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Discrete Time Signals and Systems, D'TFT,
Sampling and Reconstruction
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Lecture Outline

0 Continuous Time Signals

= Laplace Transtorm
0 Discrete Time Signals
= Aliasing and periodicity
o DTFT/Z-transform
o Sampling/Reconstruction

a Discrete Time Systems
s TT Systems
= Convolution

» Frequency Response
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Continuous Time Signals

o 40
S'Irenn
[
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Time Domain

o If you listen to a piano chord, you hear several notes
being struck, and fading away. This 1s waveform 1s
plotted below:

0.3

0.2

e
—

o
T T

Amplitude
S

1 1 1 1 1 1
0.5 1 1.5 2 25 3 3.5
Time, seconds

Amplitude

1 1 1 1 1 1 L 1
0.7 0.71 0.72 0.73 0.74 0.75 0.76 0.77 0.78 0.79 0.8
Time, seconds
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Frequency Domain

0 If we represent the waveform as a sum of sinusoids at

different frequencies, and plot the amplitude at each
frequency, the plot is much simpler to understand.
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Fourier Series

0 Fourier Series approximation to a square wave

1.2

0.8
0.6
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Fourier Transform

0 Given a continuous time signal x(t), define its
Fourier transform as the function of a real f:

X(f)

/ x(t)e ™2™ dt,

oo

x(t) = /_ h X ()™t df.
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Laplace Transtorm

0 The Laplace transtform of a signal f(t) is the
function F = L(f) defined by

F(s) = N ft)e *" dt
0
1 7T st
(t) = %/G_joo F(s)e®" ds
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Discrete Time Signals

o 40
S Irenn
[
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Signals are Functions

8
E
=
T™
w
o

A signal is a function that maps an independent variable to a dependent variable.

a Signal x[n]: each value of 5 produces the value x[n]

0 In this course we will focus on discrete-time signals:
= Independent variable is an integer: n € 7. (will refer to n as time)

s Dependent variable is a real or complex number: X[n] € R

z(n]

°\ulx" n

-101234567
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Unit Sample

1 n=0

0 otherwise

DEFINITION

The delta function (aka unit impulse) d[n] = {

1

£

0.5
3

=15 =10 -5 5 10 15

0
n
0 The shifted delta function §[n-m] peaks up at n=m; here m=9

1

0.5

§[n — 9]

=15 =10 -5

S o
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Unit Step

1 n>0
0 n<0

DEFINITION

The unit step uln| = {

O L A

0 The shifted unit step u[n-m] jumps from 0 to 1 at n=m ; here, m=5

e — 111

Penn ESE 3400 Fall 2023 - Khanna
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Unit Pulse

0 n<N,
The unit pulse (aka boxcar) p[lnj=<1 N, <n<N,
0 n> ZVQ

=
o
E
=
™
w
(]

o Ex: p[n] for N, =-5 and N, =3

-15 -10 -5 5 10 15

0

n

0  One of many different formulas for the unit pulse
pln] = uln — Ni] — ufn — (N2 + 1)]
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Real Exponential

The real exponential r[n]=a",acR, a>0

DEFINITION

a For g>1, r[n] shrinks to the left and grows to the right; here g=1.1

i,,,;;,.ogzesQYI?TYTZTTTTTTTTII

-15 -10 10 15

F <N

r(n]

n

mn

o For 0<a<1, rn] grows to the left and shrinks to the right; here ¢ =0.9

J—

é?]IITTTTTTTTTTT????quog,,,,,,,,

-15 -10 -5 0 5 10 15
n
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Sinusoids

a0 There are two natural real-value sinusoids: cos(wn+¢) and sin(wn + ¢)
a0 Frequency: w (units: radians/sample)

0 Phase: ¢ (units: radians)

B #TTTTT, Rtk R
- I I

-15 -10 -5 0 5 10 15
n

Rt RaiACH Ral|
O I

=10 =5 0 5 10 15
mn

.

sin[wn |
L o a
w ——

U
JarS
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Sinusoid Examples

O  cos(0n)

o sin(0On)

(T 27
a sin|—n+—

o cos(Tn)

Penn ESE 3400 Fall 2023 - Khanna
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Complex Sinusoid

a0 The complex-value sinusoid combines both the cos and sin terms using

Euler’s identity:

el (“nt9) = cos(wn + @) + jsin(wn + @)

Re(e’“™) = cos(wn)

J

P RS SN2 TR AL
P PSSP M § Y

eiwn = wn

-Hlllll1&6660M099???TTTTTT

0 5 10 15
T

Im(e’“™) = sin(wn)

Rab S
P!

10 -5 0 5
n
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Complex Exponentials

2" = (|z|ejwn)"

— |z|'n 6jwn,

QO |z|* 1is a real exponential envelope (a" with a = |z)

o €“" 1sacomplex sinusoid

|z| < 1

(K J
0 0% %0 st 00g0000
- *eie
-4 ll‘ A A A J
-15 5 0 5 10 15

T

Im(z7), |z| <1
A1
L d

oo . . 200, s0000000e
2t e e, %8¢ . . ,
-15 -10 -5 0 5 10 15

Bounded
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Signal Properties

o 40
S Irenn
[
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Periodic Signals

A discrete-time signal is periodic if it repeats with period N € Z:

&
E
=
TS
w
Q

zn+mN]=z[n] VmelZ

%§},ﬂhT,,,Tﬂh,g,ﬂﬁn,ﬁﬂhg.fﬂth

-15 -10 -5 10 20

Notes: n °
m The period N must be an integer

m A periodic signal is infinite in length

A discrete-time signal is aperiodic if it is not periodic

DEFINITION

Penn ESE 3400 Fall 2023 - Khanna
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Discrete-Time Sinusoids

0 Discrete-time sinusoids j(wn+¢) have two counterintuitive properties

0 Both involve the frequency

0 Property #1: Aliasing

0 Property #2: Aperiodicity

Penn ESE 3400 Fall 2023 - Khanna
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Property #1: Aliasing of Sinusoids

0 Consider two sinusoids with two different frequencies

w = z[n] =t

w+2r = -'172[7'1,] — e.j((w'+2r)71+a>)

0 But note that

— ej((w+27r)n+¢)) — ej(w'n+¢))+j27rn — ej(wn-}-(,b) ej'27r'n — ej(w7t+cb) — $1[7’L]

z2[n]
0 The signals x; and x, have different frequencies but are identical!

0 We say that x; and x, are aliases; this phenomenon 1s called aliasing

a0 Note: Any integer multiple of 27 will do; try with — z3[n] = el((w+2rmin+d) my € 7

Penn ESE 3400 Fall 2023 - Khanna
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Aliasing Example

z1[n] = cos (£n)

%rTTTr, R TR AL
| SNE 37 LM V)V C

5 10 15

15 ~10 -5 0
T

Za[n] = cos (£En) = cos ((§ + 2m)n)

4?TTT1, R TR AL
T I

5 10 15

15 -10 -5 0
T

Penn ESE 3400 Fall 2023 - Khanna 23



Aliasing Example

T

x1(t) = cos (— t)

6 \

o;wmﬂ'”nnn'nnv\ﬁmﬂ TTTTTTIATR
N AN A
ol / \

ol \\ ;/ \& ‘z/
MIRARARE \dw/ APARERN u\gkU/ I,

x,(t) = cos ((% + Zn) t> = COS (%T t)
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Video Example

> 07:67.:2;-10

a https://www.youtube.com/watch?v=ByTsISFXUoY

Penn ESE 3400 Fall 2023 - Khanna
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Which 1s higher in frequency?

a cos(nn) or cos(3n/2n) ?

Penn ESE 3400 Fall 2023 - Khanna
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Increasing Frequency

d [[11]

1]

1]

[111]




Decreasing Frequency

L L =
e gl ol L
O T T Tle- ]
RERRRRRRRRRRRRRRRR

Penn ESE 3400 Fall 2023 - Khanna
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Property #2: Periodicity of Sinusoids

m Consider z1[n] = ¢/(“"*+%) with frequency w = 2%%, k, N € Z (harmonic frequency)

Penn ESE 3400 Fall 2023 - Khanna
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Property #2: Periodicity of Sinusoids

m Consider z1[n] = ¢/(“"*+9) with frequency w = 23%, k, N € Z (harmonic frequency)

m It is easy to show that z; is periodic with period N, since

$1[TL+ N] — ej(w('n—}-N).gg'g) _ 6j(wn-l-wN+¢',) _ ej(wn+q‘)) ej(wN) _ 8j(:,.;n-j~¢)) 6‘7(%‘-\7) _ zl[n] v

m Ex: z1[n] = cos(¥2n), N =16

PR A A T A LR
DR CRNRS P R Y R LYY

-15 -10 -5

m Note: z, is periodic with the (smaller) period of & when & is an integer
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Aperiodicity of Sinusoids

= Consider z2[n] = e/“"+9) with frequency w # 22, &, N € Z (not harmonic frequency)

m |s x5 periodic?

a:z[n + N] — ej(w(-n-%—N)-Hf’) — ej(w-n+wN+¢) — 6j(wn-+—<:'>) ej(w.'\") 7é a:l[n] NO!

m Ex: z3[n] = cos(1.16 n)

%J K S & SRS C N N 2 PO
OV i S Y L V

-15 -10 -5 5 10

0
n

m If its frequency w is not harmonic, then a sinusoid oscillates but is not periodic!

Penn ESE 3400 Fall 2023 - Khanna
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Harmonic Sinusoids

oJ (wn+9)

m Semi-amazing fact: The only periodic discrete-time sinusoids are those with

harmonic frequencies

2k
=—, kEN€eZ
w N €

m Which means that

e Most discrete-time sinusoids are not periodic!

e The harmonic sinusoids are somehow magical (they play a starring role later in the DFT)

Penn ESE 3400 Fall 2023 - Khanna
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Periodic or not?

a cos(5/7nn)

o What are N and k? (I.e How many samples 1s one
period?

Penn ESE 3400 Fall 2023 - Khanna
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Discrete-Time Fourier Transform (DTFT)

o 40
S'Irenn.
[
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: DTFT Definition

1 7 o
x[n] = X(e’e'"dw
[1] 2ﬂ_fﬂ (™)

Penn ESE 3400 Fall 2023 - Khanna
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: DTFT Definition

1 7 o
x[n] = X(e’e'"dw
[1] 2ﬂ_fﬂ (™)

Alternate

Penn ESE 3400 Fall 2023 - Khanna

co

X(f)=" x[kle*"
k=—00
0.5f,

x[n]= [ X(f)e* " df

0.5,
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7z-Transtorm

0 Define the forward z-transform of x|n] as

o0

X(z) = E z[n|z™"

n=—oo

0 The core “basis functions” of the z-transform are the
complex exponentials z" with arbitrary z € C; these are the
eigenfunctions of L'T1 systems for infinite-length signals

0 Notation abuse alert: We use X(®) to represent both the
DTFT X(e*) and the z-transform X(z); they are, in fact,
intimately related

X.(2)| = X.(e’)

z=elw

Penn ESE 3400 Fall 2023 - Khanna
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DFT/FFT vs DTFT

0 Back to example

X [k]

4
2 Wi
n=0

.4 Sil’l
— e J 10k (

k)

sin(

|X(e’w)|

~EINE

k)

,‘.'

s, N e
s
'y
-
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The Data Conversion Problem

Analog
World

/\/ <:> 2.7,0, 15, 27...

0 Real world signals

= Continuous time, continuous amplitude

0 Digital abstraction

= Discrete time, discrete amplitude

0 Two problems

= How to go discretize in time and amplitude

= A/D conversion

= How to "undescretize" in time and amplitude

= D/A conversion

Penn ESE 3400 Fall 2023 - Khanna
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DSP System

............................. ADCAD
¢ Anal sampler — T
x& Anti-r;\alli:ging} —> Wx[n] xc(n )) Quantizer
Filter J : t:nTJ

---------------------------------------------------------------------------

( DAC D/A
Discrete stuff /
{ " 0SP, u} yln { 1 220 >

Reconstruction J

storage....)
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Ideal Sampling Model

zc(t) C/D z[n| = z.(nT)

Discrete and Continuous

0 Ideal continuous-to-discrete time (C/D) converter
= T is the sampling period
= £=1/T is the sampling frequency
s Q=271/T

Penn ESE 3400 Fall 2023 - Khanna
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Frequency Domain Analysis

Sample greater than Nyquist

and (), > 2Q) N
X.(j ) ﬁ X (j ()
1
-Qy Qp 0 20, -0, -0y A 20, 30, Q
(a) (2= )
Q
X 2
w=QT /\ /\ ; /\ /\ /\
| 1 | : | 1
0)]
Q
—S-T=nx
2

Penn ESE 3400 Fall 2023 - Khanna
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Frequency Domain Analysis w/Aliasing

Sample less than Nyquist

and (), < 2Q

X (j )
/ \
-Qy Qy 0
(a)
w=QT

Penn ESE 3400 Fall 2023 - Khanna

Q, 20, Q0

X(e’)

/H\II\AI/ /

C2
—T=n
2
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DSP System

............................. ADCAD
¢ Anal sampler — T
x& Anti-r;\alli:ging} —> Wx[n] xc(n )) Quantizer
Filter J : t:nTJ

---------------------------------------------------------------------------

Discrete stuff i
>[I (BaSeP, u} y[n] >{Reconstruction1 C( ) >
storage....) U

Penn ESE 3400 Fall 2023 - Khanna
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Reconstruction of Bandlimited Signals

0 Nyquist Sampling Theorem: Suppose x_(t) 1s
bandlimited. I.e.

X.(jQ) =0V [Q>Qn

o If Q = 2Qy, then x_(t) can be uniquely determined
from its samples x[n]=x_.(nT)

0 Bandlimitedness is the key to uniqueness

Mulitiple signals go through
the samples, but only one is
bandlimited within our
sampling band

Penn ESE 3400 Fall 2023 - Khanna 45



Reconstruction 1n Frequency Domain

z|n] to i:i;\:?;te}—» T H,(j Q)J—> zr(t)

X, ()

Q_‘.> 2QN

T
-0, -Qy AN 0 X,(j Q)
(QS-QN) 1
H.(jQ) ‘ / \

Oy = Q=< (2,- Q) >, Oy )

-Q, Q, 0 20.=0 Sample at Nyquist
N™%s and filter at signal

QN=QC=QS/2 badnwidth
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Reconstruction 1n Frequency Domain

z|n] to ir)ip\l;ggeJ—» T H,(j Q)]—> zr(t)

o ] “H : X, ()
| 1
H,(jQ2) T | ‘ /\
2 -~ ~{hy Qn Q
-Q, 1 ) 20,=Q, Sample at Nyquist
%AUZ_T lvavc and filter at signal
QN=QC=QS/2 badnwidth
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Reconstruction in Time Domain

z,.(t) = xs(t) x h(t) = (Zx[n]é(t — nT)) x h,.(t)
= Zw[n]hr(t —nT)

h, (1)

- —

1 /4/ x\\\ . -
/ - \
/\ * // \\\\_{X([)
/
\1\/1/\1 l/'\Lvif- ,/ T
~4T 3T \/—T 0 T\/ 3IT4T ¢ | | t
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Reconstruction in Time Domain

z,.(t) = xs(t) x h(t) = (Z z[n|é(t — nT)) x h,.(t)
= Zw[n]hr(t —nT)

The sum of “sincs”
gives x.(t) = unique
signal that is
bandlimited by
sampling bandwidth

t
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Aliasing

o If Q>Q,/2, x.(t) is an aliased version of x (t)

Penn ESE 3400 Fall 2023 - Khanna
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DSP System

--------------------------------------------------------------------------

Analog 1

sampler Wx[n] = xc(nT)

Anti-Aliasing - » Quantizer
Filter J t=nT J

---------------------------------------------------------------------------

( DAC D/A
Discrete stuff /
{ " 0SP, u} yln { 1 220 >

Reconstruction J

storage....)
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Anti-Aliasing Filter

..........................................................................

z.(t) Analog 1 sampler Was[n] = x.(nT)

- Anti-Aliasing - » Quantizer
Filter HLp(jQQ) LT = nTJ
and (), < 2()
. S N .
X.(jQ) - X (j<2)
o S ) - - VTl Q52 ______
Rl RN // \»’/ Syt N
l, \\ ,I ,I \\ ,,i\\ \\
< o o > < o >
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Anti-Aliasing Filter

T (t) Analog 1

..........................................................................

sampler Wa:[n] = z.(nT)

-3 Anti-Aliasing

Filter HLp(jQ) t = nTJ
and (), < 2
) S N )
X.(jQ) - X (j<2)
O ) . Il o052
Rl RN // \»’/ Syt N
l, \\ ,I ,I \\ ,,i\\ \\
<€ oy o > < o >
X (X, ,(jE2) X (jQ)
——- 1-\ ) @ - - o av2
-Qn N On
QT;z
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MRI aliasing example

Penn ESE 3400 Fall 2023 - Khanna
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MRI anti-aliasing example

Penn ESE 3400 Fall 2023 - Khanna
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MRI anti-aliasing example
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Discrete-Time Systems

Penn



Discrete Time Systems

A discrete-time system 7 is a transformation (a rule or formula) that maps a
discrete-time input signal z into a discrete-time output signal y

y = H{z}

DEFINITION

T e H > Yy

0 Systems manipulate the information in signals

0 Examples:
= A speech recognition system converts acoustic waves of speech into text
= A radar system transforms the received radar pulse to estimate the position and velocity of targets
= A fMRI system transforms measurements of electron spin into voxel-by-voxel estimates of brain
activity

= A 30 day moving average smooths out the day-to-day variability in a stock price
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LTT Systems

A system H is linear time-invariant (LTI) if it is both linear and time-invariant

DEFINITION

a0 LTI system can be completely characterized by its impulse
response

d— H [—h

0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

e 7 Loy ol = 3 hn—mlafm

m=——0oC

yln]=x[n]=*h[n]

Penn ESE 3400 Fall 2023 - Khanna
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Convolution

T— h —VY

0 Convolution formula:

y[n] = z[n| * hin] = Z h{n — m| z[m)|

m=—0o0
0 Convolution method:
= 1) Time reverse the impulse response and shift it # time steps to the
right
= 2) Compute the inner product between the shifted impulse response

and the input vector

= Repeat for every 7
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Convolution Example

yln] = z[n]*h[n] = ) hln—m]zm]

mnm=——0o

a0 Convolve a unit pulse with itselt
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Convolution Example

y[n] = z[n]*h[n] = Z h[n —m] z[m)|

z[n]

Penn ESE 3400 Fall 2023 - Khanna
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LTT System Frequency Response

0 Fourier Transtform of impulse response

X[n]=ejn —{ LTI System ]—» y[n]=H(eiw)eion

H(e’”) = i hkle ™

k=—OO

Penn ESE 3400 Fall 2023 - Khanna
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Figenvalue (frequency response)

0 x[n]=elen

oo

vnl= Y x{n-k]h[k]

k:—OO

= /" E hkle /"
k=—00

_ H(eja))ejwn

Penn ESE 3400 Fall 2023 - Khanna

0 Describes the change
in amplitude and
phase of signal at
frequency w

0 Frequency response

0 Complex value

= Re and Im
= Mag and Phase
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DT Frequency Response

d

H(ej(a)+27t)n)

Penn ESE 3400 Fall 2023 - Khanna

_ i h[k]e—j(a)+2ﬂ,’)k

fk=—0

E h —]a)k —]2.7'17k

k=—c0

= i hlkle™ ™"

k=—OO

= H(e’"")
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Periodicity of Low Pass Freq Response

Hlp(ejw)

1

| I | |
2T 2Mr W, = -, W, 2m-w, 2 w

(a)
Hlp(ej‘”)

I

| I
-7 -, W, w
(b)
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Other Filters

Hyp(e*)
— 1=
High-pass | |
-7 - W, 0 W, oW
(a)
Hps(e’)
—_— 1 —
Band-stop
—frr —-W) W, 0 W, Wy, ‘rlr w
(b)
pr(elw)
Band-pass |
] |
—Tr —-wp  —W, 0 W, W), T W

(¢)
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Non-Linear System Example

0 Median Filter
= y[n]=MED {x[n-k], ...x[n+k]}

s [et k=1
= y[n]=MED {x|n-1], x|n], x[n+1]}

Penn ESE 3400 Fall 2023 - Khanna
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Spectrum ot Speech

Speech

Penn ESE 3400 Fall 2023 - Khanna
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Spectrum of Speech

Speech

Corrupted =

Speech




Low Pass Filtering

1000
800

600

400 } ﬂ
200 £

0 S 10
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Speech 1n Time

Corrupted 0 -
Speech -US.J/\‘**“ LN

1 1 1 1 1 1 1 1 1 |
4.0966 4.0968 4.097 4.0972 4.0974 4.0976 4.0978 4.098 4.0982 4.0984 4.0986
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Low Pass Filtering

o
0S5 F
rr
C(S) uptre]d 0]/\ AN L
peec | — [
e 4.01966 4.01968 4.019? 4.01972 4.019?4 4.019?6 4.0!13?8 4.0198 4.0982 4.01984 4.0198;
LP-Filtered " |
Speech ! H}W
-05 F |

-1 1 L ] ] 1 1 1 1 1 L
40966 4.0968 4.097 4.0972 4.0974 40976 4.0978 4.098 4.0982 4.0984 4.0986
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Median Filtering

Corrupted .0_ N\ AN YL L
Speech _O.S_J/ Ul h _

1 1 1 1 1 | | | |
4.0966 4.0968 4.097 4.0972 4.0974 4.0976 4.0978 4.098 4.0982 4.0984 4.0986

d-filter’
Med-Filter | 7

Speech 0 /\/\W

-05

-1 ] 1 ] ] ] 1 ] 1 ] ]
4.0966 4.0968 4.097 4.0972 4.0974 40976 4.0978 4.098 4.0982 4.0984 4.0986
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Big Ideas

0 Continuous Time Signals
= Represent signals in time and frequency
a0 Discrete Time Signals
= Sample at Nyquist to avoid aliasing
o DTFT/Z-Transform
= Represent signals in time and frequency
= Find frequency content of signal
0 Sampling and Reconstruction
=  Must sample at greater than the Nyquist rate
= Actually oversample most of the time
a0 Discrete Time Systems

= LTI Systems are predictable and practical to implement
= Convolution to evaluate output in time domain

= Frequency Response to evaluate output in frequency domain

= Puta frequency in, get the same frequency out

Penn ESE 3400 Fall 2023 - Khanna
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Admin

o Lab next week
= Design PCB
= Watch video before lab to get acquainted with Altium
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