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What is a Linear Filter?

0 Attenuates certain frequencies
0 Passes certain frequencies

0 Affects both phase and magnitude

Penn ESE 3400 Fall 2022 — Khanna
Adapted from M. Lustig, EECS Berkeley



Filter Specifications
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Commonly Used Windows
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Figure 7.29 Commonly used windows.

Penn ESE 3400 Fall 2022 - Khanna



20

T
I I = -40f
@ -60
S 80}
100 ” )
0 027 047 0.6 087
Radian frequency (@)
(c)
0
— 201
T
. T -4
&
80
100 - J J 1
0 027 047 0.6 087
Radian frequency (@)
(d)
0
_ 220F
0y
= 40}
Blackman
A

80t

100 a——
0 027 04w 0.6 0.87

Radian frequency (@)

Penn ESE 3400 Fall 2022 - Khanna (e)




Example: Ideal Low-Pass Filter ¢

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = +)

H(w) 1l —w. <w<w,
W) =
0 otherwise

Hiw)

0.5}
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Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = %)

H(w) 1 —w.<w<w,
w —
0 otherwise

Hw)

m Compute the impulse response h[n] given this H(w)

m Apply the inverse DTFT

T We jwn |We JWeN _ p—Jwen .
h = H Jjwn d_w — jwn dw € € € . tﬁbm(wcn)
[n] = (w)e = ¢ : _ _
2m —w 2m 2mjn | _ 2mjn T  wen

- We
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Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = =)

1 '—c< < &
H(w)z{ we < |lw| <w

0 otherwise
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Example: Ideal Low-Pass Filter

m The frequency response H(w) of the ideal low-pass filter passes low frequencies (near w = 0)
but blocks high frequencies (near w = =)

H(w) = 1 —we < |w| <we
|0 otherwise

hn] = 2(‘dcsin(wcn)

Wen

h(n

]
\oge??P00gge09%00ge
16 26 36

1
05£
-30 -20 -

l;‘éngﬁitfet h, ,[n]=w, [n-N]-h[n-N]
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Example: Practical LLP Filter

N ONE YOO N
I Frhr Tl
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0 Pass band smeared and rippled

= Smearing determined by width of main lobe

= Rippling determined by size of side lobes
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FIR Design by Windowing

0 With multiplication in time property,

h n]=w,[n-N]-hln-N]

H(e?%) = Hg(e?¥) « W (&)
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FIR Design by Windowing

0 With multiplication in time property,
H(e?¥) = Hy(e?¥) x W (e??)
0 For Boxcar (rectangular) window

joy _ —jwsin(w(M +1)/2)
Wie™) =e sin(w/2)

Hy(e/) W (ei)| _|H(e)]

%k

LW(ej‘*’)klkNd ] (N J ‘l l
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FIR Design by Windowing

W(ej(w - 0))
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FIR Design by Windowing

pass-band ripple ‘
\

ideal

transition width
/

H{e’ “)|

stop-band ripple
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FIR Filter Design

0 Choose a desired frequency response Hy(e)

= non causal (zero-delay), and infinite imp. response

s If derived from C.T, choose T and use:

Hy(e) = Ho(j2)

o Window:
= Length M+1 & affects transition width

= Type of window & transition-width/ ripple

Penn ESE 3400 Fall 2022 — Khanna
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FIR Filter Design

0 Choose a desired frequency response Hy(e)

= non causal (zero-delay), and infinite imp. response

s If derived from C.T, choose T and use:

Hy(e) = He(j)

o Window:
= Length M+1 & affects transition width
= Type of window & transition-width/ ripple

= Modulate to shift impulse response

= Force causality
. . M
W —JW 5~
Hg(e*)e %72
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FIR Filter Design

0 Determine truncated impulse response h[n]

2i [ Hd(ej‘*’)e_jw%ej‘*m 0<n<M
hl[n] = 77 7r .
0 otherwise

0 Apply window

hw|n| = wlnlh[n]
0 Check:

s Compute H (e, if does not meet specs increase M or
change window
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Example: FIR Low-Pass Filter Design

1 |w| < we

Jwy
Hq(e™) = 0 otherwise

Choose M = Window length and set
M

H, (ej“’) — Hd(ejw)e_j“’7

sin(we(n—M /2
= | S 0 <<
0 \ otherwise
We . We
?SIHC(?(N — M/2))
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Example: FIR Low-Pass Filter Design

0 The result 1s a wind

owed sinc function

ho (1
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Characterization of Filter Shape

Time-Bandwidth Product, a unitless measure
T(BW) = (M+1)w/2n = also, total # of zero crossings

JAAN

TBW=2 TBW=4 TBW=8 TBW=12

Larger TBW = More of the “sinc” function
hence, frequency response looks more like a rect function
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Time Bandwidth Product
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Design through FFT

0 To design order M filter:

0 Over-Sample/discretize the frequency response at P
points where P >> M (P=15M is good)

. . iy M
H(e?“F) = Hy(e?“F)e 79k 2

27T
| Sampled at: (,Uk:kF |k: [O, ,P—].]

a Compute hy[n] = IDFTp(H;[k])
a Apply M+1 length window:

hw(n| = win|hi[n]
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Example

- signal.firwin2(M+1,0mega_vec/pi, amp_vec)

- taps1 = signal.firwin2(30, [0.0,0.2,0.21,0.5, 0.6,

1.0], [1.0, 1.0, 0.0,0.0,1.0,0.0])
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

QO It can be shown if

o _|hIM—n], 0<n<M,
hin] = { 0, otherwise,

a Then

H(e!®) = A (e/®)e /@M/2,

Penn ESE 3400 Fall 2022 - Khanna
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FIR GLP Systems

a Four types of FIR GLP
L Type I

= Hven Symmetry, M even

L Type I1
= Even Symmetry, M odd

= Type III
= Odd Symmetry, M even

L Type v
s Odd Symmetry, M odd

Penn ESE 3400 Fall 2022 - Khanna
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: FIR GLP: Type I and 1I
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FIR GLP: Type III and IV
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Optimal Filter Design

0 Window method
= Design Filters heuristically using windowed sinc functions
= Choose order and window type

= Check DTFT to see if filter specs are met
a0 Optimal design
s Design a filter h[n] with H(e"®)

s Approximate Hy(e') with some optimality criteria - ot
satisties specs.
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Optimality — Least Squares

A Hd(ejw)

W W T
0 Least Squares:

minimize / |H(e’¥) — Hy(e?*)|*dw
weEcare

0 Variation: Weighted Least Squares:

(9
minimize W(w)|H (%) — Hyg(e?*)|*dw
—T
Penn ESE 3400 Fall 2022 — Khanna
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Design Through Optimization

0 Idea: Sample/discretize the frequency response
H(e’) = H(eI“*)

0 Sample points are fixed — w, = k%

< w < <wp <7

0 M+1 1s the filter order
a P>>M + 1 (rule of thumb P=15M)

0 Yields a (good) approximation of the original
problem
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Optimality — min-max

a Chebychev Design (min-max)
minimize,ccare max |H(e?*) — Hy(e??)|

= Parks-McClellan algorithm - equiripple
= Also known as Remez exchange algorithms (signal.remez)

= Can also use convex optimization

Penn ESE 3400 Fall 2022 — Khanna
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. Parks-McClellan

0 Allows for multiple pass- and stop-bands.

a Is an equi-ripple design in the pass- and stop-bands,
but allows independent weighting of the ripple in

each band.
a Allows specification of the band edges.
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Min-Max Ripple Design

0 Given w,, wg, M, find 8, hy

1+(ZS
] —

minimize ) \ 6-\

Subject to : S
1 -6 < H(e*) <1+ 0 < wr < wp
—63[?(69"%) <94 we <wg <7
o >0

0 Formulation is a linear program with solution 8, h n

a A well studied class of problems with good solvers
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Admin

0 Finish Lab 8 by tomorrow

= Submit Jupyter Notebook in Canvas
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