An extended abstract of this journal submission appeared in Proceedings of the Thirteenth Annual Conference on Computational Learning Theory, 200

Logistic RegressionAdaBoostandBregmanDistances

Michael Collins Robert E. Schapire
AT&T Labs— Research AT&T Labs— Research
ShannorLaboratory ShannorLaboratory
180Park Avenue,RoomA253 180Park Avenue, RoomA203
FlorhamPark,NJ 07932 FlorhamPark,NJ 07932
mcollins@research.att.com schapire@research.att.com

Yoram Singer

Schoolof ComputerScienceX Engineering
Hebrev University, Jerusalem91904, Israel
singer@cs.huji.ac.il

Octoberll, 2000

Abstract

We give a unified accountof boostingand logistic regressionin which eachlearningproblemis
castin termsof optimizationof Bregmandistances. The striking similarity of the two problemsin
this framework allows usto designandanalyzealgorithmsfor both simultaneouslyandto easilyadapt
algorithmsdesignedfor one problemto the other For both problems,we give new algorithmsand
explaintheir potentialadvantage®verexisting methods.Thesealgorithmscanbedividedinto two types
basedon whetherthe parametersreiteratively updatedsequentially(one at a time) or in parallel(all
atonce). We alsodescribea parameterizedamily of algorithmswhich interpolatessmoothlybetween
thesetwo extremes.For all of the algorithms,we give corvergenceproofsusinga generaformalization
of the auxiliary-functionproof technique.As oneof our sequential-updatalgorithmsis equivalentto
AdaBoost,this providesthefirst generalproof of convergencefor AdaBoost. We show thatall of our
algorithmsgeneralizesasily to the multiclasscase,and we contrastthe new algorithmswith iterative
scaling. We concludewith a few experimentalresultswith syntheticdatathathighlight the behaior of
theold andnewly proposedalgorithmsin differentsettings.



1 Introduction

We give a unifiedaccounbf boostingandlogistic regressionin which we shav thatbothlearningproblems
canbecastin termsof optimizationof Bregmandistancesin ourframework, thetwo problemsbecomerery
similar, theonly realdifferencebeingin the choiceof Bregmandistance:unnormalizedelatve entroyy for
boosting,andbinaryrelative entrogy for logistic regression.

The similarity of the two problemsin our framework allows us to designand analyzealgorithmsfor
both simultaneouslyWe arenow ableto borrov methodsrom the maximum-entrop literaturefor logistic
regressionand apply themto the exponentialloss usedby AdaBoost,especiallycorvergence-probtech-
niques. Corversely we cannow easily adaptboostingmethodsto the problemof minimizing the logistic
lossusedin logistic regression.The resultis a family of new algorithmsfor both problemstogetherwith
cornvergenceproofsfor the new algorithmsaswell asAdaBoost.

For both AdaBoostand logistic regression,we attemptto choosethe parameteror weightsassoci-
atedwith a givenfamily of functionscalledfeatuesor weakhypothesesAdaBoostworks by sequentially
updatingtheseparametergneby one,whereasnethoddor logistic regressionmostnotablyiterative scal-
ing [11, 12], updateall parameter# parallelon eachiteration.

Our first new algorithmis amethodfor optimizing the exponentiallossusingparallelupdateslt seems
plausiblethat a parallel-updatamethodwill often corverge fasterthan a sequential-updatenethod, pro-
videdthatthe numberof featureds not solarge asto make parallelupdatesnfeasible.A few experiments
describedat the endof this papersuggesthatthisis thecase.

Our secondalgorithmis a parallel-updatenethodfor the logistic loss. Although parallel-updatelgo-
rithmsarewell known for this function,theupdateghatwe derive arenewn. Becausef the unifiedtreatment
we give to the exponentialandlogistic lossfunctions,we areableto presentandprove the corvergenceof
the algorithmsfor thesetwo lossessimultaneously The sameis true for the otheralgorithmspresentedn
this paperaswell.

We next describeandanalyzesequential-updatalgorithmsfor the two lossfunctions. For exponential
loss, this algorithmis equialentto the AdaBoostalgorithmof Freundand Schapire[16]. By viewing the
algorithmin our frameawork, we areableto prove that AdaBoostcorrectlycorvergesto the minimum of the
exponentiallossfunction. Thisis a new result: Although KivinenandWarmuth[19] andMasonet al. [22]
have givencorvergenceproofsfor AdaBoosttheir proofsdependnassumptionaboutthegivenminimiza-
tion problemwhich maynot holdin all casesOur proof holdsin generalwithout assumptions.

Our unified view leadsinstantlyto a sequential-updatalgorithmfor logistic regressionthatis only a
minor modificationof AdaBoostandwhich is very similar to one proposedoy Duffy and Helmbold[14].
Like AdaBoost this algorithmcanbe usedin conjunctionwith ary classificatioralgorithm,usuallycalled
theweaklearningalgorithm,thatcanacceptadistribution over examplesandreturna weakhypothesisvith
low errorratewith respecto thedistribution. However, this new algorithmprovably minimizesthelogistic
lossratherthanthe arguablylessnaturalexponentiallossusedby AdaBoost.

A potentiallyimportantadvantageof the new algorithmfor logistic regressionis thatthe weightsthat
it placeson examplesareboundedn [0, 1]. This suggestshatit may be possibleto usethe new algorithm
in a settingin which the boostingalgorithmselectsexamplesto presento the weaklearningalgorithmby
filtering a streamof exampleg(suchasavery large dataset) As pointedout by Watanabg27] andDomingo
andWatanabd13], thisis not possiblewith AdaBoostsinceits weightsmaybecomeaxtremelylarge. They
provide a modificationof AdaBoostfor this purposein which the weightsare truncatedat 1. Our new
algorithmmaybeaviableandcleanerlternatve.

Wenext describeaparameterizetamily of iterative algorithmsthatincludesbothparallel-andsequential-
updatealgorithmsandthat alsointerpolatessmoothlybetweenthe two extremes. The corvergenceproof
thatwe give holdsfor this entirefamily of algorithms.



Although mostof this paperconsidersonly the binary casein which therearejust two possiblelabels
associatedvith eachexample,it turnsout thatthe multiclasscaserequiresno additionalwork. Thatis, all
of thealgorithmsandcorvergenceproofsthatwe give for the binary caseturn out to be directly applicable
to the multiclasscasewithout modification.

Forcomparisonwe alsodescribéghegeneralizedterative scalingalgorithmof DarrochandRatcliff [11].
In rederving this proceduren our setting,we areableto relaxoneof themainassumptionsisuallyrequired
by this algorithm.

The paperis organizedasfollows: Section2 describeghe boostingandlogistic regressiormodelsas
they are usually formulated. Section3 gives backgroundon optimizationusing Bregmandistancesand
Section4 thendescribediow boostingandlogistic regressiorncanbe castwithin this framewvork. Section5
givesour parallel-updatelgorithmsand proofsof their corvergence while Section6 givesthe sequential-
updatealgorithmsandcorvergenceproofs. The parameterizefiamily of iterative algorithmsis describedn
Section7. Theextensionto multiclassproblemsis givenin Section8. In Section9, we contrasur methods
with iterative scaling. In Section10, we give someinitial experimentsthat demonstratéhe qualitative
behaior of thevariousvariantsin differentsettings.

Previous work

Variantsof our sequential-updatalgorithmsfit into the generafamily of “arcing” algorithmspresentedby
Breiman[4, 3], aswell asMasonetal’s “AnyBoost” family of algorithmg[22]. Theinformation-geometric
view thatwe take alsoshavs thatsomeof the algorithmswe study including AdaBoost fit into a family of
algorithmsdescribedn 1967by Bregman([2] for satisfyinga setof constraints.

Ourwork is basedlirectly onthe generakettingof Lafferty, Della PietraandDella Pietra[21] in which
oneattemptgo solve optimizationproblemsbasedon generaBregmandistancesThey gave a methodfor
derving andanalyzingparallel-updatalgorithmsin this settingthroughthe useof auxilliary functions.All
of our algorithmsandconvergenceproofsarebasedon this method.

Our work builds on several previous paperswhich have comparedoboostingapproacheso logistic re-
gression. Friedman,Hastieand Tibshirani[17] first notedthe similarity betweenthe boostingand logis-
tic regressionlossfunctions,andderived the sequential-updatalgorithmLogitBoostfor the logistic loss.
However, unlike our algorithm, theirsrequiresthat the weak learnersolve least-squareproblemsrather
thanclassificationproblems. Anothersequential-updatalgorithmfor a differentbut relatedproblemwas
proposedy Cesa-Bianchikrogh andWarmuth[6].

Duffy andHelmbold[14] gave conditionsunderwhich alossfunctiongivesaboostingalgorithm. They
shaved that minimizing logistic loss doesleadto a boostingalgorithmin the PAC sensewhich suggests
thatouralgorithmfor this problem whichis very closeto theirs,mayturn outalsoto have the PAC boosting
property

Lafferty [20] wentfurtherin studyingthe relationshipbetweenlogistic regressionandthe exponential
lossthroughtheuseof afamily of BregmandistancesHowever, thesettingdescribedn hispaperapparently
cannotbeextendedo preciselyincludetheexponentialoss. Theuseof Bregmandistanceshatwe describe
hasimportantdifferencedeadingto a naturaltreatmenibf the exponentiallossanda new view of logistic
regression.

Our work builds heavily onthatof KivinenandWarmuth[19] who, alongwith Lafferty, werethefirst
to make a connectionbetweenAdaBoostand information geometry They shaved that the updateused

'More specifically Bregman[2] describe®ptimizationmethodsbasedn Bregmandistancesvhereoneconstrainis satisfiedat
eachiteration,for example,amethodwherethe constraintvhich makesthemostimpacton theobjective functionis greedilychosen
ateachiteration. The simplestversionof AdaBoostwhich assumesveakhypothesesvith valuesin {—1, +1}, is analgorithmof
thistypeif we assumehattheweaklearners alwaysableto choosehe weakhypothesisvith minimumweightederror.



by AdaBoostis a form of “entropy projection. However, the Bregmandistancethat they useddiffered
slightly from the one that we have chosen(normalizedrelatve entrofy ratherthanunnormalizedelative

entrofy) sothat AdaBoosts fit in this modelwasnot quite complete;in particular their corvergenceproof
dependedn assumptionghat do not hold in general. Kivinen and Warmuthalso describedupdatesfor

generaBregmandistancesncluding,asoneof their examplesthe Bregmandistancehatwe useto capture
logistic regression.

2 Boosting, logistic models and loss functions

LetS = ((z1,v1),---, (Tm,ym)) beasetof trainingexamplesvhereeachinstancer; belongsto adomain
or instancespaceX, andeachlabely; € {—1,+1}.
We assumehatwe arealsogivenasetof real-valuedfunctionson X, hq, . .., h, . Following corvention

in the Maximum-Entropy literature,we call thesefunctionsfeatues in the boostingliterature thesewould
be calledweakor basehypothesesNotethat,in the terminologyof the latter literature thesefeaturescor
respondo the entirespaceof basehypothesesatherthanmerelythe basehypotheseshatwerepreviously
foundby theweaklearner

We studythe problemof approximatinghe y;’s usinga linear combinationof features.Thatis, we are
interestedn the problemof finding a vectorof parameters\ € R" suchthat fy(x;) = 371 Ajh;(z;) isa
“good approximation”of y;. How we measuraghe goodnes®f suchanapproximationvarieswith the task
thatwe have in mind.

For classificationproblems,it is naturalto try to matchthe signof fy(z;) to y;, thatis, to attemptto
minimize

f:[[yif)\(wi) <0] 1)
i=1

where[r] is 1 if « is trueand0 otherwise. Although minimizationof the numberof classificationerrors
may be a worthwhile goal, in its mostgeneralform, the problemis intractable(see for instance[18]). It
is thereforeoftenadwantageouso insteadminimize someothernonngative lossfunction. For instancethe
boostingalgorithmAdaBoost[16, 24] is basedn theexponentialloss

m

> exp (=yifa(2:))- (2)

i=1

It canbeverifiedthatEq. (1) is upperboundedy Eq.(2); however, thelatterlossis mucheasieito work with
asdemonstratetdy AdaBoost.Briefly, on eachof aseriesof rounds AdaBoostusesanoracleor subroutine
calledthe weaklearningalgorithmto pick onefeature(weakhypothesis):;, andthe associategharameter
Aj isthenupdated.It hasbeennotedby Breiman[3, 4] andvariouslaterauthorg[17, 22, 23, 24] thatboth
of thesestepsaredonein suchaway asto (approximately)causethe greatestlecreasén the exponential
loss. In this paperwe shaw for thefirst time thatAdaBoostis in facta provably effective methodfor finding
parameters\ which minimize the exponentialloss (assuminghe weaklearneralways chooseghe “best”
h;).

! We alsogive an entirely new algorithmfor minimizing exponentiallossin which, on eachround, all
of the parameters\; areupdatedn parallelratherthanoneat atime. Our hopeis thatthis parallel-update
algorithmwill befasterthanthesequential-updatalgorithm;seeSection10for preliminaryexperimentsn
thisregard.

Insteadof using f) asa classificationrule, we might insteadpostulatethat the y;'s were generated
stochasticallyasafunctionof the z;’s andattemptto usef) (z) to estimatethe probability of theassociated



labely. A well-studiedway of doingthisis to passf, throughalogistic function,thatis, to usetheestimate

R 1
Prly=+1|z] = T1e h@

Thelikelihoodof thelabelsoccuringin the samplethenis

7 1
i:Hl 1+ exp (—yifa(:))

Maximizing this likelihoodthenis equivalentto minimizing thelog lossof this model

m
Zln(l + exp (—yifa(zi)))- 3)
i=1
Generalizedndimprovediterative scaling[11, 12] arepopularparallel-updatenethodsor minimizing
this loss. In this paper we give an alternatve parallel-updatealgorithm which we compareto iterative
scalingtechniguesn preliminaryexperimentsn Sectionl10.

3 Bregman-distance optimization

In this section,we give backgroundn optimizationusingBregmandistancesThis will form the unifying
basisfor our studyof boostingandlogistic regression.Theparticularset-upthatwe follow is takenprimarily
from Lafferty, Della PietraandDella Pietra[21].

Let F : A — R beacontinuouslydifferentiableandstrictly corvex functiondefinedon aclosed corvex
setA C R'"'. TheBregmandistanceassociateavith F' is definedfor p,q € A to be

Brp(p || @) =F(p) —F(q) —VF(q) - (p—a)
For instancewhen
F(p) =) pilnp;, (4)
=1

Br isthe(unnormalizedyelative entropy

m
Dy(p || @)= (piln (&) +qi —m)-
i=1 L
It canbe shavn that,in general every Bregmandistanceis nonn@ative andis equalto zeroif andonly if
its two agumentsareequal.

Thereis a naturaloptimizationproblemthatcanbe associateavith a Bregmandistancepamelyto find
thevectorp € A thatis closestto a givenvectorqy, € A subjectto a setof linear constraints. These
constraintsare specifiedby anm x n matrix M anda vectorp € A. The vectorsp satisfyingthese
constraintsarethosefor whichp™ = pTM. Thus,the problemis to find

in B
arg;nel% F(P || qO)

where
’Pi{pEA:pTM:f)TM}. (5)



The “convex dual” of this problemgives an alternatve formulation. Here, the problemis to find the
vectorof a particularform thatis closestto a givenvectorp. Theform of suchvectorsis definedvia the
Legende transform written Lz (q, v):

Lr(q,v) =argmin(Br (p || q) +v-p).
PEA

The Legendretransformis a functionwhich mapsA x R™ — A. Using calculus,this canbe seento be
equvalentto

VF(Lr(q,v)) = VF(q) —v. (6)
For instancewhen By is unnormalizedelative entropy, it canbeverifiedusingcalculusthat
Lr(q,v); = ge . (7)

Note that, in orderfor Eq. (6) to have a solutionin all caseswe needto assumehat V F' is a bijective
(one-to-oneandonto) mappingfrom the interior of A to R™. We make this assumptiorfor theremainder
of thepaper
From Eq. (6), andthe bijective propertyof V F, it canbe shavn that the transformhasthe following
useful“additive” property:
LF ('CF(qa W), V') = ['F(qa v+ W) (8)

For agivenm x n matrix M andvectorqy € A, we considenvectorsobtainedby takingthe Legendre
transformof alinearcombinationof columnsof M with the vectorqg, thatis, vectorsin the set

Q ={Lr(qo, MA) | A € R"}. 9)
Thedualoptimizationproblemnow canbe statedo be the problemof finding

argmin Br (p || q)
qeQ
where@ is the closureof Q.

The remarkablefact aboutthesetwo optimizationproblemsis that their solutionsare the same,and,
moreover, this solutionturnsoutto betheuniguepointattheintersectiorof P andQ. We take the statement
of thistheorenfrom Lafferty, DellaPietraandDellaPietra[21]. Theresultappearso bedueto Csisar|[8, 9]
andTopso€g26]. A prooffor the caseof (normalizedyelative entrofy is givenby Della Pietra,Della Pietra
andLafferty [12]. SeealsoCsisar's suney article[10] aswell asCensorandZenioss book|[5].

Theorem 1 Letp, qo, M, A, F, Br, P andQ beasabove AssumeBr (p || qo) < oo. Thenthere exists
auniqueq, € A satisfying:

2.Br(p |l @) =Br(p || av) +Br(a« || q) foranyp € Pandq € Q
3. q, = argmin, 5 Br (p || q)
4. q. = argminpep Br (P || qo).

Moreover, anyoneof thesefour propertiesdeterminesy, uniquely

Thistheoremwill beextremelyusefulin proving thecorvergenceof thealgorithmsdescribedelon. We
will shaw in thenext sectiorhow boostingandlogistic regressiorcanbeviewedasoptimizationproblemsof
thetypegivenin part3 of thetheorem.Then,to prove optimality, we only needto shawv thatour algorithms
convergeto apointin P N Q.



4 Boosting and logistic regression revisited

We returnnow to the boostingandlogistic regressionproblemsoutlinedin Section2, andshov how these
canbecastin theform of the optimizationproblemsoutlinedabore.
Recallthatfor boosting,ourgoalis to find A suchthat

> exp <_yi > /\jhj(»??z')) (10)
i-1 =1

is minimized,or, moreprecisely if the minimumis not attainedat a finite A, thenwe seeka procedureor
findingasequenca, Ao, . .. which causeshis functionto corvergeto its infimum. For shorthandyve call
thisthe ExpLossproblem.

To view this problemin the form givenin Section3, weletp = 0, qo = 1 (theall 0’s andall 1's
vectors). We let M;; = y;h;(x;), from which it follows that (MA); = >7_; A\jyih;(zi). The space
A = R!. Finally, wetake F' to beasin Eq. (4) sothat Br is theunnormalizedelative entroyy.

As notedearlier in thiscase Lr(q, v) is asgivenin Eq. (7). In particular this meanghat

n
g; = exp (— Z )xjyihj(xi)> ,AE Rn}.

J=1

QZ{qERT

Furthermoreit is trivial to seethat
m
Dy (0 || q) =) g (11)
i=1

sothatDy (0 || L£r(qo, MA)) is equalto Eq. (10). Thus,minimizingDy (0 || q) overq € Q is equiva-
lentto minimizing Eq. (10). By Theoreml, thisis equivalentto findingq € Q satisfyingthe constraints

m m
> aiMi; = qiyihj(xzi) =0 (12)
i=1 i=1

forj=1,...,n.
Logistic regressioncan be reducedto an optimizationproblemof this form in nearly the sameway.
Recallthathereour goalis to find A (or asequencef A’s) which minimize

i In (1 + exp (—yi i Ajhj (xz)> ) . (13)
j=1

=1

For shorthandwe call this the LogLossproblem. We definep and M exactly asfor exponentialloss. The
vectorqy is still constantput now is definedto be (1/2)1, andthe spaceA is now restrictedto be [0, 1]™.
Theseare minor differenceshowever. The only importantdifferenceis in the choiceof the function F,
namely

m

F(p) =Y (pilnp; + (1 — p;) In(1 — p;)).
i=1

TheresultingBregmandistances

Ds(p || @)=Y (piln (Z)+a-pom(=2)).

i=1 1 1 - qZ




Parameters: A C RT?
F : A — R satisfyingAssumptionsl and2
qo € A suchthatBr (0 || qo) < o0

Input: Matrix M € [—1,1]™*™ where for all 4,
2?21 |Mw| <1

Output: A1, Ag, ... suchthat
tlim Br (0 || Lr(qo,MAt))= inf Br (0 || Lr(qo, MA)).
—00 2eR

LetA\;1 =0
Fort=1,2,...:

* q; = Lr(qo, M)
e Forj=1,...,n

Wy = > auilMyl
iisign(M;j)=+1
Wy, = Y @il Ml

iisign(M;;)=—1

1 W
(575 i = 5 In —t’j
’ 2\ Wy

e Updateparametersd;;; = A; + d;

Figurel: Theparallel-updat®ptimizationalgorithm.

Trivially,
0 || q Zln (1—q)- (14)

For this choiceof F, it canbeverified usmgcalculusthat

—v;

g.¢
Lr(q,v)j= —"—"—
rla,v): 1 —qi+qe™

qz—o<2/\JyZ ) )\ER"}

whereo(z) = (1 +¢%) L. Thus,Dg (0 | Lr(qo, MA)) is equalto Eq.(13) sominimizingDg (0 || q)
overq € Q is equialentto minimizing Eq. (13). As before thisis the sameasfinding ¢ € Q satisfyingthe
constraintsn Eq. (12).

(15)
sothat

Q= {qE[Ol

5 Parallel optimization methods

In thissectionwe describeanew algorithmfor the ExpLossandLogLossproblemausinganiterative method
in whichall weights\; areupdatedon eachiteration. Thealgorithmis shavn in Fig. 1. Thealgorithmcan



be usedwith ary function F' satisfyingcertainconditionsdescribedbelaw; in particular we will seethat
it canbe usedwith the choicesof F' givenin Section4. Thus,this is really a singlealgorithmthatcanbe
usedfor both loss-minimizationproblemsby settingthe parametersappropriately Note that, without loss
of generality we assumen this sectionthatfor all instances, >°7_; [M;;] < 1.

The algorithmis very simple. On eachiteration,the vectord; is computedasshavn andaddedto the
parameterector A;. We assumdor all our algorithmsthatthe inputsare suchthatinfinite-valuedupdates
never occur

This algorithmis new for both minimization problems. Optimizationmethodsfor ExpLoss notably
AdaBoost,have generallyinvolved updatesof onefeatureat a time. Parallel-updatenethodsfor LoglLoss
arewell known (see,for example,[11, 12]). However, our updategake a differentform from the usual
updatesderivedfor logistic models;we discusghedifferencesn Section9.

A usefulpointis thatthedistribution q;41 is asimplefunctionof thepreviousdistribution q;. By Eq.(8),

Qi1 = Lr(qo, M(A¢ +6¢)) = Lr(Lr(qo, MA;), Méy)
= Lr(q;, Mdy). (16)

Thisgives

gt €Xp | — py 5t,j Mij
Q141 = { ( ! ) (17)

qti [(1 — qt,i) €Xp <Z?:1 5t,jMij) + q'fai] -

for ExpLossandLogLossrespectiely.
We will prove next thatthe algorithmgivenin Fig. 1 convergesto optimality for eitherloss. We prove
thisabstractlyfor ary matrix M andvectorqg, andfor ary function F' satisfyingthefollowing assumptions:

Assumption 1 For anyv € R™, q € A,

Br(0 || Lr(@v)~Br(0 | @)<Y (e - 1.

Assumption 2 For anyc < oo, theset

{a€A[Br(0 || q) <¢}

is bounded.

We will shaw laterthatthe choicesof F' givenin Section4 satisfytheseassumptionsvhich will allow
usto prove convergencefor ExpLossandLoglLoss

To prove corvergence,we usethe auxiliary-functiontechniqueof Della Pietra,Della Pietraand Laf-
ferty [12]. Very roughly theideaof the proofis to derive a nonngative lower boundcalled an auxiliary
function on how muchthe loss decreasesn eachiteration. Sincethe loss never increasesandis lower
boundedby zero, the auxiliary function mustcorverge to zero. The final stepis to shav that whenthe
auxiliary functionis zero,the constraintglefiningthe set? mustbe satisfied andtherefore by Theoremi,
we musthave corvergedto optimality.

More formally, we defineanauxiliary functionfor a sequencey:, qq, . . . andmatrix M to bea contin-
uousfunction A : A — R satisfyingthetwo conditions:

Br (0 || qi1) —Br (0 || qi) < A(qy) <0 (18)

and
AlQ)=0=q'M =0. (19)



Beforeproving cornvergenceof specificalgorithms we prove thefollowing lemmawhichshaws, roughly
thatif a sequencdasan auxiliary function, thenthe sequenceorvergesto the optimumpoint q,. Thus,
proving corvergenceof a specificalgorithmreducego simply finding anauxiliary function.

Lemma?2 Let A bean auxiliary functionfor qi, qs, - . . and matrix M. Assumeheq;’s lie in a compact
subspaceof @ whee @ is asin Eq. (9); in particular, this will be the caseif Assumptior2 holds and
Br (0 || q1) < oco. Then

lim q; = q, = argmin Br (0 || q).

Proof: By condition(18), Br (0 || q:) is a nonincreasingequenceAs is the casefor all Bregmandis-
tancesBr (0 || q.) is alsoboundedoelow by zero. Thereforethe sequencef differences

Br (0 || qi41) —Br (0 || qz)

mustconverge to zero. By condition (18), this meanshat A(q;) mustalsoconverge to zero. Becauseve
assumehatthe q;’s lie in a compactspace the sequencef q;'s musthave a subsequenceorverging to
somepointq € A. By continuityof A, we have A(q) = 0. Thereforegq € P by condition(19), whereP
is asin Eq. (5). Ontheotherhand,q is thelimit of asequencef pointsin @ soq € Q. Thus,q € PN Q
soq = q, by Theoreml.

This agumentandthe uniquenessf q, shav thatthe q;’'s have only a singlelimit pointq,. Suppose
thatthe entiresequencelid not cornverge to q,. Thenwe couldfind anopensetB containingq, suchthat
{q1, 9o, ...} — B containgnfinitely mary pointsandthereforehasalimit pointwhichmustbein theclosed
setA — B andsomustbedifferentfrom q,. This, we have alreadyamgued,is impossible. Therefore the
entiresequenceornvemgestoq,. M

We cannow applythis lemmato prove the corvergenceof the algorithmof Fig. 1.

Theorem 3 Let F' satisfyAssumptiond and 2, and assumehat Br (0 || qg) < oo. Letthe sequences
A1, Ae, ... andq, qq, - . . begeneatedbythealgorithmof Fig. 1. Then

lim q; = argmin Br (0 || q)
t—o0 qceQ

wheke Q isasin Eq.(9). Thatis,

—0 AeR

Proof: Let
Wi(q) = > ail Myl
i:sign(M;; )=+1
W (q) = > alMl

isign(M;;)=—1

sothatW,"; = W (q;) andW;; = W, (q;). We claimthatthefunction

A = - (VWi - W, @)
=1

is anauxiliary functionfor q1, qo, - - .. Clearly A is continuousandnonpositve.

10



Let s;; = sign(M;;). We canupperboundthechangen Br
Bp (0 || @t41) = Br (0 || at) = Br(0 || Lp

—~~

0 || q;) onroundt by A(q;) asfollows:
at, Md:)) — Br (0 || q:) (20)

—

n
< ZQt,z exp ( Z5t,jMij> - 1] (21)
: _ =
m [ n
= ZQM €xp _Z ,8i| Mij|
-1 | =1
m [ n
< S ani | D 1M (e % — 1) (22)
=1 |j=1
% 5 5
=3 (W;je— b Weth — Wi — Wtjj) (23)

=1

= -3 (VI - Vi) = A 2
j=1

Egs.(20) and(21) follow from Eq. (16) andAssumptionl, respectrely. Eq.(22) usesthefactthat,for ary
zj'sandfor p; > 0 with Ej pj <1, wehave

exp (%jpjxj) 1= exp (%Ipﬂﬁo' (1 _;pj>) )

>_pie” + (1 - Zm) —1=> pi(e" -
J J J

A

(25)

by Jensers inequalityappliedto the corvex functione®. Eq.(23) useshe definitionsof W+ anthJ, and
Eq. (24) usesour choiceof §; (indeed,d; waschoserspecificallyto minimize Eq. (23)).
If A(q) = 0 thenforall j, W;"(q) = W (q), thatis,

0= W+( ZqZSZJ|MZ]| = qu ij-

Thus, A is anauxiliary functionfor q1, qo, - - .. ThetheorermON foIIows immediatelyfrom Lemma2. =
To applythistheoremo the ExpLossandLogLossproblemswe only needto verify thatAssumptionsL
and?2 aresatisfied.Startingwith Assumptionl, for ExpLosswe have

Dy (0 | Lr(a,v))~Du(0 || q zqz —iqz-.

For LogLoss

s

S
Il
—

B0 || Lr(q,v))-Dp(0 || @) = hl(l—(lz;(ff v))i)

In (1 —g¢; + gie™ ")

Il

S
Il
—

IN

S
Il
—

(—gi + gie™").
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Parameters: A C RT?
F : A — R satisfyingAssumptionsl and2
qo € A suchthatBr (0 || qo) < o0

Input: Matrix M € [—1, 1]™*"
Output: A1, Ag, ... suchthat

tlim Br (0 || Lr(qo,MA))= inf Bp (0 || Lr(qo, MA)).
—00 AeR™

LetA; =0
Fort=1,2,...:
e q; = Lr(qo, M)

m
je = argmax |y g1 M
i=1

m
e 7= ZQt,iMijt
i=1

m
© Zy=) q
=1

1 (Zt—i-rt)
ay = —1In
t 2 Zt—’l‘t

ap it j =7
0 otherwise
Updateparametersi; 1 = A; + &,

® b5 =

Figure2: Thesequential-updateptimizationalgorithm.

Thefirst andseconcequalitiesuseEqgs.(14) and(15), respectiely. Thefinal inequalityusesl + z < e® for
all z.

Assumptior? holdstrivially for LogLosssinceA = [0, 1]™ is bounded For ExpLossif Br (0 || q) =
Dy (0 || q) <cthen

m
ZQZ' <c
i=1

which clearly definesa boundedsubsebf R’

6 Sequential algorithms

In this section,we describeanotheralgorithmfor the sameminimizationproblemsdescribedn Section4.
However, unlike the algorithmof Section5, the onethatwe presentnow only updateshe weight of one
featureat atime. While the parallel-updatalgorithmmay give fastercorvergencewhentherearenot too
mary featuresthe sequential-updatalgorithmcanbe usedwhenthereareavery large numberof features
usingan oraclefor selectingwhich featureto updatenext. For instance AdaBoost,which is essentially
equivalentto the sequential-updatalgorithm for ExpLoss usesan assumedveak learningalgorithmto
selectaweakhypothesisi.e., oneof thefeatures.The sequentiahlgorithmthatwe presenfor LogLosscan
beusedin exactly thesameway. Thealgorithmis shovn in Fig. 2.

12



Theorem 4 Giventhe assumption®f Theoem 3, the algorithm of Fig. 2 corverges to optimality in the
senseof Theoem3.

Proof: For thistheoremwe usethe auxiliary function

Aq) = \l (i qz’) — max (i %’Mz’j> — i%

Thisfunctionis clearly continuousandnonpositve. We have that

m n
Br(0 || qu1)—Br(0 || @) < D ai (exp <—Z5t,jMij> —1)
i=1 =1

m
= > qrilexp (—Mj;,) — 1) (26)
i=1
mo 14 My, 1— M
< 3 Jt _—aoi Ut o 1) 27
S Yoay e iy @7
Z Zy —
= 2T ;’ Doraw p 2t Moo _ gz, (28)

= \/Z? — ‘r‘t2 — Zt = A(qt) (29)

whereEq. (27) usesthe corvexity of e~**, andEq. (29) usesour choiceof «; (asbefore,we choseq; to
minimizetheboundin Eqg. (28)).
If A(q) = 0then

m
Z qiM;;
i=1
s0)_; ¢iM;; = 0 for all j. Thus, A is anauxiliary functionfor qy, qs, . . . andthe theoremfollows immedi-
atelyfromLemma2. =m

As mentionedabove, this algorithmis essentiallyequivalentto AdaBoost,specifically the versionof
AdaBoosffirst presentedby FreundandSchapirg16]. In AdaBoostoneachiteration,adistribution D; over
thetrainingexampless computedandtheweaklearnerseeksaweakhypothesisvith low errorwith respect
to this distribution. The algorithm presentedn this sectionassumeghat the spaceof weak hypotheses
consistof the featuresh, . . ., h,,, andthatthe weaklearneralwayssucceedn selectingthe featurewith
lowesterror(or, moreaccuratelywith errorfarthesfrom 1/2). Translatingo our notation theweight D;(7)
assignedo example(z;, y;) by AdaBoostis exactly equalto ¢; ;/ Z;, andtheweightederrorof thet-th weak

hypothesiss equalto
1 (1 _ ﬁ)
2 Zy)’

Theorem4 thenis the first proof that AdaBoostalways corvergesto the minimum of the exponential
loss(assuminganidealizedweaklearnerof theform abore). Notethatwheng, # 0, thistheoremalsotells
usthe exactform of lim D;. However, we do not knov whatthe limiting behaior of D, is whenq, = 0,
nor do we know aboutthelimiting behaior of the parameters\; (whetheror notq, = 0).

We have alsopresentedn this sectiona new algorithmfor logistic regression.In fact, this algorithmis
thesameasonegivenby Duffy andHelmbold[14] exceptfor thechoiceof ;. In practicalterms,very little
work would berequiredto alteranexisting learningsystembasedon AdaBoostso thatit useslogistic loss
ratherthanexponentialloss—theonly differenceis in the mannerin which q; is computedrom ;. Thus,

0 = max
J

13



Parameters: A C RT?
F : A — R satisfyingAssumptionsl and2
qo € A suchthatBr (0 || qo) < o0
ACRY

Input: Matrix M € R™*" satisfyingthe conditionthat
if wedefinedy ={a € A|Vi: ) aj|M| <1}

J
thenVy,3a € Ay for whicha; > 0
Output: A1, Ag, ... suchthat

lim BF (0 || ﬁF(qo,M)\t)): inf BF (0 || EF(qo,M)\)).
t—o0 AcR”™

LetA\1 =0
Fort=1,2,...:

o q; = Lr(qo, M)
e Forj=1,...,n:

Wl = Y @il Myl
iisign(M;;)=+1
W5 = S il Myl

i:sign(M;;)=—1

1. (W

dt" = —ln(—f)
J 2 Wt

J
n 2
e a; — arg max a; \/WJ“-—\/W*-
t gaEAMjZI ]( t,j t,j

[ ] V] : (St’j = at,jdt,j
e UpdateparametersA; ;1 = A; + &,

Figure3: A parameterizetbmily of iterative optimizationalgorithms.

we could easilyconvert ary systemsuchasSLIPPER[7], BoosTexter [25] or alternatingtrees[15] to use
logistic loss. We caneven do this for systemsbasedon “confidence-ratedboosting[24] in which «; and

j+ arechoserntogetheron eachroundto minimize Eqg. (26) ratherthanan approximatiorof this expression
asusedin the algorithmof Fig. 2. (Notethatthe proof of Theorem4 caneasilybe modifiedto prove the

corvergenceof suchanalgorithmusingthe sameauxiliary function.)

7 A parameterized family of iterative algorithms

In previoussectionswe describegeparat@arallel-updatendsequential-updatalgorithms.In thissection,
we describea parameterizefamily of algorithmsthatincludestheparallel-updatalgorithmof Section5 as
well asa sequential-updatalgorithmthatis differentfrom the onein Section6. This family of algorithms
alsoincludesotheralgorithmsthat may be moreappropriatehaneitherin certainsituationsaswe explain

below.

14



The algorithm, which is shavn in Fig. 3, is similar to the parallel-updatealgorithm of Fig. 1. On
eachround,the quantitiesWtj;- andW,; arecomputedasbefore,andthe vectord, is computedaséd, was
computedn Fig. 1. Now, however, this vectord; is not addeddirectly to A;. Instead anothervectora; is
selectedvhich providesa“scaling” of thefeatures Thisvectoris choserto maximizeameasuref progress
while restrictedtio belongto the setAy;. Theallowedform of thesescalingvectorsis givenby thesetA, a
parameteof thealgorithm;.Ay; is therestrictionof A to thosevectorsa satisfyingthe constrainthatfor all
Z’ n

> aj|My| < 1.
j=1

Theparallel-updat@lgorithmof Fig. 1 is obtainedoy choosingA = {1} andassuminghat}_; | M;;| <
1 for all 7. (Equivalently we canmale no suchassumptionandchooseAd = {c1 | ¢ > 0}.)

We canobtaina sequential-updatalgorithmby choosingA to bethe setof unit vectors(i.e., with one
componenequalto 1 andall othersequalto 0), andassuminghat M;; € [—1,+1] for all 4, j. Theupdate

thenbecomes
) ody =g
Orj = { 0 else

Anotherinterestingcaseis whenwe assumehat}_; ij < 1 for all 5. It is thennaturalto choose

where

Jt = argmax
J

A={ac® |l =1}

which ensureghat. Ay = A. Thenthe maximizationover Ay canbe solvedanalyticallygiving the update

whereb; = (, /Wtj;— — ,/Wtjj)Z. (This ideageneralizesasily to the casein which =, MZ’ < 1and
l|lal|; = 1 for ary dualnormsp andgq.)

A final caseis whenwe do notrestrictthe scalingvectorsatall, i.e., we chooseA = R’;. In this case,
the maximizationproblemthat mustbe solved to chooseeacha; is a linear programmingproblemwith n
variablesandm constraints.

We now prove the corvergenceof this entirefamily of algorithms.

Theorem 5 Giventhe assumption®f Theoem 3, the algorithm of Fig. 3 corvergesto optimality in the
senseof Theoema3.

Proof: We usethe auxiliary function
n

A =~ max > oy (VW7 (@ — W, (@)
1

acAy “
M T

wherer+ ande‘ areasin Theorem3. This functionis continuousandnonpositve. We canboundthe
changen Br (0 || q) usingthe sametechniquegivenin Theorem3:

m n
Br(0 | ary1) —Br(0 || @) < Y a leXP (—Z5t,jMij) -1
im1 =1

15



m [~ n
= ) aiilexp (— Zat,jdt,jSileijl) - 1]
=1 | j=1

m n
> ai | an; | Mij|(e %% — 1)
=1 |j=1

IN

n
= ) + ,—dj —odti Wt W
= Zat,y (Wt,je T+ Wy et =W Wt,j)
J=1

= —iam (\/WT“;— \/WT_]Y = A(qu).
=

Finally, if A(q) = 0then

n 2
: +(q) — — _
x>0 (\/Wj (@) — /W, (q)) = 0.
Sincefor every j thereexistsa € Ay with a; > 0, thisimpliest*(q) =W, (q)forallj,i.e.3; ¢iM;; =
0. Applying Lemma2 completeghetheorem. =

8 Multiclass problems

In this sectionwe shav how all of our resultscanbe extendedo the multiclasscase Becausef thegener
ality of the precedingesults,we will seethatno new algorithmsneedbe devisedandno new corvergence
proofs needbe proved for this case. Rathey all of the precedingalgorithmsand proofs can be directly
appliedto themulticlasscase.

In themulticlasscasethelabelset) hascardinalityk. Eachfeatureis of theformh; : X x Y — R. In
logistic regressionwe usea model

f) efA(zC:y) ]_ 30
tyle] = Sy @D T 14y, eh@O-T@y) (30)
wherefy(z,y) = >j—1 Ajhj(z,y). Thelossonatrainingsetthenis
m
Zln 1+ Z eI @it)=Ix(ziyi) | (31)
i=1 tty;

We transformthis into our framework asfollows: Let
B={(G~0]1<i<m, €Yy —{y}}.

Thevectorsp, q, etc. thatwe work with arein RE. Thatis, they are(k — 1)m-dimensionabkndareindexed
by pairsin B. Let p; denote}_,_,,. pi,.. Thecorvex function F' thatwe usefor this casels

F(p) = f: [Z piglnp;e+ (1 —p;) In(1 —ﬁz’)]

i=1 [ty:

whichis definedover the space
A:{peR§|vz':ﬁi51}.
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TheresultingBregmandistances

(P ||

Il
NE
]
S
~
=3
/N
SIS
~
N——
+
_
|
3
5
N
—t
=
N——
| P

Clearly

It canbe shown that
gipe "

1= Gi + X pay, Gisee ™"t

(Lr(a, V) =

Assumptionl canbeverifiedby notingthat

- _ N 1—g
Br(0 || Lr(q,v))) —Br (0 | q) ;1 (1—(£F(q, )))

= Zln (1 — G+ Y gige W) (32)

£y,

m
< Y <_Qi +> qz-,ee”“)

i=1 tEyi

= Z QZE T —1 )

(i,0)eB

Now let M; o) ; = hj(wi,yi) — hj(zi,£), andlet qo = (1/k)1. Pluggingin thesedefinitionsgivesthat
Br (0 || Lr(qo, MA)) is equalto Eq. (31). Thus,thealgorithmsof Sectionss, 6 and7 canall be usedto
solve this minimizationproblem,andthe correspondingonvergenceproofsarealsodirectly applicable.

Thereareseveralmulticlassversionsof AdaBoost.AdaBoost.MZ16] (aspeciakaseof AdaBoost. MR24]),
is basedn thelossfunction

> exp (falzi &) — falzi, vi))- (33)

(i,0)eB
For thisloss,we canusea similar setup exceptfor the choiceof F. We insteaduse

> pielnpig

(3,0)€B

forpe A= ]R{ﬁ. In fact, thisis actuallythe sameF' usedfor (binary) AdaBoost.We have merelychanged
theindex setto B. Thus,asbefore,
0 || q Z qie

(i,6)eB
and
(Lr(Q,V))ie = gige L.

ChoosingM aswe did for multiclasslogistic regressiorandqy = 1, we havethat Br (0 || Lr(qo, MA))
is equalto thelossin Eq. (33). We canthususethe precedingalgorithmsto solve this multiclassproblemas
well. In particular the sequential-updatalgorithmgivesAdaBoost.M2.
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AdaBoost.MH[24] is anothemulticlassversionof AdaBoost.For AdaBoost.MH we replaces by the
index set

{1,...,m} x D,
andfor eachexample: andlabel? € ), we define

T -1 if £y

Thelossfunctionfor AdaBoost.MHis

D> exp (<G falwi, £))- (34)

=14y

We now let M(; ) ; = §i,ehj(w;,£) anduseagainthe sameF asin binary AdaBoostwith qo = 1 to obtain
this multiclassversionof AdaBoost.

9 A comparison toiterative scaling

In this section,we describethe generalizedterative scaling(GIS) procedureof Darrochand Ratcliff [11]
for comparisorto our algorithms. We largely follow the descriptionof GIS given by Berger, Della Pietra
andDellaPietra[1] for themulticlasscase.To make the comparisorasstarkaspossible we presenGISin
our notationandprove its corvergenceusingthe methodsdevelopedin previous sections.In doing so, we
arealsoableto relaxoneof thekey assumptiongraditionally usedin studyingGlIS.

We adoptthenotationandset-upusedfor multiclasdogistic regressiorin Section8. (To ourknowledge,
thereis no analogof GIS for the exponentialloss so we only considerthe caseof logistic loss.) We also
extendthis notationby definingg; ,, = 1 — g; sothatg; , is now definedfor all £ € Y. Moreover, it canbe
verifiedthatg; ; = Pr[¢|z;] asdefinedin Eq. (30)if q = Lr(qo, MA).

In GIS, thefollowing assumptionsegardingthefeaturesareusuallymade:

n
Vi,j, € hj(zi,0) >0 and Vi, £: Y hj(zi,0) =1.
7j=1

In this section,we prove that GIS cornvergeswith the secondconditionreplacedoy a milder one,namely
that

n
Vi, £: Y hi(zi,0) < 1.
j=1

Since,in the multiclasscase a constancanbe addedto all featuresh; without changingthe modelor loss
function, and sincethe featurescan be scaledby ary constantthe two assumptionsve considerclearly
canbe madeto hold without lossof generality The improved iterative scalingalgorithm of Della Pietra,
Della PietraandLafferty [12] alsorequiresonly thesemilder assumptionsut is muchmorecomplicatedo
implementrequiringa numericalsearchsuchasNewton-Raphsonjor eachfeatureon eachiteration.

GIS works much like the parallel-updatealgorithm of Section5 with F, M and q, as definedfor
multiclasslogisticregressiorin Section8. Theonly differences in the computatiorof thevectorof updates
44, for which GIS requiresdirectaccesso thefeaturesh;. Specifically in GIS, §; is definedto be

H.
0 = In J
(Pj<qt))
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where

m

Hj = > hj(wi,vi)
s
Zm
Pi(q) = > aihi(zi,b).
i=1tey

Clearly, theseupdatesarequitedifferentfrom the updatesiescribedn this paper
Usingnotationfrom Sectionss and8, we canreformulateP;(q) within our framework asfollows:

m

Pi(q) = > agichj(wi,l)
i=1/4cy
m

= Y hj(wi,y)
izl

+0 gie [hy(wi, £) — hj(zi, yi)]

i=1/4cy
= Hj— Y ai/Mup,
(3,0)eB
= H;— (W (q) - W; (q)) (35)

We cannow prove the convergenceof theseupdatesisingthe usualauxiliary functionmethod.

Theorem 6 LetF', M andqg beasabove Thenthe modifiedGISalgorithmdescribedabove convergesto
optimalityin the senseof Theoem3.

Proof: Wewill shav that

AlQ) = —Dy((Hy,...,Hyp) || (Pi(Q),---,Pu(q)))
— —;<Hjlnm+Pj(q) H]> (36)

is anauxilliary functionfor thevectorsqy, qq, . . . computedoy GIS. Clearly, A is continuousandtheusual
nonn@atvity propertiesof unnormalizedelative entrofy imply that A(q) < 0 with equalityif andonly if
H; = Pj(q) for all 5. FromEq. (35), H; = Pj(q) if andonly if Wj+(q) = W; (q). Thus,A(q) =0
impliesthattheconstraints "M = 0 asin theproofof Theorem3. All thatremainsto beshawn is that

Br (0 | Lr(a,Md)) - Br (0 || q) < A(q) (37)

where

We introducethe notation



andthenrewrite the gainasfollows usingEq. (32):

Br(0 || Lr(q,M8)) —Br (0 || q) = Zln((h,yff'z QZéeXP(_Z(SM(M ))

£y,
m
= — Z Ai(yi)
i(y3) — 21 0iM gy ;
+Zlne qz,yl-i-z gige “—i=1 .
L2y;

(38)

Pluggingin definitions thefirst termof Eq. (38) canbewritten as

;Ai(yi) = > [hl <P (q)> Zz:;hj(xi,yi)]

7j=1 j
In J . 39
2 (Pj<q)) 49

Next we derive anupperboundon thesecondermof Eq. (38):

Z In [e i) (‘IZ,%"‘ > diee X Mo, ]>]

L2y

LAy

=1 ey

> (Z gi e — 1) (40)
=1 \Ley

- ZZW!@XP (Zh i, ¢ )— ] (41)
i=14€)y

< DD aie Z hj(zi, €)(e” — 1) (42)
=1 ¢y j=1

= i . iae J _
Z:Zuezyq";’”(x )<P]-(q) 1) (43)
jzﬂ (1:)]((1 Zzlzezy%f l'z;

- Z(Hj — Pj(q)) . (44)
j=1

Eq. (40) follows from thelog boundln z < z — 1. Eq. (42) useskq. (25) andour assumptioron theform
of theh;’s. Eq. (43) follows from our definition of the updates.
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Finally, combiningEgs.(36), (38), (39) and(44) givesEq. (37) completingthe proof. =
It is clearthatthedifferencedetweerGlS andtheupdategivenin this paperstemfrom Eq. (38), which
is dervedfromIlnz = —C + In (ecx), with C = A,(y;) ontheid’th termin the sum. This choiceof C

effectively meanghatthelog boundis takenatadifferentpoint(lnz = —C +1n (ecx) < —CH+ez—1).

In this moregenerakasetheboundis exactatz = e~¢; henceyarying C varieswherethe boundis taken,
andtherebyvariesthe updates.

10 Experiments

In this section,we briefly describesomeexperimentsusing syntheticdata. Theseexperimentsare prelim-
inary and are only intendedto suggesthe possibility of thesealgorithms’ having practicalvalue. More
systematiexperimentsareclearlyneededisingbothreal-world andsyntheticdata,andcomparinghe new
algorithmsto othercommonlyusedprocedures.

In our experimentswe generatedandomdataand classifiedit usinga very noisy hyperplane.More
specifically in the 2-classcase,we first generatech randomhyperplanen 100-dimensionaspacerepre-
sentedby a vectorw € R'% (chosenuniformly at randomfrom the unit sphere). We then chose1000
pointsx € R!%. In the caseof real-aluedfeatureseachpointwasnormally distrioutedx ~ N(0,1). In
the caseof Booleanfeatureseachpoint x waschosenuniformly at randomfrom the Booleanhypercube
{—1,+1}1%, We next assigneda label y to eachpoint dependingon whetherit fell above or below the
choserhyperplanej.e.,y = sign(w - x). After eachlabelwaschosenwe perturbedeachpointx. In the
caseof real-\aluedfeatureswe did this by addinga randomamounte to x wheree ~ N(0,0.8 I). For
Booleanfeatureswe flipped eachcoordinateof x independentlywith probability 0.05. Note that both of
theseformsof perturbatiorhave the effect of causingthe labelsof pointsnearthe separatindiyperplango
be morenoisythanpointsthatarefartherfrom it. Thefeaturesnvereidentifiedwith coordinate®of x.

For real-\aluedfeatureswe alsoconducteda similar experimentinvolving ten classesatherthantwo.
In this casewe generatedenrandomhyperplanesvy, ..., wig, eachchoseruniformly atrandomfrom the
unit sphereandclassifiedeachpointx by arg max, w, - x (prior to perturbingx).

Finally, in someof theexperimentswe limited eachweightvectorto dependnjust4 of the100possible
features.

In the first setof experiments,we testedthe algorithmsto seehow effective they are at minimizing
the logistic loss on the training data. We ran the parallel-updatelgorithmof Section5 (denoted‘par” in
the figures),aswell asthe sequential-updatalgorithmthatis a specialcaseof the parameterizedamily
describedn Section7 (denoted'seq”). Finally, we rantheiterative scalingalgorithmdescribedn Section9
(i.s.”). (We did notrun the sequential-updatalgorithmof Section6 since,in preliminaryexperimentsijt
seemedo consistentyperformworsethanthe sequential-updatalgorithmof Section?).

As notedin Section9, GIS requiresthatall featuresbe nonngative. Givenfeatureshatdo not satisfy
this constraintonecansubtracta constant; from eachfeatureh; without changingthe modelin Eq. (30);
thus,onecanusea new setof features

h;(.’L‘,y) = h’](x,y) — ¢

where
cj = Hz‘lizn hj(zi, ).

Thenew featuresdefineanidenticalmodelto thatof theold featureshecauseheresultof thechangds that
thedenominatoandnumeratoin Eq. (30) arebothmultiplied by the sameconstantexp (— > /\jcj) .
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Figure4: Thetraininglogisticlosson datageneratedby a noisy hyperplane$y variousmethods.

22



few relevantfeatures mary relevantfeatures

test error test error
0.24 ; 0.44 T T Togseq
—_— lexp seq
| [o] ar ||
0.235 042 - @ gu‘i)ar
023 0.4
0.38
0.225
real- 03
valued 022
0.34
features, 0215
0.32-
2classes |,
03[
0.205
0.281
0.2 0.26F
0.195 L L L L L I
10° 10" 10° 10° 10* 02 o° 10 10° 10° 10"
test error
test error 0.9 T
0.545 T
0.54
0.535
real-
valued
features,
0.525
10classes
0.52
0.515
0.51
10
test error test error
0.085 T 0.45 T
0.08
0.075
0.07
boolean
features, 00851
2 classes
0.06 -
0.055
0.05-
0.045 ol = S . . .
10' 10 10° 10 10 0. 110“ o 10 0 10°

Figure5: Thetestmisclassificatiorerroron datageneratedby noisy hyperplanes.
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A slightly lessobviousapproaclhis to choosea featuretransformation

H(2,y) = hy(z,y) — o @)

where
cj(z) = mﬁin hj(z,£).

Like the former approachthis causesh; to be nonngative without affecting the modelof Eq. (30) (both
demoninatoand numeratorof Eq. (30) arenov multiplied by exp (— > /\jcj(a:))). Notethat, in either
casetheconstantgc; or c¢;(x)) areof no consequenceuringtestingandsocanbeignoredoncetrainingis
complete.

In a preliminaryversionof this papeyf we did experimentsusingonly the former approachandfound
that GIS performeduniformly and considerablyworsethanary of the otheralgorithmstested. After the
publicationof that version,we tried the latter methodof making the featuresnonngative and obtained
muchbetterperformanceAll of theexperimentdn the currentpapertherefore usethis latterapproach.

Theresultsof thefirst setof experimentsareshowvn in Fig. 4. Eachplot of this figure shavs thelogistic
losson the training setfor eachof the threemethodsas a function of the numberof iterations. (The loss
hasbeennormalizedio be 1 whenA = 0.) Eachplot correspondso a differentvariationon generatinghe
data,asdescribedabore. Whenthereareonly a small numberof relevant features the sequential-update
algorithmsseemsgo have a clearadvantageput whentherearemary relevantfeaturesnoneof the methods
seemso bebestacross-the-boardf course all methodseventuallycorverge to the samelevel of loss.

In the secondexperiment,we testedhow effective the new competitorsof AdaBoostareat minimizing
thetestmisclassificatiorerror For this experimentwe usedthe sameparallel-andsequential-updatelgo-
rithms(denoted'par” and“seq”), andin bothcaseswe usedvariantsbasedn exponentialoss(“exp”) and
logisticloss(“log”).

Fig. 5 shavs aplot of theclassificatiorerroron aseparateéestsetof 2000examples Whentherearefew
relevant features all of the methodsoverfit on this data,perhapshecausef the high-level of noise. With
mary relevantfeaturesthereis notaverylarge differencein the performancef the exponentialandlogistic
variantsof the algorithms but the parallel-updateariantsclearlydo muchbetterearlyon; they seento “go
right to the solution’
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