The Structure of Hidden Markov Models

e Have N states, statek... N

e Without loss of generality, tak& to be the final or stop state
e Have an alphabek’. For exampleX = {a, b}

e Parameterr; for: = 1... N is probability of starting in state

e Parametew,; fori = 1...(N —1),andj = 1...N is
probability of state following state:

e Parameteb;(o)fori =1...(N—1),ando € K is probability
of state: emitting symbob



An Example

e Take N = 3 states. States afé, 2, 3}. Final state is stata.
e AlphabetK = {the, dog}.

e Distribution over initial state i1g; = 1.0, m, = 0, 13 = 0.

e Parameters,; ; are

J=1])=2 | =3

=1105{05|0
=20 |05|0.5

e Parameters; (o) are

o=the | o=dog
=109 |0.1
=21 0.1 |0.9




A Generative Process

e Pick the start state; to be state: for : = 1... N with
probabillity ;.
o Sett =1
e Repeat while current statg is not the stop state\():
— Emit a symbob, € K with probabilityb,, (o)

— Pick the next state,,; as statg with probabilityas, ;.
—t=t+1



Probabilities Over Sequences

e An output sequenceis a sequence of observations. . . oy
where eacly, € K

e.g.the dog the dog dog the

e An state sequences a sequence of states. . . s; where each
S; € {1 ce N}
eg.121221

e HMM defines a probability for each state/output sequence pair

e.g.the/l dog/2 the/1 dog/2 the/2 dodias probability
T bl (the) 1,2 bg(dOg) a2 1 bl (the) ai,2 bg(dOg) a2 2 bz(the) a2 1 bl(dog)al,g

Formally:

T

P(Sl...ST,Ol...OT) —7T1><<H P(Sz ‘ 811)>X<HP<01 | SZ)> XP<N|ST)

=1



A Hidden Variable Problem

e We have an HMM withV = 3, K = {e, f, g, h}

e We see the followingutput sequencesn training data

9
h
h
9

e How would you choose the parameter valuessgra, ;, and



Another Hidden Variable Problem

e We have an HMM withV = 3, K = {e, f, g, h}
e We see the followingutput sequencesn training data

h

9
9

® ™= 0D 0D
5> Q I

e How would you choose the parameter valuessgra; ;, and



A Reminder: Models with Hidden Variables

e Now say we have two set¥ and)’, and a joint distribution
P(X,Y | ©)

e If we hadfully observed data (X, Y;) pairs, then
L(©) = ZlOgP(Xz',Yz' | ©)

¢ |f we havepartially observed data, X; examples, then

L(®) = > logP(X;|06)

= > log > P(X;,Y|0O)

1 Yey



Hidden Markov Models as a Hidden Variable Problem

e We have two setsX and ), and a joint distribution
P(X,Y | ©)

e In Hidden Markov Models:
eachz € X is an output sequencg. .. or
eachy € X Is an state sequenee. . . st



Maximum Likelihood Estimates

e We have an HMM withV = 3, K = {e, f, g, h}
We see the followingpaired sequencesn training data

e/l g/2
e/l h/2
fl1 h/2
fll g/2

e Maximum likelihood estimates:
1 = 10,

Ty = OO,

J=1

J=2

Ty — 0.0
J=3

for parameters; ;:

1l
N

for parameters;(o):




The Likelihood Function for HMMSs:
Fully Observed Data

e Say(x,y) =401...0r,81...87}, and

f(i,7,2z,y) = Number of times statg follows statei in (x,y)
f(i,z,y) = Number of times stateis the initial state in (x,y) (1 or 0)
f(i,0,z,y) = Number of times stateis paired with observation

e Then

P(ZE, y) — H W{(i,x,y) H a{gz 7, T,Y) H bz (O)f(i,o,ac,y)

i€{1...N—1} ie{l...N—1}, ie{l...N—1},
je{1...N} ocK



The Likelihood Function for HMMSs:
Fully Observed Data

e If we have training examples;, y;) forl =1...m,

m

Z log P(xlv yl)

[=1

- f: ( Z f(i,l'l,yl) lOgﬂ',L- +

=1 \ie{l..N—1}

L(O)

Z f(zaja xlayl) loga’i,j T

1€{1...N—1},
je{l..N}

> fi,0,2,y)logbi(o)

1€{1...N—1},
oe K



e Maximizing this function gives maximume-likelihood
estimates:

— Zl f(iaxlvyl)
LS Sk @, )

a . — >0 gz, y)
” >k S Ry T, yn)

— Zlf(i707xl7yl)
Zl ZoleK f(Z, 0/, Xy, yl)

b;(0)



The Likelihood Function for HMMSs:
Partially Observed Data

e If we have training examples;) for/ =1...m,

L©) = Y logX Plary)

m

Y. > P(y|x,07")log P(x,y | ©)

=1 vy

Q(©,0')



m

QO,0") =>"> Pylz, 0| > fli,x,y)logm +

I=1 y ie{l1..N—1}

Z f(’l:,j,ZCl,y) log Qg5 + Z f(7’7 07:Cl7y) log b’L(O)
ie{l...N—1}, ie{l...N—1},
je{l...N} oceK

Z g(Z,Qfl)lOgﬂ'Z—FZ g(iajaajl)logai,j +Z g(i,O,;Cl)lOgbi(O)

1\ ie{l...N—1} ie{l...N—1}, ie{l...N—1},
je{l...N} o€ K

™m
=

where eacly is anexpected count

giom) = 3Py o€ ) [ y)
Yy
g(iajaxl) — ZP(y|xl7®t_l)f(i7jaxlay)
Yy

g(i707 CE‘[) — ZP<y | xla@t_l)f<i707xlvy)
Yy



e Maximizing this function gives EM updates:

> 9(1, 1) o 2191, J, 1)

T, = N b(O) _ Zlg(i707xl)
Z Zl Zk; g(k,ZCl) " Zl Zkz g<i7k7xl) Z

a Zl ZO’GK 9(7;7 0/7$l>

e Compare this to maximum likelihood estimates in fully
observed case:

Zl f(iaxlayl) o Zl f(iajaxlayl) b(O)_ Zl f(iaoaxlayl)

e 21 2k J (R i y1) e DSk y) N 2.1 ZO’EK f(i, 0z, y1)



A Hidden Variable Problem

e We have an HMM withV = 3, K = {e, f, g, h}

e We see the followingutput sequencesn training data

9
h
h
9

e How would you choose the parameter valuessgra, ;, and



e Four possible state sequences for the first example:

e/l g/1
e/l g/2
el2 g/1
el2 g/2



e Four possible state sequences for the first example:

e/l g/1
e/l g/2
el2 g/1
el2 g/2

e Each state sequence has a different probability:

e/l g/l mia1,1a1,3b1(e)b1(g)
e/l qg/2 m1a1,202,3b1(€)b2(g)
el2 g/l Taas,101,3b2(€)b1(g)
el2 g/2 Taa2,202 3b2(€)b2(g)



A Hidden Variable Problem

e Say we have Initial parameter values:

7'('1:0.35, 7'('2:0.3, 7T3:O.35

a;; || ]=1 (=2 | ]=3 b;(0) | o=e | o=f | o=g | 0=h
=11] 0.2|0.3|05 =1 | 0.2 025 0.3 |0.25
=21 0.3|0.2|05 =2 ||0.1 0.2 {03 |04

e Each state sequence has a different probability:

e/l g/l miai,1a1,3b1(e)b1(g) =0
e/l g/2 7T16L1,26L273b1(6)b2(g) = (0.00315
e/l2 g/l Taaz,1a1,3b2(€)b1(g) =0
e/2 g/2 Taaz,2a2,3ba(€)ba(g) = 0



A Hidden Variable Problem

e Each state sequence has a different probability:

e/l g/l 7T1a171a173b1(6)b1(g) 0.0021
e/l g/2 7'('10,1’20,2’3[)1(6)[)2(9) 0.00315
e/?2 g/l 7'('2&271&173[)2(6)[)1(9) 0.00135
e/2 g/2 7'('20,2’20,2’3192(6)[)2(9) 0.0009

e Each state sequence has a differemmditional probability,

e.g.:
0.0021
P(11 = =02
(111€96) = 55021 1 0.00315 + 0.00135 1 0.0000 _ -2
e/l g/l P(11|eg®)=0.28
e/l g2 P(12]eg®)=0.42
el2 g/l P(21|eg®©)=0.18
el2 g2 P(22]eg®©)=0.12




fill in hidden values for (e g), (e h), (fh), (fg)

e/l
e/l
el2
el2

e/l
e/l
el2
el2

f/1
f/1
f/2
f/2

f/1
f/1
f/2
f/2

g/l
g/2
g/l
g/2

h/1
h/2
h/1
h/2

h/1
h/2
h/1
h/2

g/l
g/2
g/l
g/2
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eg0)=0.28

ego) =042

eg©)=0.18

ego)=0.12

eh®)=0.211
e h®) = 0.508
eh©)=0.136
eh©)=0.145
fh,©) =0.181
fh,0) =0.434
fh,0) =0.186
fh,©) =0.198
fg,0©) =0.237
fg,0) = 0.356
fg,0)=0.244
fg,0) =0.162



Calculate the expected counts:

> " g(1,2;) = 0.28 + 0.42 + 0.211 + 0.508 + 0.181 + 0.434 + 0.237 + 0.356 = 2.628
l
S g(2.a) = 1372
Y gB,a) = 00
> g(1,1,2) = 0.28+0.211+ 0.181 + 0.237 = 0.910
Sg(1,2,) = 172
Y g2, 1,m) = 0.746
> 9(2,2,2) = 0.626
S g(1,3,2) = 1.656

> 9(2,3,m) = 2.344






Calculate the expected counts:

Zg e,x;) = 0.28+0.42+0.211+0.508 = 1.4
Zg 1, f,z) = 1.209
)

> g(lg,m) = 0941
l

> g(Lhm) = 0827
)

Zg(Q,e,xl) = 0.6
l

> 92 f,a) = 0385
[

Zg(Q,g,xl) = 1.465
l

> 9(2,h,z) = 1173
[



Calculate the new estimates:

_ > 9(1, @) B 2.628
TS L)+ 3,92 )+ >, 9(3,m)  2.628+1.37240

mo =0.343 73 =0

= 0.657

™

>, 9(1,1,2y) 0.91

a1 1 = = = 0.212

a; ;i || 71 j=2 j=3 bi(o) || o=e | o=f o=g | o=h
=1 || 0.212| 0.401 | 0.387 1 0.320| 0.276| 0.215| 0.189
=2 || 0.201| 0.169 | 0.631 =2 0.166 | 0.106| 0.404 | 0.324




lterate this 3 times:
w1 = 0.9986, w9 =0.00138 w3 =0
;g j=1 j=2 j:3

I=1 || 0.0054| 0.9896 0.00543
=2 || 0.0 0.0013627| 0.9986

bi(o) || o=e | o=f 0=¢ 0=h
1 0.497 | 0.497 0.00258| 0.00272
2 0.001 | 0.000189| 0.4996 | 0.4992




Overview

e The EM algorithm in general form
(more about the 3 coin example)

e The EM algorithm for hidden markov models (brute force)

e The EM algorithm for hidden markov models (dynamic
programming)



The Forward-Backward or Baum-Welch Algorithm

e Aim is to (efficiently!) calculate the expected counts:
g(iaxl) — Zp(y ‘ L, Gt_l)f(iaxlay)

Yy

Z P(y L, @t_l)f(imj? L, y)

Yy

Y Py | x,0" ") f(i,0,31,y)

g(iaja SL’[)

g<?’7 0, xl)



The Forward-Backward or Baum-Welch Algorithm

e Suppose we could calculate the following quantities,
given an input sequeneg . . . or

a;(t) = P(oy...01_1,5 =1 | ©) forward probabilities

Bi(t) = Ploy...or | st =1,0) backward probabilities
e The probability of being in stateat timet, is
pt<’l,) = P(St:i‘Ol...OT,@>
P(s; =1,01...07 | ©)
P(Ol...OT ‘ @)

0475(7;)575(/5.)
P(Ol...OT ‘ @)

also,
P(oy...or | ©) = Zo‘t ). (4) for anyt



Expected Initial Counts

e As before,

g(i,01...07) = expected number of times states state 1

e \We can calculate this as

g(i,01...07) = p1(1)



Expected Emission Counts

e As before,

g(i,0,01...0r) = expected number of times statemits the symbab

e \We can calculate this as

g(i,0,01...07) = Y  pi)

t:o+=o0



The Forward-Backward or Baum-Welch Algorithm

e Suppose we could calculate the following quantities,
given an input sequeneg . . . or

a;(t) = P(oy...01-1,5 =1 | ©) forward probabilities

Bi(t) = Ploy...or | st =1,0) backward probabilities

e The probability of being in stateat timet¢, and in statg at

timet¢ + 1, IS
pt<7’7.]) — P(St:i73t+1:j|01"'0T7@)
_ P(s; =1,811 =j,01...07 | O)
P(Ol...OT ‘ @)
ar(i)a; jbi(0)Ber1(J)
P(oy...or | ©)
also,

P(oy...or | ©) = Zo‘t ). (4) for anyt



Expected Transition Counts

e As before,

q(i, 7,01 ...0r) = expected number of times stgtéollows states

e \We can calculate this as

gliyjyo1...0r) = pi(i, )
t



Recursive Definitions for Forward Probabilities

e Given an input sequencg. .. or

a;(t) = P(oy...0.1,5, =1 | 0) forward probabilities

e Base case:
a;(1) =m; forall

e Recursive case:

H(t+1) ZO‘Z a;;ibi(o;) forallj=1...Nandt=2...T



Recursive Definitions for Backward Probabilities

e Given an input sequencg. .. or

Bi(t) = Plog...or | st =1,0) backward probabilities

e Base case:
Bi(T+1)=1 fort=N

Bi(T'+1)=0 fori# N
e Recursive case:

Zaw (0,)B;(t+1) foralj=1...Nandt=1...T



Overview

e The EM algorithm in general form
(more about the 3 coin example)

e The EM algorithm for hidden markov models (brute force)

e The EM algorithm for hidden markov models (dynamic
programming)

e Briefly: The EM algorithm for PCFGs



EM for Probabilistic Context-Free Grammars

e A PCFG defines a distributioR (S, T | ©) over tree/sentence
pairs(S,T)

¢ If we had tree/sentence paifsilfy observed data) then

L(©) =} log P(S;, T; | ©)

e Say we have sentences ondy,. .. .S,
= trees are hidden variables

L(O) = ZlogZP(Si,T | ©)



EM for Probabilistic Context-Free Grammars

e Say we have sentences ondy,. .. .S,
= trees are hidden variables

L(©) =Y log} P(S,,T | ©)

e EM algorithm is ther®’ = argmax,Q(0,©' 1), where

Q(@7@t_1) — ZZP(T ‘ Sia@t_l)logp(sivT ‘ @)
v T



e Remember:

log P(S;, T | ©) = > Count(S;,T,r)logO,

reR

where Count(S,T,r) is the number of times rule is seen in the
sentence/tree paiis, T')

= Q0,0 1) ZZP(T | S;, 0 Y log P(S;, T | ©)

_ ZZPTWza@t Y) 3" Count(S;, T,r) 1og ®,

reR

= ZZCount Si,r)log ©,

1 TER

whereCount(S;,r) =Y - P(T | S;, 0"~ 1)Count(S;, T,r)
the expected counts



e Solving®,,;, = argmaxg.oL(0©) gives

>, Count(S;, a0 — ()

@a—> —
g > 2seR(a) Count(S;, s)

e There are efficient algorithms for calculating

Count(S;,r) = ZP(T | S;, Y Count(S;, T, r)
T

for a PCFG. See (Baker 1979), called “The Inside Outside
Algorithm”. See also Manning and Schuetze section 11.3.4.





