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Abstract

We give a unified accountof boostingand logistic regressionin which eachlearningproblemis
cast in termsof optimizationof Bregmandistances. The striking similarity of the two problemsin
this framework allows usto designandanalyzealgorithmsfor bothsimultaneously, andto easilyadapt
algorithmsdesignedfor one problemto the other. For both problems,we give new algorithmsand
explain theirpotentialadvantagesoverexistingmethods.Thesealgorithmscanbedividedinto two types
basedon whetherthe parametersareiteratively updatedsequentially(oneat a time) or in parallel (all
at once). We alsodescribea parameterizedfamily of algorithmswhich interpolatessmoothlybetween
thesetwo extremes.For all of thealgorithms,we giveconvergenceproofsusingageneralformalization
of the auxiliary-functionproof technique.As oneof our sequential-updatealgorithmsis equivalentto
AdaBoost,this providesthe first generalproof of convergencefor AdaBoost.We show thatall of our
algorithmsgeneralizeeasily to the multiclasscase,andwe contrastthe new algorithmswith iterative
scaling.We concludewith a few experimentalresultswith syntheticdatathathighlight thebehavior of
theold andnewly proposedalgorithmsin differentsettings.
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1 Introduction

Wegiveaunifiedaccountof boostingandlogistic regressionin whichweshow thatbothlearningproblems
canbecastin termsof optimizationof Bregmandistances.In ourframework, thetwo problemsbecomevery
similar, theonly realdifferencebeingin thechoiceof Bregmandistance:unnormalizedrelative entropy for
boosting,andbinaryrelative entropy for logistic regression.

The similarity of the two problemsin our framework allows us to designandanalyzealgorithmsfor
bothsimultaneously. Wearenow ableto borrow methodsfrom themaximum-entropy literaturefor logistic
regressionandapply themto the exponentiallossusedby AdaBoost,especiallyconvergence-proof tech-
niques.Conversely, we cannow easilyadaptboostingmethodsto theproblemof minimizing the logistic
lossusedin logistic regression.The result is a family of new algorithmsfor both problemstogetherwith
convergenceproofsfor thenew algorithmsaswell asAdaBoost.

For both AdaBoostand logistic regression,we attemptto choosethe parametersor weightsassoci-
atedwith a givenfamily of functionscalledfeaturesor weakhypotheses. AdaBoostworksby sequentially
updatingtheseparametersoneby one,whereasmethodsfor logistic regression,mostnotablyiterative scal-
ing [11, 12], updateall parametersin parallelon eachiteration.

Our first new algorithmis amethodfor optimizingtheexponentiallossusingparallelupdates.It seems
plausiblethat a parallel-updatemethodwill often converge fasterthan a sequential-updatemethod,pro-
videdthat thenumberof featuresis not so largeasto make parallelupdatesinfeasible.A few experiments
describedat theendof thispapersuggestthatthis is thecase.

Our secondalgorithmis a parallel-updatemethodfor the logistic loss. Althoughparallel-updatealgo-
rithmsarewell known for this function,theupdatesthatwederivearenew. Becauseof theunifiedtreatment
we give to theexponentialandlogistic lossfunctions,we areableto presentandprove theconvergenceof
thealgorithmsfor thesetwo lossessimultaneously. Thesameis true for theotheralgorithmspresentedin
thispaperaswell.

We next describeandanalyzesequential-updatealgorithmsfor thetwo lossfunctions.For exponential
loss,this algorithmis equivalentto theAdaBoostalgorithmof FreundandSchapire[16]. By viewing the
algorithmin our framework, weareableto prove thatAdaBoostcorrectlyconvergesto theminimumof the
exponentiallossfunction. This is a new result:AlthoughKivinenandWarmuth[19] andMasonet al. [22]
havegivenconvergenceproofsfor AdaBoost,theirproofsdependonassumptionsaboutthegivenminimiza-
tion problemwhichmaynothold in all cases.Ourproof holdsin generalwithout assumptions.

Our unified view leadsinstantlyto a sequential-updatealgorithmfor logistic regressionthat is only a
minor modificationof AdaBoostandwhich is very similar to oneproposedby Duffy andHelmbold[14].
Like AdaBoost,this algorithmcanbeusedin conjunctionwith any classificationalgorithm,usuallycalled
theweaklearningalgorithm,thatcanacceptadistribution overexamplesandreturnaweakhypothesiswith
low errorratewith respectto thedistribution. However, thisnew algorithmprovably minimizesthelogistic
lossratherthanthearguablylessnaturalexponentiallossusedby AdaBoost.

A potentiallyimportantadvantageof thenew algorithmfor logistic regressionis that theweightsthat
it placeson examplesareboundedin

� �������
. This suggeststhat it maybepossibleto usethenew algorithm

in a settingin which theboostingalgorithmselectsexamplesto presentto theweaklearningalgorithmby
filtering astreamof examples(suchasavery largedataset).As pointedoutby Watanabe[27] andDomingo
andWatanabe[13], this is notpossiblewith AdaBoostsinceits weightsmaybecomeextremelylarge.They
provide a modificationof AdaBoostfor this purposein which the weightsare truncatedat

�
. Our new

algorithmmaybeaviableandcleaneralternative.
Wenext describeaparameterizedfamilyof iterativealgorithmsthatincludesbothparallel-andsequential-

updatealgorithmsandthat alsointerpolatessmoothlybetweenthe two extremes.The convergenceproof
thatwe giveholdsfor thisentirefamily of algorithms.
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Althoughmostof this paperconsidersonly thebinarycasein which therearejust two possiblelabels
associatedwith eachexample,it turnsout that themulticlasscaserequiresno additionalwork. That is, all
of thealgorithmsandconvergenceproofsthatwe give for thebinarycaseturn out to bedirectly applicable
to themulticlasscasewithoutmodification.

Forcomparison,wealsodescribethegeneralizediterativescalingalgorithmof DarrochandRatcliff [11].
In rederiving thisprocedurein oursetting,weareableto relaxoneof themainassumptionsusuallyrequired
by thisalgorithm.

The paperis organizedasfollows: Section2 describestheboostingandlogistic regressionmodelsas
they areusually formulated. Section3 gives backgroundon optimizationusing Bregmandistances,and
Section4 thendescribeshow boostingandlogistic regressioncanbecastwithin this framework. Section5
givesour parallel-updatealgorithmsandproofsof their convergence,while Section6 givesthesequential-
updatealgorithmsandconvergenceproofs.Theparameterizedfamily of iterative algorithmsis describedin
Section7. Theextensionto multiclassproblemsis givenin Section8. In Section9, wecontrastourmethods
with iterative scaling. In Section10, we give someinitial experimentsthat demonstratethe qualitative
behavior of thevariousvariantsin differentsettings.

Previous work

Variantsof our sequential-updatealgorithmsfit into thegeneralfamily of “arcing” algorithmspresentedby
Breiman[4, 3], aswell asMasonet al.’s “AnyBoost” family of algorithms[22]. Theinformation-geometric
view thatwe take alsoshows thatsomeof thealgorithmswe study, includingAdaBoost,fit into a family of
algorithmsdescribedin 1967by Bregman[2] for satisfyingasetof constraints.	

Ourwork is baseddirectlyon thegeneralsettingof Lafferty, DellaPietraandDellaPietra[21] in which
oneattemptsto solve optimizationproblemsbasedon generalBregmandistances.They gave a methodfor
deriving andanalyzingparallel-updatealgorithmsin thissettingthroughtheuseof auxilliary functions.All
of ouralgorithmsandconvergenceproofsarebasedon thismethod.

Our work builds on several previous paperswhich have comparedboostingapproachesto logistic re-
gression.Friedman,HastieandTibshirani [17] first notedthe similarity betweenthe boostingandlogis-
tic regressionlossfunctions,andderived the sequential-updatealgorithmLogitBoostfor the logistic loss.
However, unlike our algorithm, theirs requiresthat the weak learnersolve least-squaresproblemsrather
thanclassificationproblems.Anothersequential-updatealgorithmfor a differentbut relatedproblemwas
proposedby Cesa-Bianchi,KroghandWarmuth[6].

Duffy andHelmbold[14] gaveconditionsunderwhicha lossfunctiongivesaboostingalgorithm.They
showed that minimizing logistic lossdoesleadto a boostingalgorithmin the PAC sense,which suggests
thatouralgorithmfor thisproblem,which is verycloseto theirs,mayturnoutalsoto havethePAC boosting
property.

Lafferty [20] went further in studyingthe relationshipbetweenlogistic regressionandtheexponential
lossthroughtheuseof afamily of Bregmandistances.However, thesettingdescribedin hispaperapparently
cannotbeextendedto preciselyincludetheexponentialloss.Theuseof Bregmandistancesthatwedescribe
hasimportantdifferencesleadingto a naturaltreatmentof theexponentiallossanda new view of logistic
regression.

Our work builds heavily on thatof KivinenandWarmuth[19] who, alongwith Lafferty, werethefirst
to make a connectionbetweenAdaBoostand information geometry. They showed that the updateused


Morespecifically, Bregman[2] describesoptimizationmethodsbasedonBregmandistanceswhereoneconstraintis satisfiedat
eachiteration,for example,amethodwheretheconstraintwhichmakesthemostimpactontheobjectivefunctionis greedilychosen
at eachiteration.Thesimplestversionof AdaBoost,which assumesweakhypotheseswith valuesin �
����������� , is analgorithmof
this typeif we assumethattheweaklearneris alwaysableto choosetheweakhypothesiswith minimumweightederror.
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by AdaBoostis a form of “entropy projection.” However, the Bregmandistancethat they useddiffered
slightly from the onethat we have chosen(normalizedrelative entropy ratherthanunnormalizedrelative
entropy) sothatAdaBoost’s fit in this modelwasnot quitecomplete;in particular, their convergenceproof
dependedon assumptionsthat do not hold in general. Kivinen andWarmuthalsodescribedupdatesfor
generalBregmandistancesincluding,asoneof theirexamples,theBregmandistancethatweuseto capture
logistic regression.

2 Boosting, logistic models and loss functions

Let ��������� 	 ��� 	  !�#"#"#"$� ���&% ��� %  �' beasetof trainingexampleswhereeachinstance�&( belongsto adomain
or instancespace) , andeachlabel

� (+*-,/. �0�!12�43 .
Weassumethatwearealsogivenasetof real-valuedfunctionson ) , 5 	 �#"#"#"�� 576 . Following convention

in theMaximum-Entropy literature,we call thesefunctionsfeatures; in theboostingliterature,thesewould
becalledweakor basehypotheses. Notethat, in theterminologyof the latter literature,thesefeaturescor-
respondto theentirespaceof basehypothesesratherthanmerelythebasehypothesesthatwerepreviously
foundby theweaklearner.

We studytheproblemof approximatingthe
� ( ’s usinga linearcombinationof features.That is, we are

interestedin theproblemof finding a vectorof parameters8 *-9 6 suchthat :0;<���=(  ��> 6?!@ 	 A ? 5 ? ���&(  is a
“good approximation”of

� ( . How we measurethegoodnessof suchanapproximationvarieswith thetask
thatwe have in mind.

For classificationproblems,it is naturalto try to matchthe sign of :0;<��� (  to
� ( , that is, to attemptto

minimize %B ( @ 	 � � � (C:0;����=(  EDF�4� � (1)

where
� � GH� �

is
�

if
G

is true and
�

otherwise.Although minimizationof thenumberof classificationerrors
maybea worthwhilegoal, in its mostgeneralform, theproblemis intractable(see,for instance,[18]). It
is thereforeoftenadvantageousto insteadminimizesomeothernonnegative lossfunction.For instance,the
boostingalgorithmAdaBoost[16, 24] is basedon theexponentialloss%B ( @ 	 I
J�K � . � ( :0;<��� (  � !" (2)

It canbeverifiedthatEq.(1) is upperboundedby Eq.(2); however, thelatterlossis mucheasierto work with
asdemonstratedby AdaBoost.Briefly, oneachof aseriesof rounds,AdaBoostusesanoracleor subroutine
calledtheweaklearningalgorithmto pick onefeature(weakhypothesis)5 ? , andtheassociatedparameterA ? is thenupdated.It hasbeennotedby Breiman[3, 4] andvariouslaterauthors[17, 22, 23, 24] thatboth
of thesestepsaredonein sucha way asto (approximately)causethegreatestdecreasein theexponential
loss.In thispaper, weshow for thefirst timethatAdaBoostis in factaprovablyeffectivemethodfor finding
parameters8 which minimize theexponentialloss(assumingthe weaklearneralwayschoosesthe “best”5 ? ).

We alsogive an entirely new algorithmfor minimizing exponentiallossin which, on eachround,all
of theparameters

A ? areupdatedin parallelratherthanoneat a time. Our hopeis that this parallel-update
algorithmwill befasterthanthesequential-updatealgorithm;seeSection10for preliminaryexperimentsin
this regard.

Insteadof using :0; as a classificationrule, we might insteadpostulatethat the
� ( ’s were generated

stochasticallyasa functionof the � ( ’s andattemptto use:0;<���  to estimatetheprobabilityof theassociated

4



label
�
. A well-studiedwayof doingthis is to pass:0; througha logistic function,thatis, to usetheestimateLMON � � � 12�QP � � � ��R1TSVU=WYX0Z\[^] "

Thelikelihoodof thelabelsoccuringin thesamplethenis%_( @ 	 ���1 I
J�K � . � (C:0;<���&(  � "
Maximizing this likelihoodthenis equivalentto minimizing thelog lossof thismodel%B ( @ 	 `ba � �R1 I
JcK � . � (�:0;<���=(  d � !" (3)

Generalizedandimprovediterative scaling[11, 12] arepopularparallel-updatemethodsfor minimizing
this loss. In this paper, we give an alternative parallel-updatealgorithm which we compareto iterative
scalingtechniquesin preliminaryexperimentsin Section10.

3 Bregman-distance optimization

In this section,we give backgroundon optimizationusingBregmandistances.This will form theunifying
basisfor ourstudyof boostingandlogisticregression.Theparticularset-upthatwefollow is takenprimarily
from Lafferty, DellaPietraandDella Pietra[21].

Let egfihkj 9 beacontinuouslydifferentiableandstrictly convex functiondefinedonaclosed,convex
set hml 9 % n . TheBregmandistanceassociatedwith e is definedfor o ��p * h to beqsr �tovu pw "�xey�to  . ey� pw .{z ey� pw +| �to . pw !"
For instance,when e}�to  � %B( @ 	 ~ ( `ba ~ ( � (4)q r

is the(unnormalized)relative entropy��� �Co�u pw � %B ( @ 	 � ~ ( `ba � ~ (� (#� 1 � ( . ~ ( � "
It canbeshown that, in general,every Bregmandistanceis nonnegative andis equalto zeroif andonly if
its two argumentsareequal.

Thereis anaturaloptimizationproblemthatcanbeassociatedwith aBregmandistance,namely, to find
the vector o * h that is closestto a given vector

p�� * h subjectto a setof linear constraints.These
constraintsare specifiedby an ����� matrix � and a vector �o * h . The vectors o satisfyingthese
constraintsarethosefor which ow�w��� �o��w� . Thus,theproblemis to find� N����y� a�c�$� q r �Co�u p��^ 
where � "�g�co * hmf�o � �����o � ��� " (5)
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The “convex dual” of this problemgivesan alternative formulation. Here, the problemis to find the
vectorof a particularform that is closestto a given vector �o . The form of suchvectorsis definedvia the
Legendre transform, written � r � p ��¡  :� r � p ��¡+ "� � N����¢� a�c�0£ � q r �Co�u pw ¤1¥¡¦| o  
"
TheLegendretransformis a functionwhich maps h§� 9 % j�h . Using calculus,this canbe seento be
equivalentto z e}�t� r � p ��¡+ � � z ey� pw . ¡R" (6)

For instance,when
q r

is unnormalizedrelative entropy, it canbeverifiedusingcalculusthat� r � p ��¡+ ( � � ( S U<¨�© " (7)

Note that, in order for Eq. (6) to have a solution in all cases,we needto assumethat z e is a bijective
(one-to-oneandonto)mappingfrom the interior of h to 9 % . We make this assumptionfor theremainder
of thepaper.

From Eq. (6), andthe bijective propertyof z e , it canbe shown that the transformhasthe following
useful“additive” property: � r �t� r � p ��ª« ���¡+ �¬� r � p ��¡­1¥ª® !" (8)

For a given �¯�­� matrix � andvector
p � * h , we considervectorsobtainedby takingtheLegendre

transformof a linearcombinationof columnsof � with thevector
p��

, thatis, vectorsin theset° "� , � r � p��0� �±8  ²P 8 *³9 6 3�" (9)

Thedualoptimizationproblemnow canbestatedto betheproblemof finding� N����y� a´/� µ q r ���ovu pw 
where

°
is theclosureof

°
.

The remarkablefact aboutthesetwo optimizationproblemsis that their solutionsare the same,and,
moreover, thissolutionturnsout to betheuniquepointat theintersectionof

�
and

°
. Wetake thestatement

of thistheoremfromLafferty, DellaPietraandDellaPietra[21]. Theresultappearsto beduetoCsisźar[8, 9]
andTopsoe[26]. A proof for thecaseof (normalized)relative entropy is givenby Della Pietra,Della Pietra
andLafferty [12]. SeealsoCsisźar’s survey article[10] aswell asCensorandZenios’s book[5].

Theorem 1 Let �o ,
p �

, � , h , e ,
qsr

,
�

and
°

beasabove. Assume
qsr � �ovu p �  �¶¸· . Thenthereexists

a unique
p=¹ * h satisfying:

1.
p ¹ * �¸º °

2.
q r �tovu pw � q r �Co�u p=¹0 �1 q r � p=¹ u pw for any o * � and

p * °
3.
p=¹ � � N����¢� a ´/� µ q r ���o»u pw 

4.
p=¹ � � N����¢� a �c�$� q r �tovu p��� .

Moreover, anyoneof thesefour propertiesdetermines
p ¹

uniquely.

Thistheoremwill beextremelyusefulin proving theconvergenceof thealgorithmsdescribedbelow. We
will show in thenext sectionhow boostingandlogisticregressioncanbeviewedasoptimizationproblemsof
thetypegivenin part3 of thetheorem.Then,to prove optimality, weonly needto show thatouralgorithms
convergeto apoint in

�¸º °
.
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4 Boosting and logistic regression revisited

We returnnow to theboostingandlogistic regressionproblemsoutlinedin Section2, andshow how these
canbecastin theform of theoptimizationproblemsoutlinedabove.

Recallthatfor boosting,ourgoalis to find 8 suchthat%B ( @ 	 I
J�K{¼½ . � ( 6B?�@ 	 A ? 5 ? ���=(  ¿¾À (10)

is minimized,or, moreprecisely, if theminimumis not attainedat a finite 8 , thenwe seeka procedurefor
findingasequence8 	 � 8�Á �#"#"#" whichcausesthis functionto convergeto its infimum. For shorthand,wecall
this theExpLossproblem.

To view this problemin the form given in Section3, we let �ok�ÃÂ , p�� �»Ä (the all
�
’s andall

�
’s

vectors). We let ÅÆ( ? � � (�5 ? ���&(  , from which it follows that �C�±8  (Ç� > 6?�@ 	 A ? � (C5 ? ���&(  . The spacehk� 9 % n . Finally, we take e to beasin Eq. (4) sothat
q r

is theunnormalizedrelative entropy.
As notedearlier, in this case,� r � p ��¡+ is asgivenin Eq. (7). In particular, thismeansthat° �ÉÈÊ Ë p *³9 % nÍÌÌÌÌÌÌ � (¤� I
J�K ¼½ .

6B?!@ 	 A ? � (t5 ? ���=(  ¾À � 8 *¦9 6=Î ÏÐ "
Furthermore,it is trivial to seethat �Ñ� �CÂÒu pw � %B( @ 	 � ( (11)

sothat
��� ��ÂÓu{� r � p��0� �Ô8  � is equalto Eq. (10). Thus,minimizing

�Ñ� �CÂÒu pw over
p * ° is equiva-

lent to minimizingEq.(10). By Theorem1, this is equivalentto finding
p * ° satisfyingtheconstraints%B( @ 	 � (ÕÅ{( ? � %B ( @ 	 � ( � (t5 ? ���=(  � � (12)

for Ö×� �0�#"#"#"^� � .
Logistic regressioncanbe reducedto an optimizationproblemof this form in nearly the sameway.

Recallthathereourgoalis to find 8 (or asequenceof 8 ’s) whichminimize%B ( @ 	 `ba ¼½ �R1 I
J�K ¼½ . � ( 6B?�@ 	 A ? 5 ? ��� (  ¾ÀQ¾À " (13)

For shorthand,we call this theLogLossproblem.We define �o and � exactly asfor exponentialloss. The
vector

p��
is still constant,but now is definedto be � �^Ø0Ù/ Ä , andthespaceh is now restrictedto be

� ������� % .
Theseareminor differences,however. The only importantdifferenceis in the choiceof the function e ,
namely, ey�to  � %B ( @ 	 � ~ ( `ba ~ ( 1 � � . ~ (  `Úa � � . ~ (  � !"
TheresultingBregmandistanceis�ÑÛ �Üo»u pw � %B( @ 	 � ~ ( `ba � ~ (� ( � 1 � � . ~ (  `ba � � . ~ (� . � ( �/� "
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Parameters: hml 9 % ne�fihkj 9 satisfyingAssumptions1 and2p � * h suchthat
qsr �ÜÂÒu p �  E¶¸·

Input: Matrix � * � . �0����� %ÑÝi6 where,for all Þ ,> 6?!@ 	 P Å{( ? PcDß�
Output: 8 	 � 8 Á �#"#"#" suchthat` �Ú�àÚá�â qãr �CÂÒu{� r � p � � �±8 à  � � � a7ä; � 9�å qsr �CÂÒu{� r � p � � �±8  � ="
Let 8 	 �xÂ
For æO� �0�dÙc�#"#"#" :ç p à �x� r � p��0� �±8 à  ç For Ö2� �0�#"#"#"^� � : è nàté ? � B(Õê ë�ìîí�ï Zñðò© ó�] @ n 	 � àté ( P Å ( ? Pè Uàté ? � B(Õê ë�ìîí�ï Zñðò© ó�] @ U 	 � àté ( P Å{( ? Pô àté ? � �Ù `ba³õ è nàté ?è Uàté ?�öç Updateparameters:8 à n 	 �x8 à 1T÷ à

Figure1: Theparallel-updateoptimizationalgorithm.

Trivially, �ÑÛ �CÂÒu pw � . %B ( @ 	 `Úa � � . � (  !" (14)

For thischoiceof e , it canbeverifiedusingcalculusthat� r � p ��¡+ (�� � ( S U<¨�©� . � ( 1 � ( S U<¨�© (15)

sothat ° � ÈÊ Ë p * � ������� % ÌÌÌÌÌÌ � (��¬ø ¼½
6B?�@ 	 A ? � (t5 ? ���&(  ¿¾À}� 8 *­9 6òÎ ÏÐ "

where øO���  �g� �ù1TS [  U 	 . Thus,
�ÑÛ ��ÂÓu{� r � p��0� �Ô8  � is equalto Eq. (13) sominimizing

�ÑÛ �ÜÂÒu pw 
over

p * ° is equivalentto minimizingEq.(13). As before,this is thesameasfinding � * ° satisfyingthe
constraintsin Eq. (12).

5 Parallel optimization methods

In thissection,wedescribeanew algorithmfor theExpLossandLogLossproblemsusinganiterativemethod
in whichall weights

A ? areupdatedon eachiteration.Thealgorithmis shown in Fig. 1. Thealgorithmcan
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be usedwith any function e satisfyingcertainconditionsdescribedbelow; in particular, we will seethat
it canbeusedwith thechoicesof e given in Section4. Thus,this is really a singlealgorithmthatcanbe
usedfor both loss-minimizationproblemsby settingtheparametersappropriately. Note that,without loss
of generality, weassumein thissectionthatfor all instancesÞ , > 6?�@ 	 P Å{( ? PcDú� .

Thealgorithmis very simple. On eachiteration,thevector
÷ à is computedasshown andaddedto the

parametervector 8 à . We assumefor all our algorithmsthat the inputsaresuchthat infinite-valuedupdates
never occur.

This algorithm is new for both minimization problems. Optimizationmethodsfor ExpLoss, notably
AdaBoost,have generallyinvolved updatesof onefeatureat a time. Parallel-updatemethodsfor LogLoss
arewell known (see,for example,[11, 12]). However, our updatestake a different form from the usual
updatesderivedfor logisticmodels;we discussthedifferencesin Section9.

A usefulpointis thatthedistribution
p à n 	 is asimplefunctionof thepreviousdistribution

p à . By Eq.(8),p à n 	 �¸� r � p��0� �m�C8 à 1T÷ à  � � � r �t� r � p��4� �±8 à  !� � ÷ à  � � r � p à � � ÷ à  !" (16)

Thisgives � à n 	 é (��ÉÈÊ Ë � àté ( I
J�KÇû . > 6?!@ 	 ô àté ? Å{( ?�ü� àté (4ý � � . � àté (  I
J�K û > 6?!@ 	 ô àté ? Å ( ?�ü 1 � àté (Õþ U 	 (17)

for ExpLossandLogLossrespectively.
We will prove next that thealgorithmgiven in Fig. 1 convergesto optimality for eitherloss. We prove

thisabstractlyfor any matrix � andvector
p �

, andfor any function e satisfyingthefollowing assumptions:

Assumption 1 For any
¡ *³9 % ,

p * h ,q r �ÜÂÒu{� r � p ��¡+ ! . q r �CÂÓu pw ùD %B( @ 	 � (�� S U<¨�© . �^ !"
Assumption 2 For any ÿ ¶¸· , theset , p * h P q r �CÂÓu pw ùD ÿ 3
is bounded.

We will show later that thechoicesof e givenin Section4 satisfytheseassumptionswhich will allow
usto prove convergencefor ExpLossandLogLoss.

To prove convergence,we usethe auxiliary-functiontechniqueof Della Pietra,Della PietraandLaf-
ferty [12]. Very roughly, the ideaof the proof is to derive a nonnegative lower boundcalledan auxiliary
function on how much the loss decreaseson eachiteration. Sincethe loss never increasesand is lower
boundedby zero, the auxiliary function mustconverge to zero. The final stepis to show that when the
auxiliary functionis zero,theconstraintsdefiningtheset

�
mustbesatisfied,andtherefore,by Theorem1,

we musthave convergedto optimality.
More formally, we defineanauxiliary functionfor a sequence

p 	 ��p Á �#"#"#" andmatrix � to bea contin-
uousfunction �Ôf�hkj 9 satisfyingthetwo conditions:q r �ÜÂ§u p à n 	  . q r �CÂÓu p à  ED �×� p à  ED � (18)

and �2� pw � ��� p � � � Â " (19)
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Beforeprovingconvergenceof specificalgorithms,weprovethefollowing lemmawhichshows,roughly,
that if a sequencehasan auxiliary function, thenthesequenceconvergesto theoptimumpoint

p=¹
. Thus,

proving convergenceof aspecificalgorithmreducesto simplyfindinganauxiliary function.

Lemma 2 Let � bean auxiliary functionfor
p 	 ��p Á �#"#"#" andmatrix � . Assumethe

p à ’s lie in a compact
subspaceof

°
where

°
is as in Eq. (9); in particular, this will be the caseif Assumption2 holds andq r �CÂÓu p 	  E¶¬· . Then ` �b�àÚá�â p à � p=¹ "� � N����¢� a´/� µ q r �ÜÂÒu pw ="

Proof: By condition(18),
qsr �ÜÂÓu p à  is a nonincreasingsequence.As is thecasefor all Bregmandis-

tances,
q r �ÜÂÓu p à  is alsoboundedbelow by zero.Therefore,thesequenceof differencesq r �CÂÒu p à n 	  . q r �ÜÂ§u p à  

mustconverge to zero. By condition(18), this meansthat �×� p à  mustalsoconverge to zero. Becausewe
assumethat the

p à ’s lie in a compactspace,the sequenceof
p à ’s musthave a subsequenceconverging to

somepoint
Lp * h . By continuityof � , we have �×� Lp+ � � . Therefore,

Lp * � by condition(19),where
�

is asin Eq. (5). On theotherhand,
Lp

is thelimit of a sequenceof pointsin
°

so
Lp * ° . Thus,

Lp * �xº °
so
Lp � p=¹ by Theorem1.
This argumentandtheuniquenessof

p=¹
show that the

p à ’s have only a singlelimit point
p=¹

. Suppose
that theentiresequencedid not converge to

p=¹
. Thenwe couldfind anopenset

q
containing

p=¹
suchthat, p 	 ��p Á �#"#"#"b3 . q containsinfinitely many pointsandthereforehasa limit pointwhichmustbein theclosed

set h . q andsomustbedifferentfrom
p=¹

. This, we have alreadyargued,is impossible.Therefore,the
entiresequenceconvergesto

p ¹
.

Wecannow applythis lemmato prove theconvergenceof thealgorithmof Fig. 1.

Theorem 3 Let e satisfyAssumptions1 and 2, and assumethat
q r �CÂÒu p��^ 2¶�·

. Let the sequences8 	 � 8OÁ �#"#"#" and
p 	 ��p Á �#"#"#" begeneratedby thealgorithmof Fig. 1. Then` �b�àÚá�â p à � � N��E�¢� a´�� µ qsr �CÂÓu pw 

where
°

is asin Eq.(9). Thatis,` �Ú�àÚá�â q r �CÂÒu{� r � p��0� �±8 à  � � � a7ä; � 9�å q r �CÂÒu{� r � p��0� �±8  � ="
Proof: Let è n? � pw � B(�ê ëÕìîí�ï Zñðò© ó�] @ n 	 � ( P Å{( ? Pè U? � pw � B(�ê ëÕìîí�ï Zñðò© ó�] @ U 	 � ( P Å{( ? P
sothat

è nàté ? � è n? � p à  and

è Uàté ? � è U? � p à  . Weclaim thatthefunction�×� pw � . 6B?!@ 	 ���
è n? � pw . � è U? � pw � Á

is anauxiliary functionfor
p 	 ��p Á �#"#"#" . Clearly, � is continuousandnonpositive.

10



Let �^( ? "��� � � a �tÅ{( ?  . Wecanupperboundthechangein
q r ��Â§u p à  on round æ by �2� p à  asfollows:q r �ÜÂÒu p à n 	  . q r �CÂÒu p à  � q r �ÜÂ§u{� r � p à � � ÷ à  � . q r �CÂÓu p à  (20)D %B( @ 	 � àté (	�
 I
J�K{¼½ . 6B?�@ 	 ô àté ? Å{( ? ¾À . ���
 (21)

� %B( @ 	 � àté (	�
 I
J�K{¼½ . 6B?�@ 	 ô àté ? �^( ? P Å{( ? P ¾À . ���
D %B( @ 	 � àté ( �
 6B?�@ 	 P Å ( ? P � S U������ ó��¿© ó . �^ ��
 (22)

� 6B?�@ 	 û
è nàté ? S U������ ó 1 è Uàté ? S ����� ó . è nàté ? . è Uàté ? ü (23)

� . 6B?�@ 	 ���
è nàté ? . � è Uàté ? � Á ���×� p à  !" (24)

Eqs.(20) and(21) follow from Eq. (16) andAssumption1, respectively. Eq. (22) usesthefactthat,for any� ? ’s andfor ~ ?�� � with > ? ~ ? Dú� , we haveI
JcK{¼½ B ? ~ ? � ? ¾À . � � I
J�K{¼½ B ? ~ ? � ? 1��Ñ| ¼½ � . B ? ~ ? ¾ÀQ¾À . �D B ? ~ ? S [�© 1 ¼½ � . B ? ~ ? ¾À . � � B ? ~ ? � S [�© . �^ 
(25)

by Jensen’s inequalityappliedto theconvex function
S [

. Eq.(23)usesthedefinitionsof

è nàté ? and

è Uàté ? , and
Eq.(24) usesourchoiceof

÷ à (indeed,
÷ à waschosenspecificallyto minimizeEq.(23)).

If �×� pw � � thenfor all Ö , è n? � pw � è U? � pw , thatis,� � è n? � pw . è U? � pw � %B ( @ 	 � (���( ? P Å{( ? P � %B( @ 	 � (�Å{( ? "
Thus, � is anauxiliary functionfor

p 	 ��p Á �#"#"#" . Thetheoremnow follows immediatelyfrom Lemma2.
To applythis theoremto theExpLossandLogLossproblems,weonly needto verify thatAssumptions1

and2 aresatisfied.Startingwith Assumption1, for ExpLoss, we have��� �CÂÓu¥� r � p ��¡+ d d . ��� �CÂÓu pw � %B( @ 	 � ( S U<¨�© . %B( @ 	 � ( "
For LogLoss, �sÛ �CÂÓu{� r � p ��¡+ d . �sÛ �CÂÓu pw � %B( @ 	 `ba � � . � (� . �t� r � p ��¡+ � ( �� %B( @ 	 `ba�� � . � ( 1 � ( S U<¨�©��D %B( @ 	 � . � ( 1 � ( S U<¨�© � "
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Parameters: hml 9 % ne�fihkj 9 satisfyingAssumptions1 and2p � * h suchthat
qsr �ÜÂÒu p �  E¶¸·

Input: Matrix � * � . �0����� %ÑÝi6
Output: 8 	 � 8 Á �#"#"#" suchthat` �Ú�àÚá�â q r �CÂÒu{� r � p��0� �±8 à  � � � a7ä; � 9 å q r �CÂÒu{� r � p��0� �±8  � ="
Let 8 	 �xÂ
For æO� �0�dÙc�#"#"#" :ç p à �x� r � p��0� �±8 à  ç Ö à � � N���� �4J? ÌÌÌÌÌ %B( @ 	 � àté (�ÅÆ( ? ÌÌÌÌÌç�� à � %B( @ 	 � àté (tÅÆ( ? �ç! à � %B ( @ 	 � àté (ç#" à � �Ù `Úa �  à 1 � à à . � à �ç ô àté ? �%$ " à if Ö×�TÖ à�

otherwiseç Updateparameters:8 à n 	 �x8 à 1T÷ à
Figure2: Thesequential-updateoptimizationalgorithm.

Thefirst andsecondequalitiesuseEqs.(14)and(15),respectively. Thefinal inequalityuses
��1 � D S [ for

all � .
Assumption2 holdstrivially for LogLosssinceh � � ������� % is bounded.For ExpLoss, if

qsr � � u pw ���� �CÂÓu pw �D ÿ then %B( @ 	 � ( D ÿ
whichclearlydefinesaboundedsubsetof 9 % n .

6 Sequential algorithms

In this section,we describeanotheralgorithmfor thesameminimizationproblemsdescribedin Section4.
However, unlike the algorithmof Section5, the onethat we presentnow only updatesthe weight of one
featureat a time. While theparallel-updatealgorithmmaygive fasterconvergencewhentherearenot too
many features,thesequential-updatealgorithmcanbeusedwhentherearea very largenumberof features
usingan oraclefor selectingwhich featureto updatenext. For instance,AdaBoost,which is essentially
equivalent to the sequential-updatealgorithm for ExpLoss, usesan assumedweak learningalgorithm to
selectaweakhypothesis,i.e.,oneof thefeatures.Thesequentialalgorithmthatwepresentfor LogLosscan
beusedin exactly thesameway. Thealgorithmis shown in Fig. 2.

12



Theorem 4 Given the assumptionsof Theorem 3, the algorithm of Fig. 2 converges to optimality in the
senseof Theorem3.

Proof: For this theorem,we usetheauxiliary function

�2� pw � &''( õ %B ( @ 	 � ( ö Á . � �4J? õ %B ( @ 	 � ( Å ( ? ö Á . %B( @ 	 � ( "
This functionis clearlycontinuousandnonpositive. Wehave thatq r �CÂÒu p à n 	  . q r �ÜÂ§u p à  D %B ( @ 	 � àté ( ¼½<I
J�K{¼½ . 6B?!@ 	 ô àté ? ÅÆ( ? ¾À . �
¾À� %B ( @ 	 � àté ( � I
J�K � . " à Å ( ? �  . �^ (26)D %B ( @ 	 � àté ( � ��1 Å{( ? �Ù S U�) � 1 � . Å{( ? �Ù S ) � . � � (27)�  à 1 � àÙ S U�) � 1  à . � àÙ S ) � .  à (28)� �  Áà . � Áà .  à ���×� p à  (29)

whereEq. (27) usestheconvexity of
S U�) � [

, andEq. (29) usesour choiceof " à (asbefore,we chose" à to
minimizetheboundin Eq. (28)).

If �×� pw � � then � � � �4J? ÌÌÌÌÌ
%B( @ 	 � (tÅÆ( ? ÌÌÌÌÌ

so > ( � (�ÅÆ( ? � � for all Ö . Thus, � is anauxiliary functionfor
p 	 ��p Á �#"#"#" andthetheoremfollows immedi-

atelyfrom Lemma2.
As mentionedabove, this algorithmis essentiallyequivalent to AdaBoost,specifically, the versionof

AdaBoostfirst presentedby FreundandSchapire[16]. In AdaBoost,oneachiteration,adistribution * à over
thetrainingexamplesis computedandtheweaklearnerseeksaweakhypothesiswith low errorwith respect
to this distribution. The algorithm presentedin this sectionassumesthat the spaceof weak hypotheses
consistsof the features5 	 �#"#"#"�� 5<6 , andthat theweaklearneralwayssucceedsin selectingthefeaturewith
lowesterror(or, moreaccurately, with errorfarthestfrom

�^Ø0Ù
). Translatingto ournotation,theweight * à ��Þ  

assignedto example ��� ( ��� (  by AdaBoostis exactlyequalto � àté ( Ø  à , andtheweightederrorof the æ -th weak
hypothesisis equalto �Ù � � . � à à � "

Theorem4 thenis the first proof that AdaBoostalwaysconvergesto the minimum of the exponential
loss(assuminganidealizedweaklearnerof theform above). Notethatwhen

p ¹,+� Â , this theoremalsotells
us theexact form of

` �b� * à . However, we do not know what the limiting behavior of * à is when
p=¹ �gÂ ,

nordo weknow aboutthelimiting behavior of theparameters8 à (whetheror not
p ¹ � Â ).

We have alsopresentedin this sectiona new algorithmfor logistic regression.In fact,this algorithmis
thesameasonegivenby Duffy andHelmbold[14] exceptfor thechoiceof " à . In practicalterms,very little
work would berequiredto alteranexisting learningsystembasedon AdaBoostsothat it useslogistic loss
ratherthanexponentialloss—theonly differenceis in themannerin which

p à is computedfrom 8 à . Thus,

13



Parameters: hml 9 % ne�fihkj 9 satisfyingAssumptions1 and2p � * h suchthat
qsr �ÜÂÒu p �  E¶¸·- l 9 6 n

Input: Matrix � *³9 %ÑÝi6 satisfyingtheconditionthat
if we define

-/. "� ,10­* - P12 ÞRf B ?43 ? P ÅÆ( ? P�Dß�43
then

2 Ö ��5 0«* - . for which 3 ?76 �
Output: 8 	 � 8 Á �#"#"#" suchthat` �Ú�àÚá�â qãr �CÂÒu{� r � p � � �±8 à  � � � a7ä; � 9�å qsr �CÂÒu{� r � p � � �±8  � ="
Let 8 	 �xÂ
For æO� �0�dÙc�#"#"#" :ç p à �x� r � p��0� �±8 à  ç For Ö2� �0�#"#"#"^� � : è nàté ? � B(Õê ë�ìîí�ï Zñðò© ó�] @ n 	 � àté ( P Å ( ? Pè Uàté ? � B(Õê ë�ìîí�ï Zñðò© ó�] @ U 	 � àté ( P Å{( ? P8 àté ? � �Ù `ba³õ è nàté ?è Uàté ?�öç 0 à � � N��®� �4J90�;:=< 6B?!@ 	 3 ? ���

è nàté ? . � è Uàté ? � Áç 2 Ö¢f ô àté ? � 3 àté ? 8 àté ?ç Updateparameters:8 à n 	 �x8 à 1T÷ à
Figure3: A parameterizedfamily of iterative optimizationalgorithms.

we couldeasilyconvert any systemsuchasSLIPPER[7], BoosTexter [25] or alternatingtrees[15] to use
logistic loss. We canevendo this for systemsbasedon “confidence-rated”boosting[24] in which " à andÖ à arechosentogetheron eachroundto minimizeEq. (26) ratherthananapproximationof this expression
asusedin thealgorithmof Fig. 2. (Note that theproof of Theorem4 caneasilybe modifiedto prove the
convergenceof suchanalgorithmusingthesameauxiliary function.)

7 A parameterized family of iterative algorithms

In previoussections,wedescribedseparateparallel-updateandsequential-updatealgorithms.In thissection,
wedescribeaparameterizedfamily of algorithmsthatincludestheparallel-updatealgorithmof Section5 as
well asa sequential-updatealgorithmthat is differentfrom theonein Section6. This family of algorithms
alsoincludesotheralgorithmsthatmaybemoreappropriatethaneitherin certainsituationsaswe explain
below.

14



The algorithm, which is shown in Fig. 3, is similar to the parallel-updatealgorithm of Fig. 1. On
eachround,thequantities

è nàté ? and

è Uàté ? arecomputedasbefore,andthevector > à is computedas
÷ à was

computedin Fig. 1. Now, however, this vector > à is not addeddirectly to 8 à . Instead,anothervector 0 à is
selectedwhichprovidesa“scaling” of thefeatures.Thisvectoris chosento maximizeameasureof progress
while restrictedto belongto theset

- .
. Theallowedform of thesescalingvectorsis givenby theset

-
, a

parameterof thealgorithm;
-?.

is therestrictionof
-

to thosevectors0 satisfyingtheconstraintthatfor allÞ , 6B?!@ 	 3 ? P Å ( ? PiDß�0"
Theparallel-updatealgorithmof Fig.1 is obtainedby choosing

- � , Ä 3 andassumingthat > ? P Å ( ? PiD�
for all Þ . (Equivalently, wecanmake no suchassumption,andchoose

- � , ÿ0Ä P ÿ 6 �c3 .)
We canobtaina sequential-updatealgorithmby choosing

-
to bethesetof unit vectors(i.e., with one

componentequalto
�

andall othersequalto
�
), andassumingthat Å{( ? * � . �0�!12��� for all Þ � Ö . Theupdate

thenbecomes ô àté ? �@$ 8 àté ? if Ö2�TÖ à�
else

where Ö à � � N���� �4J? ÌÌÌÌ �
è nàté ? . � è Uàté ? ÌÌÌÌ "

Anotherinterestingcaseis whenwe assumethat > ? Å Á( ? Dú� for all Þ . It is thennaturalto choose- � ,10­*³9 6n P7P P 0 P P Áã� �43
whichensuresthat

-/. � - . Thenthemaximizationover
-/.

canbesolvedanalyticallygiving theupdateô àté ? �BA ? 8 àté ?P P C P P Á
where A ? � û � è nàté ? . � è Uàté ? ü Á . (This idea generalizeseasily to the casein which > ? ÅED( ? D �

andP P 0 P P F � � for any dualnorms~ and � .)
A final caseis whenwe do not restrictthescalingvectorsat all, i.e., we choose

- � 9 6 n . In this case,
themaximizationproblemthatmustbesolved to chooseeach0 à is a linearprogrammingproblemwith �
variablesand � constraints.

Wenow prove theconvergenceof this entirefamily of algorithms.

Theorem 5 Given the assumptionsof Theorem 3, the algorithm of Fig. 3 converges to optimality in the
senseof Theorem3.

Proof: Weusetheauxiliary function�2� pw � . � �4J90�G:=< 6B?�@ 	 3 ? � �
è n? � pw . � è U? � pw � Á

where

è n? and

è U? areasin Theorem3. This function is continuousandnonpositive. We canboundthe
changein

qsr �ÜÂÓu p à  usingthesametechniquegivenin Theorem3:q r �ÜÂÒu p à n 	  . q r �CÂÒu p à  D %B ( @ 	 � àté ( �
 I
J�K ¼½ . 6B?!@ 	 ô àté ? Å{( ? ¾À . � �
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� %B ( @ 	 � àté ( �
 I
J�K ¼½ . 6B?!@ 	 3 àté ? 8 àté ? ��( ? P Å{( ? P ¾À . � �
D %B ( @ 	 � àté (	�
 6B?�@ 	 3 àté ? P Å{( ? P � S U�HI��� óJ�¿© ó . �^ ��
� 6B?�@ 	 3 àté ? û
è nàté ? S U�HK��� ó 1 è Uàté ? S HI��� ó . è nàté ? . è Uàté ? ü

� . 6B?�@ 	 3 àté ? ���
è nàté ? . � è Uàté ? � Á ���×� p à  !"

Finally, if �2� pw � � then � �4J90�;:=< 6B?!@ 	 3 ? ���
è n? � pw . � è U? � pw � Á � ��"

Sincefor every Ö thereexists 0­* - . with 3 ?76 � , thisimplies

è n? � pw � è U? � pw for all Ö , i.e., > ( � ( Å ( ? ��
. Applying Lemma2 completesthetheorem.

8 Multiclass problems

In thissection,weshow how all of our resultscanbeextendedto themulticlasscase.Becauseof thegener-
ality of theprecedingresults,we will seethatno new algorithmsneedbedevisedandno new convergence
proofs needbe proved for this case. Rather, all of the precedingalgorithmsand proofs can be directly
appliedto themulticlasscase.

In themulticlasscase,thelabelset L hascardinality M . Eachfeatureis of theform 5 ? fc)m�NL¬j 9 . In
logistic regression,we useamodelLMON � �¤P � � � S W X Z [ é O ]>QP �GR S W X Z\[ é P ] � ��R1 >SP�T@ O S W X Z\[ é P ]tU=W X Z [ é O ] (30)

where :0;<��� ���< � > 6?!@ 	 A ? 5 ? ��� ���< . Thelossona trainingsetthenis%B ( @ 	 `ba �
 ��1 BP�T@ O © S W X4Z\[�© é P ]CU=W X4Z\[�© é O ©Õ] �
R" (31)

We transformthis into our framework asfollows: LetU � , ��Þ �WV^ P��sD Þ D � �WV * L .T, � ( 3V3/"
Thevectorso ,

p
, etc. thatwework with arein 9YX n . Thatis, they are ��M . �^ � -dimensionalandareindexed

by pairsin
U

. Let Z~ ( denote>SP�T@ O © ~ ( é P . Theconvex function e thatwe usefor this caseis

ey�to  � %B ( @ 	 �
 BP�T@ O © ~ ( é P `ba ~ ( é P 1 � � . Z~ (  `ba � � . Z~ (  ��

which is definedover thespace h � � o *³9 X n P12 ÞOf=Z~ ( Dß� � "
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TheresultingBregmandistanceisqsr �to�u pw � %B ( @ 	 �
 BP�T@ O ~ ( é P `ba³õ ~ ( é P� ( é P ö 1 � � . Z~ (  `ba � � . Z~ (� . Z� (#� �
 "
Clearly, q r �ÜÂÒu pw � . %B ( @ 	 `ba � � . Z� (  !"
It canbeshown that �t� r � p ��¡+ � Z ( é P ] � � ( é P S U<¨ ©[� \� . Z� ( 1 > P�T@ O © � ( é P S U<¨ ©[� \ "
Assumption1 canbeverifiedby notingthatq r �ÜÂ§u{� r � p ��¡+ d � . q r �ÜÂÓu pw � %B( @ 	 `ba³õ � . Z� (� . �t� r � p ��¡  � ( ö� %B( @ 	 `ba ¼½ � . Z� ( 1 BP�T@ O © � ( é P S U<¨ ©[� \ ¾À (32)D %B( @ 	 ¼½ . Z� ( 1 BP�T@ O © � ( é P S U<¨ ©]� \ ¾À� BZ ( é P ] � X � ( é P � S U<¨ ©]� \ . �^ !"
Now let Å Z ( é P ] é ? �§5 ? ���&( ��� (  . 5 ? ���&( �WV^ , andlet

p�� � � �^Ø M  Ä . Pluggingin thesedefinitionsgives thatq r �CÂÓu{� r � p��0� �Ô8  � is equalto Eq. (31). Thus,thealgorithmsof Sections5, 6 and7 canall beusedto
solve thisminimizationproblem,andthecorrespondingconvergenceproofsarealsodirectly applicable.

Thereareseveralmulticlassversionsof AdaBoost.AdaBoost.M2[16] (aspecialcaseof AdaBoost.MR[24]),
is basedon thelossfunction BZ ( é P ] � X I
J�K �C:0;<���=( �WV^ . :0;<���=( ��� (  � !" (33)

For this loss,wecanuseasimilar setup exceptfor thechoiceof e . We insteaduseey�to  � BZ ( é P ] � X ~ ( é P `ba ~ ( é P
for o * h � 9 X n . In fact,this is actuallythesamee usedfor (binary)AdaBoost.Wehave merelychanged
theindex setto

U
. Thus,asbefore, q r �CÂÒu pw � BZ ( é P ] � X � ( é P

and �t� r � p ��¡+ � ( é P � � ( é P S U<¨ ©]� \ "
Choosing� aswedid for multiclasslogistic regressionand

p�� �±Ä , wehave that
q r �ÜÂ§u{� r � p��0� �±8  � 

is equalto thelossin Eq.(33). Wecanthususetheprecedingalgorithmsto solve thismulticlassproblemas
well. In particular, thesequential-updatealgorithmgivesAdaBoost.M2.
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AdaBoost.MH[24] is anothermulticlassversionof AdaBoost.For AdaBoost.MH,we replace
U

by the
index set , �0�#"#"#"^� � 3 �^L �
andfor eachexampleÞ andlabel

V * L , wedefine�� ( é P � $ 12�
if
V � � (. � if
V +� � ( .

Thelossfunctionfor AdaBoost.MHis %B( @ 	 BP �;R I
J�K � . �� ( é P :0;<��� ( �WV� � !" (34)

We now let Å Z ( é P ] é ? � �� ( é P 5 ? ���&( �WV� anduseagainthesamee asin binaryAdaBoostwith
p�� �gÄ to obtain

thismulticlassversionof AdaBoost.

9 A comparison to iterative scaling

In this section,we describethegeneralizediterative scaling(GIS) procedureof DarrochandRatcliff [11]
for comparisonto our algorithms.We largely follow thedescriptionof GIS given by Berger, Della Pietra
andDellaPietra[1] for themulticlasscase.To make thecomparisonasstarkaspossible,we presentGIS in
our notationandprove its convergenceusingthemethodsdevelopedin previoussections.In doingso,we
arealsoableto relaxoneof thekey assumptionstraditionallyusedin studyingGIS.

Weadoptthenotationandset-upusedfor multiclasslogistic regressionin Section8. (To ourknowledge,
thereis no analogof GIS for the exponentiallossso we only considerthe caseof logistic loss.) We also
extendthis notationby defining � ( é O © � � . Z� ( sothat � ( é P is now definedfor all

V * L . Moreover, it canbe
verifiedthat � ( é P � LMON � V/P �=( � asdefinedin Eq.(30) if

p �x� r � p��0� �±8  .
In GIS,thefollowing assumptionsregardingthefeaturesareusuallymade:2 Þ � Ö �WV fÑ5 ? ���&( �WV� � � and

2 Þ �WV f 6B?�@ 	 5 ? ���&( �WV� � � "
In this section,we prove thatGIS convergeswith thesecondconditionreplacedby a milder one,namely,
that 2 Þ �WV f 6B?�@ 	 5 ? ���&( �WV� ùDß� "
Since,in themulticlasscase,a constantcanbeaddedto all features5 ? without changingthemodelor loss
function, andsincethe featurescanbe scaledby any constant,the two assumptionswe considerclearly
canbe madeto hold without lossof generality. The improved iterative scalingalgorithmof Della Pietra,
DellaPietraandLafferty [12] alsorequiresonly thesemilderassumptionsbut is muchmorecomplicatedto
implement,requiringanumericalsearch(suchasNewton-Raphson)for eachfeatureoneachiteration.

GIS works much like the parallel-updatealgorithm of Section5 with e , � and
p��

as definedfor
multiclasslogisticregressionin Section8. Theonly differenceis in thecomputationof thevectorof updates÷ à , for whichGIS requiresdirectaccessto thefeatures5 ? . Specifically, in GIS,

÷ à is definedto beô àté ? � `ba³õ _ ?` ? � p à  ö
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where _ ? � %B( @ 	 5 ? ���&( ��� (  ` ? � pw � %B( @ 	 BP �GR � ( é P 5 ? ���&( �WV� !"
Clearly, theseupdatesarequitedifferentfrom theupdatesdescribedin thispaper.

Usingnotationfrom Sections5 and8, we canreformulatè ? � pw within our framework asfollows:` ? � pw � %B( @ 	 BP �GR � ( é P 5 ? ���&( �WV� � %B( @ 	 5 ? ���&( ��� (  1 %B ( @ 	 BP �GR � ( é P � 5 ? ���&( �WV^ . 5 ? ���&( ��� (  ��� _ ? . BZ ( é P ] � X � ( é P Å Z ( é P ] é ?� _ ? . � è n? � pw . è U? � pw � !" (35)

Wecannow prove theconvergenceof theseupdatesusingtheusualauxiliary functionmethod.

Theorem 6 Let e , � and
p �

beasabove. ThenthemodifiedGISalgorithmdescribedaboveconvergesto
optimalityin thesenseof Theorem3.

Proof: Wewill show that�2� pw "� . ��� �d� _ 	 �#"#"#"^� _ 6 ' u¸� ` 	 � pw !�#"#"#"^� ` 6 � pw �'� � . 6B?!@ 	 õ _ ? `ba _ ?` ? � pw 1 ` ? � pw . _ ? ö (36)

is anauxilliary functionfor thevectors
p 	 ��p Á �#"#"#" computedby GIS. Clearly, � is continuous,andtheusual

nonnegativity propertiesof unnormalizedrelative entropy imply that �2� pw òDx� with equalityif andonly if_ ? � ` ? � pw for all Ö . From Eq. (35), _ ? � ` ? � pw if andonly if

è n? � pw � è U? � pw . Thus, �×� pw � �
impliesthattheconstraints

p � � �xÂ asin theproof of Theorem3. All thatremainsto beshown is thatq r �CÂÒu{� r � p � � ÷= d . q r �CÂÒu pw ED �×� pw (37)

where ô ? � `ba³õa_ ?` ? � pw ö "
Weintroducethenotation h2(�� V� � 6B?!@ 	 ô ? 5 ? ���=( �WV^ !�
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andthenrewrite thegainasfollows usingEq. (32):q r �CÂÓu{� r � p � � ÷H � . q r �CÂÓu pw � %B( @ 	 `ba ¼½!� ( é O © 1 BP�T@ O © � ( é P I
J�KQ¼½ . 6B?!@ 	 ô ? Å Z ( é P ] é ? ¾À ¾À� . %B ( @ 	 h ( � � (  1 %B( @ 	 `ba �
 S�£ ©CZ O ©Ú] ¼½ � ( é O © 1 BP�T@ O © � ( é P S U > åócb 
 �Úó�ð7d ©[� \fe[� ó ¾Àg�
 "
(38)

Pluggingin definitions,thefirst termof Eq.(38)canbewrittenas%B ( @ 	 h2(�� � (  � 6B?!@ 	ih `ba³õa_ ?` ? � pw ö %B( @ 	 5 ? ���&( ��� (  �j� 6B?!@ 	 _ ? `ba³õ _ ?` ? � pw ö " (39)

Next we derive anupperboundon thesecondtermof Eq.(38):%B( @ 	 `ba �
 S�£ ©ÜZ O ©Ú] ¼½ � ( é O © 1 BP�T@ O © � ( é P S U > åókb 
 �Úó�ðld ©[� \me�� ó ¾Àn�
� %B ( @ 	 `ba ¼½ � ( é O © S £ ©CZ O ©Ú] 1 BP�T@ O © � ( é P S £ ©ÜZ P ] ¾À� %B ( @ 	 `ba ¼½ BP �GR � ( é P S�£ ©ÜZ P ] ¾ÀD %B ( @ 	 ¼½ BP �GR � ( é P S�£ ©CZ P ] . �
¾À (40)

� %B ( @ 	 BP �GR � ( é P �
 I
J�K ¼½ 6B?!@ 	 5 ? ���&( �WV^ ô ? ¾À . � �
 (41)D %B ( @ 	 BP �GR � ( é P 6B?�@ 	 5 ? ���&( �WV� � S �Úó . �^ (42)

� %B ( @ 	 BP �GR � ( é P 6B?�@ 	 5 ? ��� ( �WV� õ _ ?` ? � pw . � ö (43)

� 6B?�@ 	 õ _ ?` ? � pw . � ö %B ( @ 	 BP �;R � ( é P 5 ? ���=( �WV� � 6B?�@ 	 � _ ? . ` ? � pw � R" (44)

Eq. (40) follows from thelog bound
`ba � D � . � . Eq. (42) usesEq. (25) andour assumptionon theform

of the 5 ? ’s. Eq.(43) follows from ourdefinitionof theupdate
÷
.
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Finally, combiningEqs.(36), (38), (39)and(44)givesEq.(37) completingtheproof.
It is clearthatthedifferencesbetweenGISandtheupdatesgivenin thispaperstemfrom Eq.(38),which

is derived from
`ba �¥� .po 1 `ba û S1q � ü , with o ��h2(�� � (  on the Þ ’ th term in thesum. This choiceof o

effectively meansthatthelog boundis takenatadifferentpoint (
`ba �­� .po 1 `ba û S q � ü D .po 1¦S q � . � ).

In thismoregeneralcase,theboundis exactat �®� S U q ; hence,varying o varieswheretheboundis taken,
andtherebyvariestheupdates.

10 Experiments

In this section,we briefly describesomeexperimentsusingsyntheticdata. Theseexperimentsareprelim-
inary andareonly intendedto suggestthe possibility of thesealgorithms’having practicalvalue. More
systematicexperimentsareclearlyneededusingbothreal-world andsyntheticdata,andcomparingthenew
algorithmsto othercommonlyusedprocedures.

In our experiments,we generatedrandomdataandclassifiedit usinga very noisy hyperplane.More
specifically, in the 2-classcase,we first generateda randomhyperplanein 100-dimensionalspacerepre-
sentedby a vector

ª *�9 	 ��� (chosenuniformly at randomfrom the unit sphere). We thenchose1000
points r *{9 	 ��� . In thecaseof real-valuedfeatures,eachpoint wasnormallydistributed r#sut¥�CÂ �Iv^ . In
the caseof Booleanfeatures,eachpoint r waschosenuniformly at randomfrom the Booleanhypercube,/. �0�!12�43 	 ��� . We next assigneda label

�
to eachpoint dependingon whetherit fell above or below the

chosenhyperplane,i.e.,
� �u� � � a � ª�| r  . After eachlabelwaschosen,we perturbedeachpoint r . In the

caseof real-valuedfeatures,we did this by addinga randomamountw to r where wxsyt��CÂ ����"{z|v^ . For
Booleanfeatures,we flippedeachcoordinateof r independentlywith probability

��" �~}
. Note that bothof

theseformsof perturbationhave theeffect of causingthelabelsof pointsneartheseparatinghyperplaneto
bemorenoisythanpointsthatarefartherfrom it. Thefeatureswereidentifiedwith coordinatesof r .

For real-valuedfeatures,we alsoconducteda similar experimentinvolving tenclassesratherthantwo.
In thiscase,wegeneratedtenrandomhyperplanes

ª 	 �#"#"#"^��ª 	 � , eachchosenuniformly at randomfrom the
unit sphere,andclassifiedeachpoint r by � Nd��� �4J O ª O | r (prior to perturbingr ).

Finally, in someof theexperiments,welimitedeachweightvectorto dependonjust4 of the100possible
features.

In the first set of experiments,we testedthe algorithmsto seehow effective they areat minimizing
the logistic losson the training data. We ran theparallel-updatealgorithmof Section5 (denoted“par” in
the figures),aswell asthe sequential-updatealgorithmthat is a specialcaseof the parameterizedfamily
describedin Section7 (denoted“seq”). Finally, werantheiterativescalingalgorithmdescribedin Section9
(“i.s.”). (We did not run thesequential-updatealgorithmof Section6 since,in preliminaryexperiments,it
seemedto consistentlyperformworsethanthesequential-updatealgorithmof Section7).

As notedin Section9, GIS requiresthatall featuresbenonnegative. Givenfeaturesthatdo not satisfy
this constraint,onecansubtracta constantÿ ? from eachfeature5 ? without changingthemodelin Eq. (30);
thus,onecanuseanew setof features 5��? ��� ���< �x5 ? ��� ���7 . ÿ ?
where ÿ ? � �¢� a( é P 5 ? ���&( �WV^ !"
Thenew featuresdefineanidenticalmodelto thatof theold features,becausetheresultof thechangeis that
thedenominatorandnumeratorin Eq.(30) arebothmultipliedby thesameconstant,I
J�KÇû . > ? A ? ÿ ?�ü .
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Figure4: Thetraininglogistic losson datageneratedby anoisyhyperplanesby variousmethods.
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Figure5: Thetestmisclassificationerrorondatageneratedby noisyhyperplanes.
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A slightly lessobviousapproachis to choosea featuretransformation5 �? ��� ���< �x5 ? ��� ���< . ÿ ? ���  
where ÿ ? ���  � �¢� aP 5 ? ��� �WV^ !"
Like the former approach,this causes5 ? to be nonnegative without affecting the modelof Eq. (30) (both

demoninatorandnumeratorof Eq. (30) arenow multiplied by I
JcK û . > ? A ? ÿ ? ���  ü ). Note that, in either

case,theconstants( ÿ ? or ÿ ? ���  ) areof noconsequenceduringtestingandsocanbeignoredoncetrainingis
complete.

In a preliminaryversionof this paper, Á we did experimentsusingonly theformerapproachandfound
that GIS performeduniformly andconsiderablyworsethanany of the otheralgorithmstested. After the
publicationof that version,we tried the latter methodof making the featuresnonnegative and obtained
muchbetterperformance.All of theexperimentsin thecurrentpaper, therefore,usethis latterapproach.

Theresultsof thefirst setof experimentsareshown in Fig. 4. Eachplot of this figureshows thelogistic
losson the training setfor eachof the threemethodsasa functionof the numberof iterations. (The loss
hasbeennormalizedto be

�
when 8¥�ÔÂ .) Eachplot correspondsto a differentvariationon generatingthe

data,asdescribedabove. Whenthereareonly a small numberof relevant features,the sequential-update
algorithmsseemsto haveaclearadvantage,but whentherearemany relevantfeatures,noneof themethods
seemsto bebestacross-the-board.Of course,all methodseventuallyconvergeto thesamelevel of loss.

In thesecondexperiment,we testedhow effective thenew competitorsof AdaBoostareat minimizing
thetestmisclassificationerror. For this experiment,we usedthesameparallel-andsequential-updatealgo-
rithms(denoted“par” and“seq”), andin bothcases,weusedvariantsbasedonexponentialloss(“exp”) and
logistic loss(“log”).

Fig.5 showsaplot of theclassificationerroronaseparatetestsetof 2000examples.Whentherearefew
relevant features,all of themethodsoverfit on this data,perhapsbecauseof thehigh-level of noise. With
many relevantfeatures,thereis notavery largedifferencein theperformanceof theexponentialandlogistic
variantsof thealgorithms,but theparallel-updatevariantsclearlydomuchbetterearlyon; they seemto “go
right to thesolution.”
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