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Instructions

This is a closed-book exam.

You have 80 minutes to answer all of the questions. The entire exam is worth 80 points for students
in section 002 and 90 points for students in section 001 (there is one PhD-section-only problem).

Questions vary significantly in difficulty, and the point value of a given question is not always exactly
proportional to its difficulty. Do not spend too much time on any one question.

Partial credit will be given. All correct answers are short. The back side of each page and the companion
handout may be used as scratch paper.

Good luck!



References

The following problems concern the simply typed lambda calculus with references. This system is summarized
on page 4 of the companion handout.

1. (5 points) Give a well-typed term whose evaluation (beginning in the empty store) will produce the
following store when evaluation terminates:

(l1 = Ax:Nat. (o) x,
Iy — Ax:Nat. (!11) x)

2. (8 points)

(a) Give a well-typed term whose evaluation (beginning in the empty store) will produce the following
store when evaluation terminates.
n= (ll — 5,
12 g llv
13 = l2)

(b) Give a store typing ¥ corresponding to this store (i.e., such that 0|X F u).



3. (8 points) Is there a well-typed term whose evaluation (beginning in the empty store) will produce
the following store when evaluation terminates?

M= (ll = 12;
la — I3,
l3 l—>l1)

If so, give it. If not, explain briefly why no such term exists.



Exceptions

This problem concerns the simply typed lambda calculus with exceptions carrying numeric values—i.e.,
the system defined in TAPL Section 14.3, where the “exception type” T, is taken to be Nat. This
system is summarized on page 1 of the companion handout.

. (9 points) For each of the following terms, first check whether the term is well typed. If it is, write its
type (if the term has multiple types, pick any one of them) and give the final result of evaluating the
term (which will be either a value or raise nv for some numeric value nv). If it is not, write ill typed.

(a) raise (if raise 1 then raise 2 else raise 3)
(b) try
succ (raise 4)
with

(Ax:Nat. true)

(c) (try
(Ax:Nat. raise 5)
with
(Ax:Nat. x))
6



Subtyping

The following problems concern the simply typed lambda calculus with subtyping (and records and
variants). This system is summarized on page 7 of the companion handout.

5. (8 points) Draw a derivation tree for the following subtyping statement:

{a:Top, b:{}—{}, c:{x:Nat}} <t {b:{}—Top, c:{}}



6. (20 points)
Recall the following properties of the simply typed lambda-calculus with subtyping:

e Progress: If =t : T, then either t is a value or else t — t’ for some t’.
e Preservation: f 't : Tandt — t/,then 'FH1t’ : T.

Each part of this exercise suggests a different way of changing the language. (These changes are not
cumulative: each part starts from the original language.) In each part, indicate (by circling TRUE or
FALSE) whether each property remains true or becomes false after the suggested change. If a property
becomes false, give a counterexample.

(a) Suppose we add the following typing rule:

I'Ft:S;—Sy S1 <: Sy S < Sy Sy <: Ty
't :T1—Ts

Progress: TRUE FALSE. For example. ..

Preservation: TRUE FALSE. For example. ..

(b) Suppose we add the following evaluation rule:

{} — (Ax:Top. x)

Progress: TRUE FALSE. For example. . .

Preservation: TRUE FALSE. For example. ..



(c¢) Suppose we add the following subtyping rule:

<> < {}
Progress: TRUE FALSE. For example. ..
Preservation: TRUE FALSE. For example. ..

(d) Suppose we add the following subtyping rule:

{3< <
Progress: TRUE FALSE. For example. ..
Preservation: TRUE FALSE. For example. ..



7. (22 points) Fill in the missing steps in the proof of the subtyping inversion lemma for arrow types
from Chapter 15. Your wording does not need to exactly match what is in the book or lecture notes,
but every step required in the proof (use of an assumption, use of the induction hypothesis, or use of
a subtyping rule) must be mentioned explicitly.

Lemma: If S <: T{—Ts, then S has the form S;—8s, with Ty <: 8; and S5 <: Ts.

Proof: By induction on subtyping derivations. By inspection of the subtyping rules, it is clear that the
final rule in the derivation of S <: T;{—Ts must be S-REFL, S-TRANS, or S-ARROW.

Case S-REFL: S=T1—T,

Case S-TRANS: S<: U U< T1—Ty

Case S-ARROW: S=851—S2 T: <0 S So <: Ty



8. (10 points) (For students in the PhD section only.)

Section 15.5 in the book discusses two ways of combining subtyping with references. The first uses just
the Ref type constructor, with a simple subtyping rule:

S1<i Ty T: <0 S

(S-REF)
Ref S <: Ref Ty

The second, more refined, treatment introduces two new type constructors, Source and Sink—intuitively,
Source T is thought of as a capability to read values of type T from a cell (but which does not permit
assignment), while Sink T is a capability to write to a cell. Ref T is intuitively a combination of these
two capabilities, giving permission both to read and to write.

The typing rule for reference creation returns a Ref (it is unchanged from Chapter 13), while the rules
for dereferencing and assignment are changed to demand only the appropriate capability. The details
of these rules are not important for this question, but they are reproduced, for reference, on 9 of the
companion handout.

The subtyping relation is extended with a rules stating that the Source constructor is contravariant,
the Sink constructor is covariant, and the Ref constructor can be promoted to either Source or Sink.

S <: Ty

(S-SOURCE)
Source S; <: Source T,

T; <: S

- ! 1 (S-SINK)
Sink S; <: Sink T;

Ref T; <: Source Ty (S-REFSOURCE)
Ref T; <: Sink Ty (S-REFSINK)

If we know that S <: T and we know something about the shape of T, the subtype inversion lemma
gives us information about the shape of S and the subtype relationships that must hold between the
sub-expressions of S and T. For example, question 7 above asked you to prove the arrow case.

Fill in appropriate statements for the cases of the subtyping inversion lemma for the constructors Ref,
Source, and Sink. You do not need to give proofs.

(a) If S <: Ref Ty, then

(b) If 8 <: Source Ty, then

(c) If 8 <: Sink Ty, then



Companion handout

Full definitions of the systems
used in the exam



Simply-typed lambda calculus with error handling (and numbers and

booleans), using Nat as the T.,, type

Syntaz
t = terms
true constant true
false constant false
if t then t else t conditional
0 constant zero
succ t successor
pred t predecessor
iszero t zero test
X variable
Ax:T.t abstraction
tt application
raise t raise exception
try t with t handle exceptions
v ou= values
true true value
false false value
nv numeric value
Ax:T.t abstraction value
nv = numeric values
0 zero value
succ nv successor value
T == types
Bool type of booleans
Nat type of natural numbers
T—T type of functions
r = type environments
) empty type env.
Evaluation t —t
if true then ty else t3 — tg (E-IFTRUE)
if false then ty else t3 — tg3 (E-IFFALSE)
t; — t!
. —— (E-Ir)
if t; then ty else t3 — if t}] then ty else t3
t; — t!
L (E-Succ)
succ t; — succ tj
pred 0 — 0 (E-PREDZERO)
pred (succ nvy) — nvy (E-PREDSUCC)



t, — t)

pred t; — pred t}
iszero 0 — true
iszero (succ nvy;) — false

t, — t)

iszero t; — iszero tj

tp — t)

t1 to — t] to

ty — th

vy to — vy t/2
(Ax:Ty1.t12) Vo — [x — valtio
(raise vy1) to — raise vy
vi; (raise vg1) — raise voj

t] — t]

raise t; — raise t]
raise (raise vy;) — raise vyip
if raise vy; then ts else t3 — raise vy
try vy with to — vy

try raise vi; with tg
— t2 Vi1

ty — t)

try t; with to — try t] with to

Typing
I' F true : Bool

I'F false : Bool

I'Ft; : Bool I'Fty: T I'Ht3:T
I'Hif t; then to else t3 : T

'O : Nat

I't; : Nat
I'F succ t; : Nat

2

(E-PRED)

(E-ISZEROZERO)

(E-IszEROSUCC)

(E-ISZERO)

(E-APP1)

(E-ApP2)

(E-ApPABS)
(E-APPRAISE])

(E-APPRAISE2)

(E-RAISE)

(E-RAISERAISE)
(E-IFRAISE)

(E-TRYV)

(E-TRYRAISE)

(E-Try)

F-t:T
(T-TRUE)

(T-FALSE)

(T-IF)

(T-ZERO)

(T-Succ)



'+t : Nat
I'Fpred t; : Nat

'+t : Nat

I' iszero t; : Bool

x:Tel
I'kx:T

I'x:T1 Ftg : Ty
I'FAx:Ty.tg : T1—Ts

'ty : T11—Ti2 'ty

T11

T'Fty tg @ Tio

'+t : Nat
I'raise t1 : T

'ty :T I'Fty : Nat—T

I'Ftry t; with t9 : T

(T-PRED)

(T-ISZERO)

(T-VAR)

(T-ABS)

(T-App)

(T-ExN)

(T-TrRY)



Syntax

Simply-typed lambda calculus with references

unit

X
Ax:T.t
tt

ref t

't

t:=t

l

true
false

if t then t else t
0

succ t
pred t
iszero t

unit
Mx:T.t

true
false
nv

Unit
T—T
Ref T
Bool
Nat

succ nv

(and Unit, Nat, Bool)

terms
constant unit
vartable
abstraction
application
reference creation
dereference
assignment
store location
constant true
constant false
conditional
constant zero
SUCCESSOT
predecessor
zero test

values
constant unit
abstraction value
store location
true value
false value
numeric value

types
unit type
type of functions
type of reference cells
type of booleans
type of natural numbers

stores
empty store
location binding

type environments
empty type env.
term variable binding

store typings
empty store typing
location typing

numeric values
zero value
successor value



Evaluation

talp — 1l

t1 tolp — t] oy

talp — ol

V1 tolp — vy to|u

(Ax:Tqy1.t12) VQ‘,U, — [X — V2]t12|‘LL

L ¢ dom(y)
ref vi|p — I, I — vy1)

talp — |

ref ti|u — ref t)|y

p(l) =v
Hlp — vl

tilp — [y

oy |p — ey |y
l:=vo|p — unit|[l — vaolu

tilp —

t1 :=t2"u — tll :=t2|,u’

tolp — ta|p

vy i=to|p — vy i=th |y

if true then ty else t3lu — tao|u

if false then to else t3|u — t3|u

t1lp — £

if t; then ty else t3|u — if t} then tp else t3|y’

£1lu — 4l

succ ti|p — succ th|y

pred 0|y — Olu

pred (succ nvy)|u — nvy|p

tilp —

pred ti|u — pred t}|y’
iszero O|u — true|u
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tlp — |

(E-AppP1)

(E-APP2)
(E-APPABS)

(E-REFV)
(E-REF)
(E-DEREFLOC)

(E-DEREF)
(E-ASSIGN)

(E-ASsIGN])

(E-ASSIGN2)

(E-IFTRUE)

(E-IFFALSE)

(E-Tr)

(E-Succ)

(E-PREDZERO)

(E-PrREDSUCC)

(E-PRED)

(E-ISZEROZERO)



iszero (succ nvy)|u — false|u

talp — 1l

. . !/ /!
iszero ti|p — iszero ti|u

Typing
¥ F unit : Unit

x:Tel
MN¥kFx:T

F,XZTl‘El_tg Ty
[XF Ax:Ty.tg : T1—To

F|Z Fty:Ti1—Ti2 F‘Z Fty: Ty
F|E Fty tg @ Tia

S() =T,
F|E F 1 : Ref Ty

F|Z Fty 1Ty
I|>Fref t; : Ref Ty

F|Z F+tq : Ref Ty
F|E Fity r Ty

F|E Ft, : Ref T11 F|E Fto @ T1p
DX F ty:=ty : Unit

'Y F true : Bool
X F false : Bool

F|E|‘t1 . Bool F|E}_t2 T F|E|‘t3 T
I Fif t; then to else t3 : T

T[S FHO : Nat

ISkt : Nat
¥+ succ tp : Nat

[ Ft; : Nat
|2+ pred t; : Nat

DX+ t; : Nat
X F iszero t; : Bool

(E-IszEROSUCC)

(E-ISZERO)

(T-UniT)

(T-VAR)
(T-ABs)
(T-App)
(T-Loc)
(T-REF)
(T-DEREF)

(T-ASSIGN)

(T-TRUE)

(T-FALSE)
(T-Ir)
(T-ZERO)

(T-Succ)
(T-PRED)

(T-ISZERO)



Simply-typed lambda calculus with subtyping
(and records and variants)

1" ', {lz=t’L iEI..n} : {ll:TZ ’LEI..n}
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Syntaz
t = terms
X variable
Ax:T.t abstraction
tt application
{1;=t; """} record
t.1 projection
<l=t> (no as) tagging
case t of <1;=x;>=t; ‘" case
v ou= values
Ax:T.t abstraction value
{1;=v; €'} record value
T = types
{1;:T; "} type of records
Top mazimum type
T—T type of functions
<1;:T; €-m> type of variants
I == type environments
1] empty type env.
Evaluation t—t/
t; — tf
1—/1 (E-APpP1)
t1 to —t] to
ty — t)
2—2/ (E-APP2)
vy to — vy ty
(Ax:Tq1.t12) vg — [X — V2]t12 (E-APPABS)
{1=v; ¢ "}.1, — v; (E-ProJRcCD)
case (<1;=v;> as T) of <1;=x;>=t; ‘""" — [x; — vj]t; (E-CASEVARIANT)
to — ¢
__ 2 ; ‘ (E-CASE)
case tg of <1;=x;>=t; '¢'"" — case t; of <1;=x;>=t; """
t; — t
: L (E-VARIANT)
<l;=t;> as T—<1;=t;> as T
Typing 't :T
foreachi¢ T'Ft; :T;
(T-Rcp)



I ty - {li:Ti iGI..n}

(T-ProJ)
F"tl.lj : T]‘
:Tel
— (T-VAR)
I'HFx:T
I''x:T1 Ftg @ Ty (T_ABS)
I'EAx:T1.ty ¢ T1—To
'k t1 ¢ T11—Ti2 '+ to @ Tq (T_APP)
].—‘Ftl to : Tqo
'kt :s S< T (T-SuB)
-OUB
'kt :T
'kt : Ty

T-VARIANT
I'F<1i=t1> : <1;:T1> ( )

'k to ¢ <1;:T; i€l.my
foreach: T, x;:T;FHt;:T

‘ (T-CAsE)
Tk case ty of <l;=x;>=>t; ‘€™ : T

Subtyping o
S<s (S-REFL)

S<iU Ui T
(S-TRANS)

S<tT

S <: Top (S-Top)

T, <8 S, < T
: , : : (S-ARROW)

S1—8y <t T;—Ty
{1,:T; €t} < {1;:T; €0} (S-RepWIDTH)

foreachi S;<i T;
{12,:31. ielhn} <: {lsz i€1..n}

(S-RcpDEPTH)

{k;:S; ’¢'""} is a permutation of {1;:T; *¢"-"}

, , S-RcDPERM
{kj :Sj .761..71} <: {1i:Ti 7.61..71.} ( )

<1;:T; €m> < <1;:T; i€tk (S-VARIANTWIDTH)

foreachi S; < T;
<1i:si i€l.ny L <1i:Ti i€l.ny

(S-VARIANTDEPTH)

<k;:8; 7€'""> is a permutation of <1;:T; <" ">
<kj !Sj JEL..my <: <1i:Ti i€l ny

(S-VARIANTPERM)



Typing rules for Source, Sink, and Ref constructors

ISkt : Ty
T|XFref t; : Ref Ty

IXF t; : Source Ty
F|E Fity Ty

F|E Ft; : Sink Ty F|E Fty @ T
F|Z Ft1:=ty : Unit

(T-REF)

(T-DEREF)

(T-AssICGN)



