthe

extendedruleabove

Thisyieldsaderivationinwhichthereisjustoneuseofsubsumption,atthe

veryend!
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MinimalTypes

But...ifsubsumptionisonlyusedattheveryendofderivations,thenitis

actuallynotneededinordertoshowthatanytermistypable!

Itisjustusedtogivemoretypestotermsthathavealreadybeenshownto

haveatype.

Inotherwords,ifwedroppedsubsumptioncompletely(afterrefiningthe

applicationrule),wewouldstillbeabletogivetypestoexactlythesamesetof

terms—wejustwouldnotbeabletogiveasmanytypestosomeofthem.

Ifwedropsubsumption,thentheremainingruleswillassignaunique,minimal

typetoeachtypableterm.

Forpurposesofbuildingatypecheckingalgorithm,thisisenough.
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FinalAlgorithmicTypingRules

x:T∈Γ

ΓÌx:T
(TA-Var)

Γ,x:T1
Ìt2:T2

ΓÌλx:T1.t2:T1→T2

(TA-Abs)

ΓÌt1:T1T1=T11→T12ΓÌt2:T2
ÌT2<:T11

ΓÌt1t2:T12

(TA-App)

foreachiΓÌti:Ti

ΓÌ{l1=t1...ln=tn}:{l1:T1...ln:Tn}
(TA-Rcd)

ΓÌt1:R1R1={l1:T1...ln:Tn}

ΓÌt1.li:Ti

(TA-Proj)
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Soundnessofthealgorithmicrules

Theorem:IfΓÌt:T,thenΓ`t:T.
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Completenessofthealgorithmicrules

Theorem[MinimalTyping]:IfΓ`t:T,thenΓÌt:SforsomeS<:T.

Proof:Inductionontypingderivation.

(N.b.:Allthemessingaroundwithtransformingderivationswasjusttobuild

intuitionsanddecidewhatalgorithmicrulestowritedownandwhatproperty

toprove:theproofitselfisastraightforwardinductionontypingderivations.)
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MeetsandJoins
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AddingBooleans

Supposewewanttoaddbooleansandconditionalstothelanguagewehave

beendiscussing.

Forthedeclarativepresentationofthesystem,wejustaddintheappropriate

syntacticforms,evaluationrules,andtypingrules.

Γ`true:Bool(T-True)

Γ`false:Bool(T-False)

Γ`t1:BoolΓ`t2:TΓ`t3:T

Γ`ift1thent2elset3:T
(T-If)
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AProblemwithConditionalExpressions

Forthealgorithmicpresentationofthesystem,however,weencounteralittle

difficulty.

Whatistheminimaltypeof

iftruethen{x=true,y=false}else{x=true,z=true}

?
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TheAlgorithmicConditionalRule

Moregenerally,wecanusesubsumptiontogiveanexpression

ift1thent2elset3

anytypethatisapossibletypeofbotht2andt3.

Sotheminimaltypeoftheconditionalistheleastcommonsupertype(orjoin)

oftheminimaltypeoft2andtheminimaltypeoft3.

ΓÌt1:BoolΓÌt2:T2ΓÌt3:T3

ΓÌift1thent2elset3:T2∨T3

(T-If)

DoessuchatypeexistforeveryT2andT3??
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TheAlgorithmicConditionalRule
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ExistenceofJoins

Theorem:ForeverypairoftypesSandT,thereisatypeJsuchthat

1.S<:J

2.T<:J

3.IfKisatypesuchthatS<:KandT<:K,thenJ<:K.

I.e.,JisthesmallesttypethatisasupertypeofbothSandT.
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Examples

Whatarethejoinsofthefollowingpairsoftypes?

1.{x:Bool,y:Bool}and{y:Bool,z:Bool}?

2.{x:Bool}and{y:Bool}?

3.{x:{a:Bool,b:Bool}}and{x:{b:Bool,c:Bool},y:Bool}?

4.{}andBool?

5.{x:{}}and{x:Bool}?

6.Top→{x:Bool}andTop→{y:Bool}?

7.{x:Bool}→Topand{y:Bool}→Top?
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Meets

Tocalculatejoinsofarrowtypes,wealsoneedtobeabletocalculatemeets

(greatestlowerbounds)!

Unlikejoins,meetsdonotnecessarilyexist.

E.g.,Bool→Booland{}havenocommonsubtypes,sotheycertainlydon’t

haveagreatestone!

However...
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'

&

$

%

ExistenceofMeets

Theorem:ForeverypairoftypesSandT,ifthereisanytypeNsuchthat

N<:SandN<:T,thenthereisatypeMsuchthat

1.M<:S

2.M<:T

3.IfOisatypesuchthatO<:SandO<:T,thenO<:M.

I.e.,M(whenitexists)isthelargesttypethatisasubtypeofbothSandT.

Jargon:Inthesimplytypedlambdacalculuswithsubtyping,records,and

booleans...

�Thesubtyperelationhasjoins

�Thesubtyperelationhasboundedmeets
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Examples

Whatarethemeetsofthefollowingpairsoftypes?

1.{x:Bool,y:Bool}and{y:Bool,z:Bool}?

2.{x:Bool}and{y:Bool}?

3.{x:{a:Bool,b:Bool}}and{x:{b:Bool,c:Bool},y:Bool}?

4.{}andBool?

5.{x:{}}and{x:Bool}?

6.Top→{x:Bool}andTop→{y:Bool}?

7.{x:Bool}→Topand{y:Bool}→Top?
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CalculatingJoins

S∨T=






















BoolifS=T=Bool

M1→J2ifS=S1→S2T=T1→T2

S1∧T1=M1S2∨T2=J2

{jl:Jl
l∈1..q

}ifS={kj:Sj
j∈1..m

}

T={li:Ti
i∈1..n

}

{jl
l∈1..q

}={kj
j∈1..m

}∩{li
i∈1..n

}

Sj∨Ti=Jlforeachjl=kj=li

Topotherwise
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CalculatingMeets

S∧T=


































SifT=Top

TifS=Top

BoolifS=T=Bool

J1→M2ifS=S1→S2T=T1→T2

S1∨T1=J1S2∧T2=M2

{ml:Ml
l∈1..q

}ifS={kj:Sj
j∈1..m

}

T={li:Ti
i∈1..n

}

{ml
l∈1..q

}={kj
j∈1..m

}∪{li
i∈1..n

}

Sj∧Ti=Mlforeachml=kj=li

Ml=Sjifml=kjoccursonlyinS

Ml=Tiifml=lioccursonlyinT

failotherwise
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