ESE 3400: Medical Devices Lab

Lec 9: October 10, 2022
DTFT, Sampling and Reconstruction
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I.ecture Outline

o DTFT

0 Sampling/Reconstruction

0 Data Converters
= Anti-Aliasing Filtering
= Sampling Rate

m Transfer Characteristics
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Discrete-Time Fourter Transtorm (DTEFT)

R4
SIrenn
040
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: DTFT Definition

1 7 o
x[n]l=— | X(e’"e/"dw
(1] 2n_fﬂ (™)
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: DTFT Definition

1 7 o
x[n]l=— | X(e’"e/"dw
(1] 2ﬂ_fﬂ (™)

X(f)= ), ke

k=—OO

Alternate 057, |
x[n]= [ X(f)e*™"df

0.5
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Fourier Transform Pairs

TABLE2.3 FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 8[n] 1
2. 8[n — ng] e Ieno
o0

3.1 (=00 < n < 00) Z 218 (w + 2mk)

k=—o00
4. a"uln] (la] < 1) I—

] - “‘:—j(l)

] o0
5. lllHl m-‘}- Z 7Tb\((l)+271'/\')
k=—00
1

6. (n+ Da"ulnl (la| <1) A —ge—Jop

M sin 141 1
7. w:clnl (Irl = 1) —_— Py
sinwp 1 =2rcoswpe= /@ 4 rée—Jow
3 M X (el ®) = 1, |o| < we,
’ mn 0, we <ol <n
9. x| 0sn=M sinfo(M +1)/2] _jomy2
ST 0, otherwise sin(w/2)
10. e/®0" Z 2n8(w — wq + 27k)
k=—00
m . '
11. cos(wqon + ¢) Z (re/?8(w — wq+27k) + e I8 (w + wq +2mk)]
k =—00
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Video Example

> »l o) ;6:07.»‘2;'10

a https://www.youtube.com/watch?v=ByTsISFXUoY
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Aliasing Example

z1[n] = cos (£n)

%rTTTr. R TR AL
SR YY P YIOT.

5 10 15

15 ~10 -5 0
T

z[n] = cos (4Zn) = cos ((§ + 2m)n)

%rTTTr, e el
VY PN YIOT.

15 ~10 -5

0 5 10 15
n
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Aliasing Example

z1[n] = cos (%n)
N\

NN N
TR

A

n'nv\ﬁmnnn'p |

Y \

b & b 8
it
A/
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The Data Conversion Problem

Analog
World

/\/ <:(> 2,7,0,15,27...

0 Real world signals

s Continuous

time, continuous amplitude

0 Digital abstraction

= Discrete time, discrete amplitude

a Two problems

= How to go discretize in time and amplitude

= A/D conversion

= How to "undescretize" in time and amplitude

= D/A conversion

Penn ESE 3400 Fall 2022 - Khanna
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DSP System

zo(t) [ Analog |
- Anti-Aliasing
Filter J

..........................................................................

)[ sampler WSE[’I’L] — a:c(nT)

»  Quantizer
t = nTJ

---------------------------------------------------------------------------

( Discrete stufﬂ
-

(DSP,

DAC D/A

storage....)
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)
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Ideal Sampling Model

T
¥
zc(t) C/D z[n| = x.(nT)

Discrete and Continuous

0 Ideal continuous-to-discrete time (C/D) converter

= T 1s the sampling period
s /,.=1/T is the sampling frequency
| QSZZR/T
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Frequency Domain Analysis

and (), > 2Q)

X .(jy ﬁ Xs(j )

A AVAVAVAAVA

-Qy Qy ) Qy . 30, Q
(a) (Qs X ‘QN)
QS
Xy 2

w=QT /\ /\ ; /\ /\ /\

| | | | | |
w
Q
—-T=n

2
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Frequency Domain Analysis w/Aliasing

and (), < 2Q N

(a)
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X.(j '

z L\ VAR VAN

X (j§2)

Lol 2 s 1 2\ AR \

“)s—()N)

Q, 20, 0

X(e’)

/I\ | 2w 1 72\ /A\ \\
(0]
Q
S-T=m
2
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DSP System

..........................................................................

zo(t) [ Analog |
- Anti-Aliasing
Filter J

) sampler WSE[’I’L] — a:c(nT)
Lt

»| Quantizer
znTJ

---------------------------------------------------------------------------

storage....)

Discrete stuff t
)[ (DSP, 1 y[n] D[Reconstruction1 C( ) -
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Reconstruction of Bandlimited Signals

0 Nyquist Sampling Theorem: Suppose x.(t) 1s
bandlimited. ILe.

X =0V |Q>Qn

0 It Q.=22Q, then x (t) can be uniquely determined
from its samples x[n]=x.(nT)

0 Bandlimitedness 1s the key to uniqueness

[

Mulitiple signals go through
the samples, but only one is
bandlimited within our
sampling band
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Reconstruction in Frequency Domain

z|n| to ir)i;\:?r;e]—» T H.,(j Q)J—> Zr(t)

X;0Q)

Qs > 2QN

T,
{3, i AN Q X,(jQ)
(QS-QN) 1
H.(j0) ) / \

Ay = Q.= (Q,- Q) "0 an
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Reconstruction in Frequency Domain

z|n| to ir)i;\:?:e]—» T H.,(j Q)J—> Zr(t)

X;0Q)

Qs > 2QN

/L\ A
-0, =0y ay N9 0 X, (i)
(QS-QN) 1
H,(jQ) > / \

(P Oy= .= (Q,-Qp) "QN ‘QN )

-0, Q Q 2QN=Q Sample at Nyquist
> and filter at signal

— — badnwidth
Qu=Qc=0Q./2
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Reconstruction in Time Domain  n=Qc=8%/2

H,(jQ)
ol Ov= 0= (@-0y) 1 Qs/2 Ot
he(t) = — Tel**d)
21 J_Q./2
-Q, Q, Q /2
_ T 1 L jat 25
o Jt —Q./2
T eI 5t — g—i 5t
Tt 27
1 T Q. T T
— — Q] —t — Q] _t
/\ = sin(*t) = = sin(t)
M| ™ — Sinc(f)
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Reconstruction in Time Domain

z,.(t) = xs(t) x h.(t) = (Zw t—nT) h,(t)
= Zx[n]h,,. (t —nT)

/ N -
x,(1) / [ S x(0
/ T\ -
/
I

onvert
a:[n] to impulse :L's(t)—>Hr(jQ) xr(t) /\
train
-~ N\ VN

Penn ESE 3400 Fall 2022 - Khanna

20



Reconstruction in Time Domain

T, (t) = z5(t) x hp(t) = (Zx[n]5(t—nT)> % hy(t)
= Y _z[n]he(t —nT)

h (1) o
1 , i I\\\ ~ -~
- \
/
—~_ N N : T
~4T 3T \/—T 0 T\/ 3ITN4T ¢ * :
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Reconstruction in Time Domain

z,.(t) = xs(t) x h.(t) = (Zw t—nT) h,(t)
= Zx[n]h,,. (t —nT)

h, (1)

- —

d I\ /"“\

/ N -
* / \\\\f‘-(f)
/
| N\, VN ,’ T

4T 3T \/T 0 T\/ 3ITNAT ¢ | | :

The sum of “sincs”
gives x(t) = unique
signal that is
bandlimited by
sampling bandwidth

t
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Aliasing

a If Q\>Q,/2, x,(t) is an aliased version of x.(t)

———————
———————————

Penn ESE 3400 Fall 2022 - Khanna
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DSP System

..........................................................................

Analog W
Anti-Aliasin

g
Filter J

)[ sampler WSE[’I’L] — a:c(nT)

»  Quantizer
t = nTJ

---------------------------------------------------------------------------

DAC D/A

( Discrete stufﬂ
> (DSP,

storage....)
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y[n] D[Reconstruction1 yc(t) >
)
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Anti-Aliasing Filter

Te (t) Analog 1

--------------------------------------------------------------------------

sampler Ww[n] = z.(nT)

-3 Anti-Aliasing »| Quantizer
Filter HLr(jQ) t=nT J
and (), < 2()
. S N .
Xc(]g) A ‘ AXS(]Q)
o L ) - Y92
; ,/’ \\\‘ /z’ \?\:’ \'i\:’ ~ \\‘
< oy o > < o >
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Anti-Aliasing Filter

Te (t) Analog 1

--------------------------------------------------------------------------

sampler Wm[n] — g;c(nT)

- Anti-Aliasing

»| Quantizer

Filter Hp(jQ) t=nT J
and (). < 2()
. S N .
Xc(]g) A ‘ AXS(]Q)
—— -];‘~ ‘ S ~ a‘l'/I [~~~ Os/2 -
X
< = o > < o >
X (JRX,,(JE2) X (Jj€2)
L > N BYAL I o Nr R
(¢¢ 5\\- ,,f ~\\ ,&’ ~ R N\\
: i ;7 i r N
<€ - ' > <L : >
_QN N QN
QE)Z
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MRI aliasing example
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MRI anti-aliasing example
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MRI anti-aliasing example

Penn ESE 3400 Fall 2022 - Khanna
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ADC

Analog to Digital Converter

R4
S Irenmn
040
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Anti-Aliasing Filter with ADC

--------------------------------------------------------------------------

Anal sampler —
xc(i)[Anti-ﬁigginj >{ WCE[TL] :EC(TLT))[ Quantizer}

Filter HLp(jQ) t=nT J

---------------------------------------------------------------------------
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Anti-Aliasing Filter with ADC

Te (t) Analog 1

--------------------------------------------------------------------------

sampler Wm[n] - CIJc(nT>, Quantizer

- Anti-Aliasing

Filter Hp(jQ) t=nT J
and (). < 21
. S N )
Xc(]g) A ‘ AXS(]Q)
o L _—) - MO 02
//’ RN //’ N\?/‘ Saye”” N
l' \\ ,' ,' \\ "i\\ \\
< on o > <€ o >
- . X. (79
Xc(GQH.p(Q) )
----- > N BYAL I o Nr R
_QN N QN
Q[g/lz
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Sampling and Quantization

(1) - oD ’:I:[n]:mc(nT)/ o z[n]
E >[ T ’ )\ Quantizer J

Penn ESE 3400 Fall 2022 - Khanna
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Sampling and Quantization

a For an input signal with VPPZFSR with B bits

FSR
= 5

A

AV L\
FSR 1 @
- Y

Penn ESE 3400 Fall 2022 - Khanna
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Ideal Quantizer

0 Quantization step A

Penn ESE 3400 Fall 2022 - Khanna

q (quantizer output)

Transfer Function

T T T
————————————————————————— | === - - - - - - - EEE—
| | | »
1 | 1 i |
---------- w““ﬂ""“"”;'_“‘_”__’“"“
' 1 1 1
_______________________________ —— = = | = — —
4 | | > |
I | 1 ’ |
---------- R e e e e e e
| | -
,,,,,,,,,, [N R Y S GORR RN [P R
) 1 I
| 1 r 1 *[A
~~~~~~~~~~~~~~~ L e e e SR
| I~ 1
1 ~ | |
——————————————————— e e
o |
————— —— - - -l Lo
- ] 1 |
- ! 1
{r—— ' I
1 1 I
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Ideal Quantizer

Transfer Function

0 Quantization step A L 0 SO B 05 2 S
o 1 | i ¥ |
. . sl 1 rr/'—'- _________ L
0 Quantization error has S+l N
= I it Sl IR S SR S
sawtooth shape =20 U S Y B B S
= Bounded by —A/2, +A/2 T =1 —
X (inpjut)

e _(quantization error)

q
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Ideal Quantizer

0 Quantization step A

0 Quantization error has

sawtooth shape

= Bounded by -A/2, +A/2

0 Ideally infinite input
range and infinite
number of quantization

levels

Penn ESE 3400 Fall 2022 - Khanna

q (quantizer output)

€, (quantization error)

Transfer Function

X (input)
Error eq=q-x

SETEREES

- +A/2

WAL,

X ‘(ian;t)
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Ideal B-bit Quantizer

0 Practical quantizers have a limited input
range and a finite set of output codes

0 E.g. a 3-bit quantizer can map onto
2°=8 distinct output codes

Penn ESE 3400 Fall 2022 - Khanna

Dig

ital Output

L R S s e S A

Mol b
10 -
100} -~ -h oo
(0l IR o SR Al
010} S -" k-
001} MDA N S S —
000 e - p g e

Analog Input
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Ideal B-bit Quantizer

0 Practical quantizers have a limited input
range and a finite set of output codes

0 E.g. a 3-bit quantizer can map onto
2°=8 distinct output codes

0  Quantization error grows out of
bounds beyond code boundaries

0 We define the full scale range (FSR) as
the maximum input range that satisties
e <A/2

s Implies that FSR = 25 A
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eq (quantization error)

__________________________________

Analog Input
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Big Ideas

o DTFT

= Represent signals in time and frequency

= Find frequency content of signal
0 Sampling and Reconstruction

= Must sample at greater than the Nyquist rate

= Actually oversample most of the time

s More on that later...

0 ADC transfer function
s [.SB based on FSR and bit resolution of ADC

= Quantization error imposed

Penn ESE 3400 Fall 2022 - Khanna
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Admin

0 Quiz 1 on Wednesday

s Covers lecture 1-8, labs 1-4°
s Closed book/note

= Can bring a calculator

= Starts at exactly 5:15pm-6:15pm
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