CIS 500 — Software Foundations

Midterm 11

Answer key
November 17, 2004



Simply typed lambda-calculus

The following questions refer to the simply typed lambda-calculus with booleans and error. The syntax, typing, and
evaluation rules for this system are given on page 1 of the companion handout.

1. (10 points) Write down the types of each of the following terms. If a term can be given many types,
you should write down the smallest one. If the term does not type check, write NONE.

(a) Ax: Bool —Bool —Bool . x true

Type:
Answer: ( Bool —Bool —Bool ) — Bool — Bool

(b) Ax: Bool . x X

Type:
Answer: NONE. There is no type that can be given to X to allow this term to type check.

(c) Ax: Bool —Bool . error x

Type:
Answer: (Bool —Bool ) — Bool

(d) Ax: Bool —Bool . Ay: Bool . xy error

Type:
Answer: NONE. X y has type Bool and may not be applied.

(e) try (Ax:Bool. if xthenerror el setrue) withfal se

Type:
Answer: NONE. Both parts of at ry term must have the same type.

Grading scheme: Binary. Two points per answer.



2. (10 points) Which of the following functions could evaluate to error when applied to a single value of
the appropriate type? Circle YES if there is some argument that could produce error and NO other-
wise.

(a) Ax:Bool . if xthentrueel sefal se

YES NO
Answer: NO, both t r ue and f al se arquments evaluate without error.

(b) Ax: Bool. if xthentrueel seerror

YES NO
Answer: YES, when applied to f al se the result is err or.

(c) Ax: Bool . Ay: Bool . if xthenyelseerror

YES NO
Answer: NO, when applied to a single arqument, the result is a lambda term.

(d) Ax: Bool —Bool . if (xtrue) thentrueel sefal se

YES NO
Answer: YES, when applied to Ay: Bool . error.

(e) Ax: Bool —Bool . if truethentrueel se(xfalse)

YES NO
Answer: NO, returns t r ue when applied to any value.

Grading scheme: Binary. Two points per answer.



3. (10 points) Suppose this language (the simply-typed lambda calculus with booleans and error, from
page 1 of the companion handout) were extended with tuples, using the following syntax, evaluation
and typing rules:

t = .. terms:
{tyietmy tuple
t.i projection
Vo= values:

{vi€"}  tuple value

Tu= .. types:
{Ti "} tuple type

{viE ) — vy (E-PROJTUPLE)

t; —t {
T (E-PROD

t j — t ]I
. i€l -1 . keEj+H..n . 1€l I keEj+H..n (E_TUPLE)

{Vl lt]ltk }—){V‘L |tj1tk }
foreachi T'Hti: T;
r '7 { t i iEl..n} : {T‘L iEl..n} (T_TUPLE)
Mty {Tyen

1 { i } (T-PRO])

Fhty.) @ T

(a) What additional rules must be added to the operational semantics so that the Progress Theorem
is true? Recall that the Progress Theorem states: If ) -t : T then eithert is a value,t iserror,
or thereexistsat ’ such thatt —t’.

Answer:
error.i —error (E-PROJERROR)
{vi 77 error,ty """} —error (E-TUPLEERROR)

Grading scheme: 2 points per rule. Partial credit given for small errors such as

ty —error

ti.i —error



(b) Complete the inversion lemma for tuples and projections in this calculus.
Ir-{ty* "} Rthen..
Answer: R={T; "} and foreachi, T+t Ti.

Ifrtt.j . Rthen...
Answer: THt @ {Ty '€} and R=T; for some1 <j <mn.

Grading scheme: 2 points each.

(c) Complete the canonical forms lemma for tuples in this calculus.
If v is a closed value of type { T; '™} then ...
Answer: V is a tuple of the form { v <"}

Grading scheme: 1 point for general form of a canonical forms lemma. 1 point for stating the correct lemma
exactly. For example, v is a tuple of the form { t 1 *<" "} was worth 1 point.



4. (9 points) In the simply-typed lambda calculus with error, booleans, let and tuples, we can encode
binary sums as a derived form.

inl t; as Ti;+T, d:ef{true, (AXx:Ty. Aa:Bool. x)tq, Aa: Bool . error}
inr t, as T1+T, def {fal se, Aa:Bool. error, (Ax: T,. Aa:Bool. x)t3}
case t of inl x93 =ty | inr x2:>t2d:Ef

let y =t in

if y.1then [x; — (y.2 true)] t;
else [x2 — (y.3 true)] t:

The following similar encodings are incorrect. Concisely describe why, using one or two sentences.

(@ inl ty; as T1+T2 Cl:ef{true, tq, error}
inr t, as Ti1+T2 def {false, error, t3}
case t of inl x9 =ty | inr xzétzdzef

let y =t in
if y.1then [x; — y.2] t,
else [x2 — y.3] t2
Answer: This encoding immediately evaluates to er r or, so it is impossible to determine whether the first
component of the tuple is true or false.

(b) inl t; as Ti+T; déf{true, t;, (Aa:Bool. error)}
inr t, as T1+T, def {false, (Aa:Bool. error), t,}
case t of inl x93 =ty | inr xzétzdzEf

let y =1t in
if y.1then [x; — y.2] t,
else [x2 — y.3] t

Answer: The encodings of i nl and i nr don’t produce terms of the same type.

(c) inl ty as T1+T2 def {true, (Aa:Bool. ty), (Aa:Bool. error)}
inl t, as T;+T, def {false, (Aa:Bool. error), (Aa:Bool.t;)}
case t of inl x3 = t; | inr x2 = t, def

let y =1t in
if y.1then [x; — (y.2 true)] t;
else [x2 — (y.3 true)] t2
Answer: The expression t 1 is only evaluated when the sum is examined, not when it is created. For
example i nl error as Bool + Bool should produce an error, but would not with this encoding.

Grading scheme: 3 points each.



References

The following questions refer to the simply typed lambda-calculus with references (and Uni t , Nat , Bool , and
| et ). The syntax, typing, and evaluation rules for this system are given on page 3 of the companion handout.

5. (12 points) Evaluating the expression

let x = ref (An:Nat. Q) in

let y =ref (An:Nat. (!x) n) in
let z =ref (An:Nat. ('y) n) in
('z) 3

beginning in an empty store yields:
Result: 0 Store: |1~ An:Nat. O
l2—An:Nat. (!l¢) n
l3—An:Nat. (!l2) n

Fill in the resulting values and final stores (when started with an empty store) for the following terms:

(a) let x =ref 0in
let y =ref xin
(ty) = 3;
X
Answer:
Result: | 4 Store: 11 — 3
|2'—>|1
(b) let x =ref 0in

let f = ref (AwRef Nat. w = succ (!x)) in
let g = Aa:Nat. (x := succ(a); ref a) in

(') (g ('x))
Answer:
Result: uni t Store: 11 —1
| 2 — Aw: Ref Nat. w. =succ (!l 1)
|3 — 2

(c) let f =ref (An:Nat. ref 500) in
f :=An:Nat. if iszero(n) then ref 0
else ref ( succ (!((!'f) (pred n)) ));

(1f) 3
Answer:
Result: | 5 Store: |1 — An:Nat. if iszero(n) then(ref 0)
el seref (succ (!(('l17)(predn))))

|2'—>O

|3'—>1

|4'—)2

|5'—)3

Grading scheme: One point for the result, three points for the store.



6. (8 points) Recall that the preservation theorem for the simply-typed lambda-calculus with references
is stated as follows:

THEOREM [Preservation]: If ' | X -t | Tandl'|ZF pandt |u—t' |y then, forsomeX’ D X,
MNz'Ft’: TandT | X'+ .
This theorem must be stated very carefully. Small changes to it can easily make it incorrect. For each of

the FALSE variants of the statement shown below, write down a counter-example that demonstrates
why that statement is incorrect.

For example, the statement:

HT|ZFt: TandT|ZFpandt [p—t'|pw' thenT |ZHt/: TandT | X Fp'.

is false because although () | 0 -ref 0:Ref Nat and @ |@+ Oandref 0|0 — 1]/1— 0,
itis not the case that # | - 1 : Ref Nat .

(@ T+t : Tandt [pu—t’ |y then, forsomeX’ DX, T |X'Ft’: TandT|XZ/F '
Answer: 0 |1:Nat F!l:Nat,and!l|l=true —true|l=true.
However, thereisno £’ D 1: Nat such that 9 | Z' - true : Nat

) fTrfZr-t:: TandT |ZF pandt |p—t’ |y then forallX D X, T|X'+t’: Tand
N'eu.
Answer: O |0+ref 0:Ref Nat,and(0 |0+ Qandref 0|0 — 1|1 =Ref Nat.

However, it is not the case that an arbitrary extension X of the empty context () will allow the derivation
of 0| X+ 1: Ref Nat, only those extensions that map 1 to Nat .

Grading scheme: Each part worth four points. 0 pts for a blank answer, 1 point if realized the statement was
false, 2 points if realized a counterexample was needed, 3 points if the counterexample was almost correct and 4
points for producing a valid counterexample.



7. (21 points) Intuitively, type soundness for a language states that if a closed term is well-typed and
evaluates (using multi-step evaluation) to a normal form, that normal form will be a value. In other
words, closed well-typed terms will not get stuck. We can state this idea precisely for the language
with references in the following manner:

THEOREM [Type Soundness]: If § [ X -t : Tand 0 | X - pandt |p—"t'[p andt’ | p' /=,
thent ’ is a value.

Recall also to the progress theorem for the simply-typed lambda calculus with references:

THEOREM [Progress]: If 0 | L+t © Tand ) | X - p then either t is a value, or else, for any u such
that § | Z - p, there is some term t / and store p’ such thatt |u — t’ | p'.

(a) Given the following definition of multi-step evaluationt | p —" t ' | g/, prove type soundness
by induction on this derivation using the progress and preservation theorems. Note, your proof
must be concise as well as correct. Extraneous information not necessary for the proof (whether
true or false) will be counted against you.

tlp—"t | (EV-DONE)

tl—t/ 't =t |

EV-STEP

i — t 7 ( :

Answer: Proof is by induction on the derivation of t | @ —"t /| . In each case we are trying to show
that t " is a value.

o case [EV-Done] Supposet | . —" t | w. In this case t' = t and u' = p. By the progress theorem,
either t is a value or there is some t ' and w' such thatt | @ — t ' | w'. However, we know that
t | w 4>, sot must be a value.

o case [EV-Step] Suppose thatt | —"t " | n”, wheret |p —tq [wandt|p —"t"7 | pn”.
In this case, t '=t " and p’ = n".
By the preservation theorem, we know that for some L' D L, Q| X' Ft1:Tand 0| Z' F .
Because we know that t 1 and p are well typed, we may apply induction and conclude that t " is a
value.

Grading scheme: The proof was worth 12 points. Roughly, 3 of those points were for setting up the cases
correctly, 3 points for the EV-DONE case and 6 points for the EV-STEP case. Points were deducted for
using the wrong lemma in the wrong case, for using the induction hypothesis incorrectly, for extraneous
information and for minor mistakes or ommissions. No points were awarded for answers that tried to prove
the wrong theorem (such as preservation or progress) and no points were awarded for students who tried
to prove the lemma by induction on the the typing relation or single-step evaluation relation. (Although
it may be possible to develop a convoluted proof in this manner, students who tried this route quickly lost
track of what they were trying to prove.)



(b) Suppose we eliminated the typing rule T-LOC from the type system of the simply typed lambda-
calculus with references.

i. Is the preservation theorem still true? If so, give a short explanation why. If not, write down
a counter-example.
Answer: No, because the term r ef 0 is well-typed, but it steps to a location 1 that cannot be typed
without T-LOC.

ii. Is the progress theorem still true? If so, give a short explanation why. If not, write down a
counter-example.
Answer: Yes. Eliminating typing rules does not change the progress theorem. Although fewer closed
terms type check, those that do (and are not values) must still step by the progress theorem of the
original language.

iii. Does type soundness still hold? If so, give a short explanation why. If not, write down a
counter-example.
Answer: Yes. The above proof is not the only way to prove type soundness. In this case, any term that
type checks in the system without T-LOC also type checks in the original system. Type soundness
of the original system specifies that the term must evaluate to a value, which is all that is required
for type soundness to hold for the language without T-LOC. (Note that the value may not be typable
without T-LOC, but that is not required by the type soundness theorem.)

Grading scheme: 1 point for the answer and 2 points for the counterexample or reason. Partial credit awarded
for part iii if part i was wrong and the reason read that “since progress and preservation are still true, type
soundness is still true.”



Companion handout

Full definitions of the systems
used in the exam



Simply typed lambda calculus with error (and Bool )

Syntax
t o= terms
error run-time error
true constant true
fal se constant false
iftthent elset conditional
X variable
AX: Tt abstraction
tt application
v o= values
true true value
fal se false value
AX:T. t abstraction value
T o= types
T-T type of functions
Bool type of booleans
I o= contexts
0 empty context
mx:T term variable binding

Evaluation

iftruethent,elset; —t> (E-IFTRUE)
if falsethent,elset; —t3 (E-IFFALSE)
14 —)t{
. . (E-TF)
iftithentelset; —iftjthent,elset;
if errorthent,elset; —error (E-IFERR)
errort, —error (E-APPERRI1)
Vierror —error (E-APPERR2)
tq —>t€
_ (E-APPr1)
t1t2—>t;t2
t, —t}
L S (E-APP2)
V]'[z—)V]té
(AX: Ti1.t12) V2 — X > Vo]t 12 (E-APPABS)



Typing
x:Tel
Frex:. T
Ix:TikFty: Ty
FEAX: Tyt T1—oT)

'ttqy: T11—oTh2 Nty Toq

Tttty Tq2
"Htrue . Bool
['fal se: Bool

I'ktq: Bool Mt T MHts

l'Fiftithentselsetsz: T
'error . T

Fr=t . T

(T-VAR)

(T-ABS)

(T-APP)

(T-TRUE)
(T-FALSE)

(T-IF)

(T-ERROR)



Simply typed lambda calculus with references
(and Uni t, Nat , Bool ,and | et)

let x=tint
uni t

AX: Tt

tt

ref t

It

true

fal se
iftthent elset
0

succt

predt

iszerot

uni t
AX:T. t

true
fal se
nv

Uni t
T—-T
Ref T
Bool

wl=v

terms

variable

let binding
constant uni t
abstraction
application
reference creation
dereference
assignment
store location
constant true
constant false
conditional
constant zero
successor
predecessor
zero test

values

constant uni t
abstraction value
store location
true value

false value

numeric value

types

unit type

type of functions

type of reference cells
type of booleans

type of natural numbers

stores

empty store
location binding

contexts

empty context
term variable binding

store typings

empty store typing
location typing



nv =

0

succ nv
Evaluation

let x=vyjintylu— [X—=viltalpn

tilp—tilu

let x=tyintyp—let x=tjint,lpu

tilp—tylp

titalp—tita|p

tolu—t)|y

Vitap— vyt |y
(7\XZT11.'[]2) Vz\uH[X HVZ]tIZM/L

L ¢ dom(p)
ref vilpu—1|(k,l—vy)

tilp—tylp

reft;|jp—refty|p

w(l) =v
"Mp—vip

tilp—typ

g fp—tty |y
L=vy|u—unit |[l—vylu

tilp—tylp

t1Z=t2‘p—>t1Z=t2|u/

tolp—ts|p

Viisty lp—vyi=ts |y
iftruethentselsetszlu—tylp
iffalsethent,elsetslu—tslp

tilp—tglp

iftithent,elsetsjp—iftjthentelset;|p’

tilp—tglp

succtq|p— succtqlp’
predOjpu— 0|
pred(succnvy)|pu—nvylp

tylp—tqlp

predt lp—predtilp

numeric values
zero value
successor value

\t lp—t [
(E-LETV)

(E-LET)

(E-APP1)

(E-Arr2)
(E-APPABS)

(E-REFV)

(E-REF)

(E-DEREFLOC)

(E-DEREF)
(E-ASSIGN)

(E-ASSIGN1)

(E-ASSIGN2)

(E-IFTRUE)
(E-IFFALSE)

(E-IF)

(E-Succ)

(E-PREDZERO)

(E-PREDSUCC)

(E-PRED)



iszeroOlpu—truelu (E-ISZEROZERO)
iszero(succnvy)|u—falselpn (E-IszEROSUCC)

tilp—tilu

E-ISZERO
iszerotqlp—iszerotj|p ( )

MNXkFunit: Unit (T-UNIT)
X:TeTl
- (T-VAR)
NMkEx: T
Ix:Ti|ZFt: T
1] 20 T2 (T-ApS)
NMNXIEAMX:Ti.t2: T1—=T>
MNIktq: T11T MXIkEt,: T
| 1 11—T12 | 2 11 (T-App)
MNxXxkttqty: Toz
(=T
(T-LoC)
NNk1: Ref Ty
MNkt;: T,
(T-REF)
NNxXkreft ;. Ref Ty
FlZFtﬁ Ref T1q
(T-DEREF)
Mklt;: Ty
FlZ#h:Rean F\ZthiTn
- (T-ASSIGN)
MNXkty:=t,: Unit
I'+true: Bool (T-TRUE)
I't+fal se: Bool (T-FALSE)
't . Bool Mt ! T Mt T
_ (T-IF)
'Fiftiythentyelsets: T
'O . Nat (T-ZERO)
'ty . Nat
(T-Sucq)
["Fsucct . Nat
'ty . Nat
(T-PRED)
lFpredt;: Nat
'ty : Nat
- (T-ISZERO)
'Hiszerot;: Bool
ety T IXx:TiHt: T
1 1 1 2 2 (T-LET)

Nlet x=t7int,: T



