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I.ecture Outline

a DTFT vs DFT
0 Sampling Examples
0 Quantization noise

a Oversampling
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ADC

Analog to Digital Converter

LU
S Irenn.
040
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Anti-Aliasing Filter with ADC

............................. ADCAD o,

¢ Anal sampler —
x&){Anti-r;\elli:ginj : )[ Wx[n] xc(nT)){ Quantizer}
Filter HLp(jQ) N — nTJ s

...........................................................................
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Aliasing

a If Q>Q,/2, x.(t) an aliased version of x (t)

[ TXGY) i |0 <90,
Xr(8) = { 0 otherwise
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Anti-Aliasing Filter with ADC

g;c(t) Analog 1

..........................................................................

sampler Wsc[n] = z.(nT)

- Anti-Aliasing

Filter H.r(Q) b= nTJ
and (2, < 22
. S N .
X.(JR) ~ X (RQ)
——--1-~. ) M 052
< '// \\‘ R < '// ?\: }i\: \\‘ R
—QN QN QN
XcGQOHp(jQ) X (j€2)
P ) e Al ™ I
r si ',z \Il \rl \\
< ! iﬂ > <« : = >
—3ZN N N
Qs/2
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: DTFT Vs. DFT

DTFT:

DFT:
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0

X(e’”) = E x[kle /"

k=—0
x[n]= fX(e]w)eJ‘“”da)
Nl
z[n] = NZXVC]WJGM
k=0
N-1
X[k] = z[n]Wy"
n=0



DFT Intuition

Time

X[n]
_I_LIJJ_L_L,nx
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Transform

DTFT
>

1 = -
nl=— [ X&’*)e’"dw
[n] 2n£( )

Frequency

]X(eja’)




DFT Intuition

Time Transform Frequency
x[n] X (&™)
| ‘ I DTFT ]
>
1 T Jjo~N  jon
N x[n]=E£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l ) . ‘
thlh_._‘_I_LL]_I_]_._L,n ol =5 2, XTI, 111,
Periodic in N N-1°K
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DFT Intuition

Time

X[n]
_I_LIJJ_L_L,nx

Periodic in N
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Transform

DTFT
>

1 = -
nl=— [ X&’*)e’"dw
[n] 2n£( )

DFS
>
~ 1 < 5 —kn
f[n]=—Y X[kIW;
N k=0
_j2m
W, =e N

Frequency

]X(eja’)
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DFT Intuition

Time Transform Frequency
x[n] X (&™)
| ‘ I DTFT ]
>
1 T Jjo~N  jon
N x[n]=E_£X(e )e!"dw >0
Xn] DFS \X[k]
>
i _iN—l ) . ‘
thlh_._‘_I_LL]_I_]_._L,n ol =5 2, XTI, 111,
Periodic in N N-1°K
X[K]
DFT

X[n] —> o
g i,
i k=0 =g

Penn ESE 3400 Fall 2022 - Khanna



: DFT vs DTFT

—k
5

(i

“6-point” DFT
“10-point” DFT

1 : Use fftshift
0 | J | | | to center

° 1 ? o, ] 6 ’ around dc

T
J

0 Back to example | ( - )
) sin

5 _
virzi— N\ 1wk _ 72
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Sampling Example
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Sampling Example
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Sampling Example
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ECG Example
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ECG Example
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ECG Example
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Non-Ideal Anti-Aliasing Filter

X (jQ)HLp(52)
1 interference
/
—QOn | QN
/2
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Non-Ideal Anti-Aliasing Filter

X (jQ)Hrp(592)
1 interference
/
—N QN
/2
X(ejQ)
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Non-Ideal Anti-Aliasing Filter

interference

/

—QnN | QN
0, /2

a Problem: Hard to implement sharp analog filter

a Consequence: Crop part of the signal and suffer
from noise and interference
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Oversampled ADC

............................. ADCAD o,
g;c(t) Sharp Analog C/D 1 g;[n] — g;c('n,T)
———>| Anti-Aliasing —> Quantizer
Filter HLe(jQ2) ' J
.................... Oversampled ADCA/D . .
_ ; Sharp Digita
X (t) Simple Analog : C/h Anti-aliasin
o : g .
Anti-Aliasing > p_ 1,7 ) filter - M Quantizer
Filter J ; M Qpn 7

---------------------------------------------------------------------------
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Oversampled ADC — Simple filter
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Oversampled ADC — M=2

L X (jQ) Hrp(59)
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Oversampled ADC

............................. ADCAD e,
CUc(t) Sharp Analogﬂ ; C/D Wag[n] — :L'C(’n,T)
—>| Anti-Aliasing —> Quantizer
Filter HLp(ij ' J

---------------------------------------------------------------------------

.................... Oversampled ADCAD ...
_ C/D Sharp Digita
€L c(t) Simple Analog : Anti-aliasing ,
Anti-Aliasing U ) filter - M Quantizer
Filter J ' M Qpn 7

-----------------------------------------------------------------------
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Oversampled ADC — Sharp digital filter/Downsample

X(ej“’)

aliased noise/
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Oversampled ADC — Sharp digital filter/Downsample

X (el%)

aliased noise

after digital LP and decimation , X, Cad

Tg=MT

1/Ty

e

Penn ESE 3400 Fall 2022 - Khanna

27



Oversampled ADC

............................. ADCAD o,
g;c(t) Sharp Analog C/D 1 g;[n] — g;c('n,T)
———>| Anti-Aliasing —> Quantizer
Filter HLe(jQ2) ' J
.................... Oversampled ADCA/D . .
_ ; Sharp Digita
X (t) Simple Analog : C/h Anti-aliasin
o : g .
Anti-Aliasing > p_ 1,7 ) filter - M Quantizer
Filter J ; M Qpn 7

----------------------------------------------------------------------

Penn ESE 3400 Fall 2022 - Khanna

28



Sampling and Quantization

Z|n]

(1) - oo ]az[n]:azc(nT)/ ]
T

’ » Quantizer J
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Sampling and Quantization

a For an input signal with Vpp:F SR with B bits

A=FSR

FSR Qo

Penn ESE 3400 Fall 2022 - Khanna
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Ideal Quantizer

Transfer Function

0 Quantization step A DO S P SO0 o
. B O S N S
0 Quantization error has ST sl A
sawtooth shape 7 S i S [ S S
= Bounded by —A/2, +A/2 = S S ¢
X (inppt)
a Ideally infinite input _ i e
s T~
range and infinite ®
L
number of quantization 5
:
levels E;
(M

q
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Ideal B-bit Quantizer

0 Practical quantizers have a limited input

range and a finite set of output codes T T
R T S e T I e
a0 E.g. a 3-bit quantizer can map onto 5 1(1)(1) R e S S S P Tan R
23=8 distinct output codes S 100f- b
® 01— At
= 010 o —— e -’l k- T
Q001 e s S s
000—_"' ,,,,,,,,,

0 Quantization error grows out of Analog Input

bounds beyond code boundaries

0  We define the full scale range (FSR) as
the maximum input range that satisties
e <A/2

s Implies that FSR = 25 A

q

e (quantization error)
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Ettect of Quantization Error on Signal

0 Quantization error 1s a deterministic function of the
signal

= Consequently, the effect of quantization strongly depends on the
signal itself

0 Unless, we consider fairly trivial signals, a
deterministic analysis 1s usually impractical

= More common to look at errors from a statistical perspective

= "Quantization noise”

Penn ESE 3400 Fall 2022 - Khanna
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Quantization Error Statistics

0 Crude assumption: e (x) has uniform probability
density

0 'This approximation holds reasonably well in
practice when
= Signal spans large number of quantization steps
= Signal is "sufficiently active”

= Quantizer does not overload

p(e,) - e
g Mean e= I —de=10
1/A —A/2
. AR e. _
A2 a Vari 3 +A/2€2 AZ
ariance e = I =—
_A/2 A 12
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(Quantization Noise

0 Figure 4.57 Example of quantization noise. (a) Unquantized samples of the
signal x[n] = 0.99cos(n/10).
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(Quantization Noise

o Figure 4.57(continued) (b) Quantized samples of the cosine waveform in part (a) with a 3-

bit quantizer.

]; | |
o [0 SO s il 4R T T cee 1L 111111 AN
————— i\ | i AN Ao 111111 DLT LT L) U R A M {111
50 T W T v AT STy NN T Y3 Yo = 011 e 0 0 s 1
_1 —————————————— o T T R T IIDI— ———————————————
0 50 100 150 n
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(Quantization Noise

o Figure 4.57(continued) (b) Quantized samples of the cosine waveform in part (a) with a 3-
bit quantizer. (c) Quantization error sequence for 3-bit quantization of the signal in (a).

1 _ | |
Ay === ======= e e e ==
————— “ oy e i | 111111 1 11| Ay ey s
B s 111 GO o1 g R RO A0 i
0 50 100 150 n
(b)
02 - | |
0__};T: ________ r::::___33375_____:?:ﬂ1J:___iﬂﬁ
ﬂ DY l l‘”*l S G 11111 R R /et Dl Hl P IER
_0.2 ' l 00‘ "0 l 001
0 50 100 150 n
103 ©)
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(Quantization Noise

o Figure 4.57(continued) (b) Quantized samples of the cosine waveform in part (a) with a 3-
bit quantizer. (c) Quantization error sequence for 3-bit quantization of the signal in (a). (d)
Quantization error sequence for 8-bit quantization of the signal in (a).

1 _ | |
I e ———— e e e =
- ———— <= SRS s e 1111111111111 |14
B s 111 UM e o1 g MO R A0 i
0 50 100 150 n
(b)
02 | |
0__};T: __________ E:___Q?j;j _____ TSR I R R
ﬂ ___‘lil_lf‘l_‘l_ill‘ 81 S R R i I o R R Hlﬂi‘_l_l_l
_0.2 ' l 00‘ "0 l 001
0 50 100 150
1073 ©)
[ |
5

i A S TR0 A
Cool K

IF | =

p—

0 50 100 150 n
(d)
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Signal-to-Quantization-Noise Ratio

0 Assuming full-scale sinusoidal input, we have

SNRq = 6.02B + 1.76 dB

B (Number of Bits) SQNR
8 50dB
12 74dB
16 98dB

20 122dB
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Quantization Noise Spectrum

o If the quantization error 1s "sufficiently random"; it also
follows that the noise power is uniformly distributed in
frequency

} N

—f 12 f 2

0 References

= W. R. Bennett, "Spectra of quantized signals," Bell Syst. Tech. J., pp.
446-72, July 1988.

= B. Widrow, "A study of rough amplitude quantization by means of
Nyquist sampling theory," IRE Trans. Circuit Theory, vol. CT-3, pp.
266-76, 1950.
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Non-Ideal Anti-Aliasing Filter

Xc(J§2
N

JHyp(j82)

h

1 - -y

"‘M .
_QN

interference

A} A ) ' . n 0 l Se

On

0, /2

a Problem: Hard to implement sharp analog filter

a Consequence: Crop part of the signal and suffer

from noise and interference
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Oversampled ADC

............................. ADCAD o,
g;c(t) Sharp Analog C/D 1 g;[n] — g;c('n,T)
———>| Anti-Aliasing —> Quantizer
Filter HLe(jQ2) ' J
.................... Oversampled ADCA/D . .
_ ; Sharp Digita
X (t) Simple Analog : C/h Anti-aliasin
o : g .
Anti-Aliasing > p_ 1,7 ) filter - M Quantizer
Filter J ; M Qpn 7

---------------------------------------------------------------------------
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Quantization Noise with Oversampling

: . a:[n] =z[n] +e n]
| oo JEE =
we=r/M xd n

- p e[ zq|n] + eq|n|
- QnM
X (752)

/
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Big Ideas

a DTFT vs DFT

= The DFT characterizes the spectral content of the desired
signals

s Fundamental and harmonics

0 Quantization noise

= Limits achievable bit resolution of ADCs
a Oversampling

= Enables for more accurate signal capture

s Interference reduction

= Lowered quantization noise

s More on this later...
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Admin

0 Lab next week

= More PCB population and testing
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