ESE370: Circuit-Level Modeling, Design,
and Optimization for Digital Systems

Lec 21: October 27, 2021
Distributed RC Wire and Elmore Delay
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Today

0 Estimate delay in RC Network

= Elmore delay calculation
a0 Apply to wire delay

0 Apply to pass transistor circuits
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Previously: |

Fquivalent RC

/B
W=1
il |
[ 1
W=1
L=1
W=1
L‘[Lﬂ w=1
L=1
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Previously: Distributed RC (preclass 1)

1000

S p

Penn Eou J/VU L'dll ULl — Inlldlllld

o What are the time
constants?

Step Response




Elmore Delay: Distributed RC network

0 The delay from source s to node 5

= N = number of nodes 1n circuit

R, = z R; = (R; € [path(s —» 5) N path(s - k)])

N
Tps = z CyxRsi
k=1
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What 1s responser

/b

/c
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Elmore Delay: Practice (preclass 1)

0 The delay from source s to node 7

= N = number of nodes 1n circuit

R, = ¥ R, = (R, € path(s — i) N path(s — k)])

1000
— E Ck Rik I
k=1
1000 ' 1000
W L
ﬂ +T -
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Apply (preclass 1)

0 What is Elmore delay?
s S2 7
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SPICE Response

Step Response

1000

—p

C3
1000 1000
—1p —lp
Ci C2
1000 1000
Ip . Ip
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FElmore Delay: Special L.adder Case

0 For each resistor C,in path

= Compute R, = sum of all Rs upstream of C,

N k N
Tpy = ;CkEIRj - ;CkRkk
R _

1000 1000
(1 T Ip
@
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FElmore Delay: Special L.adder Case

0 For each resistor C,in path

= Compute R, = sum of all Rs upstream of C,

N k N
'QW=E§C52R}=;¥%R%
R _

C*(R)+C*R+R
1000 1000 1F(Ry) G R +Ry)
o
11
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FElmore Delay: Special L.adder Case

0 For each resistor C,in path

= Compute R, = sum of all Rs upstream of C,

N k N
Tpy = ;CkEIRj - ;CkRkk
R _

C*RN+C*XR+R

o o FRYTCHR TR,
=3RC
—Ip " =3ns

% @
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Compare KCL: Setup

0 Equations from KCL?

@y Y%-Y_Vi-V,, . dv

+C,—
Rl R2 dt
@V . Vl B Vz _ de
2" R, 2 _dt
v 1000 Vi 1000
R1 R2
yart \
L, "
\\ j// C 1

fo
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Compare KCL: Math
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dv, dv,
dt dt

d’V,
dt’
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Compare KCL: Math

VS=V1

Rz R2
dv)
dt

1+£

Vi = (V +R,C,
R2

+ﬁ + R C,
RZ

V. =V, +|R,C,|1

V.=V, +(R,C,+RC, +RC)
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R R
1+—1)——1V2+R1C1—1

dV

dt

RV+RC av, +R,C,
R, dt

av, —2+RC,R,C,—=* dV

dt dt’

+RCRC dV

dt dt

d’v,

)

dt’
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Compare KCL: Math

Rl =R2
Cl =C2

V.=V, +(R,C,+RC,+RC,)—=

=R
-C

qv,

+RCRC
dt

dv, , d*V,

V, = V+3RC—+RC >
dt dt
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d’v,
dt’
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Compare KCL: Math

R1=R2=R
C1=C2=C
Vi =V, + (R, + R G, + R C)—= v, 2+ RC,R,C, ddv
dt t
v, v, +3rC L2 s g2 4V
dt dt

V,=A(l+ e “)—
VS = A(l + e'O”) ~3RC-aAe™™ + R2C2 . aer—at
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Compare KCL: Math

V2 =A(1+e_at)%
VS = A(l + 6_0“)— 3RC -aAe™™ +RZC’2 . aZAe—at
t=OO%V2 =VS =A
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Compare KCL: Math

V2 =A(1+e_at)%
VS = A(l + €_at)— 3RC -aAe™™ +RZC’2 . aZAe—at
t=OO%V2 =VS =A

V.=V.l+e“)-3RC-aV.e ™ +R°C*-a’Ve ™
O=e*-3RC-ae™™ +R°C*-a’e™
O=e”(1-3RCa+R°C*-a’)
0=1-3RCa+RC*-a’
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Compare KCL: Math

V, =Vy(1+e™) . "

0=1-3RCa+R*C*-a’ —

_3RC=9(RC)’ ~4(RC)’ 3RC=+5RC 35
2(RC)’ 2(RC)’ 2RC

a

2

31J§

RC =2.6RC

—> T =
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Compare KCL: Math

V,=V.(1+e™™)

0=1-3RCa+R*C*-a’

_ 1909\ 1000
“’I¥ ) Ip . Ip
I 1

_3RC=9(RC)’ ~4(RC)’ 3RC=+5RC 35

a

2

31\/3

—> T =
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2(RC)’
RC =2.6RC

2(RC)’ 2RC

=3RC

=3ns
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Elmore Delay: Distributed RC network

a The delay from source to node 7

= N = number of nodes 1n circuit

R, = ¥ R, = (R, € path(s — i) N path(s — k)])

N
Ty = E CkRik
k=1

a Special ladder case

N k N
Tpy = ;CkZIRj - ZCkRkk
R _
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Wire Delay

R
#Penn
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: Wire Resistance

100u
lum IA/ R=:0_AL
«—> TO . -
/lum o _107Q-m-100um _
lum-1lum
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Wire Capacitance
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dielectric material

~metal plate
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Wire as Distributed RC ILadder

0 Measure wire length in units
= Say A
= Fach A unit has C

= Unit capacitance and resistance of wire of length A

units unlt

Rumt Runlt Rumt Rumt Rumt

ST
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Wire Delay

0 Delay of Wire N units long:

Runit Runit Runit Runit Runit

nit nit %\mit %unit —Cunit
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Wire Delay

0 Delay of Wire N units long:
R . .C

unit —unit

Runit Runit Runit Runit Runit

nit nit %\mit %unit —Cunit
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Wire Delay

0 Delay of Wire N units long:
R . .C

unit

+ ZRunitCunit

unit

Runit Runit Runit Runit Runit

nit nit %\mit %unit —Cunit
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Wire Delay

0 Delay of Wire N units long:
RinitCunit
t 2R i Cunit
t 3R i Cunie T -+ TNR i Crpie

= (Runie*Coni) "N+ (IN-1) +(N-2)+...1)

Runit Runit Runit Runit Runit

— /A A .. YV AA——
ﬁLunit :%unit %\mit nit —Cunit
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Sum of integers (preclass 2)

0 What’s the sum of the integer 1 to N?

Si-

N
k=0
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: Sum of integers

0 What’s the sum of the integer 1 to N?

ik_N(NH)NNZ
- 2 2

k=0
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Wire Delay (preclass 3)

0 Delay of Wire N units long:

R gic* <N ¥ Cunit)

+ Runie((N-1)*Cpie

+ R *IN-2*C i + - +R i *C i
=(R i *Copi) *(N+N-1+N-2+....1)
~=RitCunit*N?/2

Runit Runit Runit

Runit

V'V
it

Runit

nit

—Cunit

L
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Lumped RC Wire? (preclass 4)

0 What would the delay be if we treated the wire as

lumped R and C?
Rwire — N X Runit Cwire — N X Cunit
Runit Runit Runit Runit Runit

NN\ NNV \—
%mit igmit ﬁgmit igmit =

Cunit

L
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Wire Delay

- Rere — N*Runit
= Cere_N*Cunit
0 Lumped RC wire delay = R, *C ;. *N?

0 Distributed RC Wire delay = R, *C_;*IN?/2

unit

0 Distributed has half the delay of lumped RC
product

0 Delay is quadratic in length of wire in both cases
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Apply to Gates

Pass Transistor and CMOS

L0} L
Penn ESE 370 Fall 2021 - Khanna ‘ I II 1



Pass Transistor XOR

a0 Delay when A=B=1° T i
i Fﬁx:: ﬁ[“l:l L
W'
ne L{Dﬁﬂ -
B B W=1
T L=1)
e B]
Ron Ron
h’\/\/\ ® VAVAVarm
VRN 2Co+3Cyito
K’I\ - — 2CG+2C4ir0
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Pass Transistor XOR (preclass 5)

0 Delay when A=1, B=0?

m Start with equivalent

RC circuit
l /B l
W=1 W=1
A _Ci L=1 _4 L=1 | B )
— I S /B
— W=1 W=1
V.‘_’;} Y ﬁ[Lﬂ ﬁ L=t 1
‘| |:W=1 ‘| W=1 L
L=1 L=1 W=1 \_‘ D‘_’f} \_‘ f} L=1
L=1 - - W=1
I L=1
A4 A4
5 | %
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Unbuttered (preclass 0)

a Circuit = Delay?

m 2 stages

ly
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Unbuttered (preclass 7)

a Circuit = Delay?

m 3 stages

1
1

\'}
L

40
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Unbufttered (preclass 8)

0 Delay as a function of number of stages, k?

|
i
—
«Q
|

) N le
- el y k=

= |#[“L’:I » T i e T r L « T Mi; |(
1 1] 1 _

vy e i e s e A=
,b__l_ : e | I do T il
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: CMOS XOR (preclass 9)

a Delay with Cdiff>0?
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Idea

a Elmore delay calculation allows us to estimate delay
for distributed RC network

= Necessary for pass transistors

0 Wires are distributed RC

= Half delay lumped calculation
= Still quadratic in length
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Admin

a Project 1
= Final report due Friday 10/29 midnight
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