ESE370: Circuit-Level Modeling, Design,
and Optimization for Digital Systems

Lec 23: November 1, 2021
Driving Large Capacitive Loads
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Today

a Back to CMOS today

0 How do we drive a large capacitive load?
= Stages and buffer sizing

= Minimum delay
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Message

0 To drive large loads

= Scale buffers geometrically

= BExponential scale up in buffer size

0 Scale factor: 3—4 typically
= One origin of FO4 target

0 Drains contribute capacitance too (Cgg)

0 Can formulate sizing to optimize
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Call back: Large Fanout Delay

0 What is delay 1f must Yoo
drive fanout=1007

Vvdd L“E“

11 v
. q[om - | 100

Vdd
«{ |:1/1 e
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Call back: ...and Again

0 Delay here?

Vdd Vdd Vdd Vdd Vdd Vdd Vdd Vdd

LAl (@ (e e e

4 e e b Yo e e

AV A Ve VA VA VO V4
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Start C ;=0

L0} L
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One Stage

0 How do we size to minimize delay?
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Vdd

Vdd

q
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One Stage (Preclass 1)

0 Delay equation?

Cload

i Yo

Penn ESE 370 Fall 2021 - Khanna



One Stage

0 Delay equation?

R

R

delay=—22W, -C,+—-C, ,

2
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CIoad



. Minimize

delay = R\W, - C, + L o
WN

0 Differentiate and set to zero

R,C,

Penn ESE 370 Fall 2021 - Khanna
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. Minimize

delay = R\W, - C, + B | C, .
WN

0 Differentiate and set to zero

R,C, Wz\% Cloaa = 0
0
—
WZ _ Cload W = Claad
N — N
C, VG

Penn ESE 370 Fall 2021 - Khanna 11



: Concrete?

Q What iS WN fOr Cload:4XlO4CO?

Cloaa’

VG o
- Yo

=
|
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k-stage Delay

\Vdd \Vdd Vdd Vdd
o/1
Clg 4E CE CE
® 6 o
1 CIoad
—| 2/1 —| Wi —| Wi —| Wik T
N
ZT(WM + Wi, + Wi +... d + Wi +...+—WN" +&xCload
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk

Penn ESE 370 Fall 2021 - Khanna 14



Size Wy; to minimize delay

0 How do we minimize?

W W %% W.. w. .
T N1 + N2 + N3 + o+ Ni + N (i+1)
2 WNl WN2 WN(i—l) WNi

2

Penn ESE 370 Fall 2021 - Khanna
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Size Wy; to minimize delay

0 Take partial derivative with respect to Wy; and set = 0

2T WN1+WN2+WN3 o+ Wi +WN(””+...+ W + R, xC,
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
1 W .
2710+0+0+...+ - 4+ ..+0(+0=0
Wy (Wm)

Penn ESE 370 Fall 2021 - Khanna
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Size Wy; to minimize delay

0 Take partial derivative with respect to Wy; and set = 0

2T WN1+WN2+WN3+...+ Wi +WN(””+...+ W + R, xC,
2 WNI WN2 WN(i—l) WNi WN(k—l) WNk
W, .
2710+0+0+...+ L Nt o +0(+0=0

Wyiny (W )2

1 _WN(i+1) s WNi _WN(i+l)

2
WN(i—l) WNi WN(i—l) WNi

Penn ESE 370 Fall 2021 - Khanna
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Delay

0 Conclude: at optimal sizing, ratio of stages is same:

1 W WNi _ WN(i+1)

_ N(i+]) s

2
WN(i—l) WNi WN(i—l) WNi

Penn ESE 370 Fall 2021 - Khanna
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Delay

0 Call that ratio p

Penn ESE 370 Fall 2021 - Khanna
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Stage Delay

277 WNI +WN2 +WN3
2 WNl WNZ

Penn ESE 370 Fall 2021 - Khanna
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Stage Delay

=
w

2T WN1+WN2+W
2 W, W

2217(:‘m6V1_+_‘46V2 + ‘%6V3
ZZ ‘%CVl “CVZ
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Stage Delay

2r(WN1+WN2+WN3+...+ Wi +WN(”1)+...+ W + R, xC,

2 WNl WN2 WN(i—l) WNl WN(k—l) WNk

2T(WN1+WN2+WN3+ + Wi +WN(i+l)+...+ W + R, xC,
2 Wo Wy, WN(i—l) Wy WN(k—l) 2T W
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Stage Delay

WNl _ WNi _ WN(i+l) Cload

2 ) WN(i—l) WNi WNk (2C0)

Two math simplifications: 1) to relate p and
k, 2) total delay in terms of p and k

Penn ESE 370 Fall 2021 - Khanna
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Stage Delay

0= W, _ W, _ Wiy
2 Wy Wy
(WNI) Wz | Was || W [ Wran ). .
2 Wi I\ Wy, WN(,-_D Wi

Penn ESE 370 Fall 2021 - Khanna

Cload

W, (2C0)

WNk

Cload

WN(k—l)

Wy (2C,)

=p

k+1
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Stage Delay

pk+1 _ Cload —s ,0 —_— Cload
4C, 4C,

¥e \(k1+1)

_ load
p —

4G
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Total Delay

0= Wy,

2

2,17 WNl +WN2 +WN3 +
2 WNl WN2

Penn ESE 370 Fall 2021 - Khanna

WNi _ WN(i+1)
WN (i-1) WNi

WNi + WNUH) +..
WN(i—l) WNi
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Total Delay

WN 1 WNi _ WN (i+1) Cload

p — = — —
2 WN(i—l) Wy W (2Co )
2T Wi +WN2 +WN3 o+ W +WN(i+1) .+ Wi + R, xC,
2 Wo Wy, WN(i—l) Wy WN(k—l) 277'WN/<

TotalDelay =2t(k+1)p

Penn ESE 370 Fall 2021 - Khanna 27



Total Delay

b
k+1
load

4C

0

p=

TotalDelay =2t (k+1)p

CZOad

TotalDelay =2t (k +1
y ( )( iC,
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Plot Delay vs. k (C, ,=4x10*C,)

Cload

4C,
Delay vs. Number of Stages

TotalDelay =2t(k +1)

450

|

R
k+1

|

400

350

300

250

[\
e
o

—_
u
(es)

—_
)
(e)

Delay (T units)

S
(es)

o

1 2 3 4 5 6 7 8 9

Stages (k)
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Z.oom: Plot Delay vs. k (C,;=4x10%C,)

1
w0
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k+1)

O
(e)

']
()

g
o

D
jen)

w
jen)

Delay (T units)

N
je)

[N
()

1 2 3 4 5 6 7 8 9 10 11 12

Stages (k)
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: Minimize

1

c e
TotalDelay =2t (k +1)| —Lod
4C,
(¢ & L
0=21 (Cload) _(k_l_l),ln(cload)(cload )( )(
4C, 4C, )\ 4C,
d(b*) o
2 =In(b)-b
d(1/x) 1
ax - X2
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Minimize

0=21
d(b*) x
- =In(b)- b
d(1/x) 1
dx x>

|

TotalDelay =2t (k + 1)(

Cload
4C,

Penn ESE 370 Fall 2021 - Khanna

)W_(k+1),m(c,m)(cm

4C,

O=1—(—1 )ln Cloua
k+1 4C,

k=ln(

Cload
4C,

4C,

Cload —1
4C,

|

)(kil)

8
)"

b
k+1

f

32



Concrete (Preclass 3)

Q What iS Optlmal 1{ fOf Cload:4Xlo4CO?

Penn ESE 370 Fall 2021 - Khanna
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Z.oom: Plot Delay vs. k (C,;=4x10%C,)

1
w0
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k+1)

O
(e)

']
()

g
o

D
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w
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N
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> Optimum Scale Up

a For optimum delay

k — ln( Cload
4C,
0 What is p?
IO — load
4C,

Penn ESE 370 Fall 2021 - Khanna
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> Optimum Scale Up

load

4C

Penn ESE 370 Fall 2021 - Khanna
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> Optimum Scale Up

1

Cload In| Cioad n(7)
0 = rel 4C =(Y)( (¥)
|
In(p) = ln(Y) In(Y)=1
p=e

Penn ESE 370 Fall 2021 - Khanna
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Call Back: Total Delay

WN 1 WNi _ WN (i+1) Cload

p — — — —

2 WN(z’—l) Wy W (2Co )
2r(WN1+WN2+WN3+...+ Wi +WN(”1)+...+ W + R, xC,
2 Wo Wy, WN(i—l) Wy WN(k—l) Wi
21:(WN1+WN2+WN3+...+ Wi +WN(i+1)+...+ Wi + R, xC,
2 Wo Wy, WN(i—l) Wy WN(k—l) 2T - Wy,

TotalDelay =2t(k+1)p
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Delay at Optimum

k= In| Steat | _ p=e
4C,

TotalDelay=2t(k+1)p

Penn ESE 370 Fall 2021 - Khanna
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Delay at Optimum

k= In| Steat | _ p=e
4C,

TotalDelay =2t(k+1)p

Cload .
4C,

TotalDelay =27 *In

a0 What is optimal delay for C,,,;=4x10*C, in tau units?

Penn ESE 370 Fall 2021 - Khanna
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Z.oom: Plot Delay vs. k (C,;=4x10%C,)

1
w0
Cload '
4C,
Delay vs. Number of Stages

TotalDelay =2t (k+1)

O
(e)

']
()
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D
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Caitr=Y Coate

R
#Penn
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Dittusion Capacitance (Preclass 4)

o What does this do to T model? Vdd Vdd

m Delay of middle stage cascade?

L L
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Dittusion Capacitance (Preclass 4)

0 What does this do to T model?

m Delay of middle stage cascade?

R,

delay,,, ..., =
Ywi-w2 W

delayy, .y, =2

delay, ., = 21:(

Penn ESE 370 Fall 2021 - Khanna

R

~0

W

W2
y+—=
W

(ZVV1 Gy

|

iff 0

+2W2-C0)

(VVl'VCo"'Wz'Co)

Vdd

Vdd

all

Wi

[
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k-stage Delay

%4
+ B4+
WNZ

Vdd

q.

21

WN i

+

WN(i+1)

WN(i—l)

Vdd

dL

WNi

Vdd

dL

+...+

WNk

+RO

HL

21
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A4

o

A4

WN(k—l)

W X Cload
Nk

Vdd

dl

HL

WNN

vV
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k-stage Delay

%% |4 %% W.. W, .. %% R
2p| MLy N2 NSy N VD, N 1 0 x(C,
2 Wi Wy, WN(i—l) Wy WN(k—l) Wi
Vdd Vdd Vdd Vdd
W _ _ _ _
delay,,, .., = 217()/ + Wz)
2/1
Jd dl [l qL
® 06 O
Cload
—| [2/1 —I [WN1 —I [WN2 —| [WNN
A4 NV NV A4 NV
. W. .
2r(y+WN1+y+WN2+y+WN3+...+)/+ W +y+ Dy —
2 WNl WN2 WN(i—l) WNi WN(k—l)
R

0
+—(C, +2vW, C
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k-stage Delay

. W. .
217()/+W]"1 +)/+WN2 +7+ Whs oY+ W +y+—BD L 4y 4 W )
2 WNI WN2 WN(i—l) WNi WN(k—l)
RO
+ (Crpaa +2YW.Co)
Nk
. w. .
2r(yk+ Wi + Wya + Wy o+ W F D L W )+ R, (C,., +2yW,.C,)
2 WNI WN2 WN(i—l) WNi WN(k—l) Nk
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k-stage Delay

217( Wi Wy Whs Wi +y+—WN(i+l) oY+ W )
2 4% Wiy, WN(i—l) Wy WN(k—l)
RO
+ (Crpaa +2YW.Co)
Nk
. w. .
2r(yk+ Wi + Wya + Wy o+ W F D L W ) R, (C,., +2yW,.C,)
2 Wo Wy WN(i—l) Wy WN(k 1 W
. w. .
217(yk+ Wi + Wya + Wis o+ W F D Wi )+ R, C,. +2ty
2 WNl WN2 WN(i—l) WNi WN(k—]) WNk

Penn ESE 370 Fall 2021 - Khanna
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k-stage Delay

217( Wi Wy Whs Wi +y+—WN(i+l) oY+ W )
2 4% Wiy, WN(i—l) Wy WN(k—l)
RO
+ (Crpaa +2YW.Co)
Nk
. w. .
2t(yk+WN1 WN2 + Wy o+ W F D L W ) R, (C,., +2yW,.C,)
2 Wo Wy WN(i—l) Wy WN(k 1 W
. w. .
2r(yk+WN1 WN2 + Wis o+ W F D Wi + R, C,. +2ty
2 WN] WN2 WN(i—l) WNi WN(k—]) WNk
. W, .
2r(yk+ Wi WN2 + Wis o+ W FRRARILC.D RIS W + R, Co.i +y)
2 WNI WN2 WN(i—l) WNi WN(k—l) 2’z'—‘A/Nk
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k-stage Delay

2r( Wi Wy Wis Wi +y+—WN(i+l) oY+ W )
2 4% Wiy, WN(i—l) Wy WN(k—l)
R
+— (Crpaa +2YW.Co)
Nk
. w. .
217(yk+ Wi + Wi + Wy o+ W F D L W ) R, (C,., +2yW,.C,)
2 Wo Wy WN(i—l) Wy WN(k—l) W
. w. .
2r(yk+ Wi + Wya + Wis o+ W F D Wi )+ R, C,. +2ty
2 WN] WN2 WN(i—l) WNi WN(k—l) WNk
. W, .
27(yk+WN1+WN2+WN3+. + W FRRARILC.D RIS W + R, Cload+)/)
2 WNI WN2 WN(l 1) WNi WN(k—l) 2’l'—‘J/Nk
. W. .
217(y(k+1)+ Wi WN2 + Wis o+ W FRRAELICO NI, Wi + R, -Cload)
2 WNI Wy, WN(z 1) Wy WN(k 1 2T'WNk
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Size Wy; to minimize delay

0 Take partial derivative with respect to Wy; = 0

Wy,
21 y(k+1)+WN1 +WN2 +WN3 + 4 Wy IATC . W N R,
2 W Wy Wyiy Wy Wiy 27-Wy
1 W, .
27|0+0+0+...+ —_NED L +0(+0=0

Wyiny (W )2

1 W WNl’ _ WN(i+1)

_ UNGH)

2
WN(i—l) WNi WN(i—l) WNi

Penn ESE 370 Fall 2021 - Khanna
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Impact on Minimum Wy ?

0 Partial derivative unchanged

. W, ..
2T y(k+1)+W1+WN2+WN3+...+ Wy, e

N
+
2 Wo Wy WN(i—l) Wy WN(k—l) 2t-Wy,

What does this say about p?

Penn ESE 370 Fall 2021 - Khanna
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Stage Delay: p unchanged (for tixed k)

p: =

WN 1 WNi _ WN (i+1) Cload
2 N

WNi WNk (2 Co )

=

i-1)

C

load

4C

0

p=

Penn ESE 370 Fall 2021 - Khanna
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Stage Delay: p unchanged (for tixed k)

,0 _ WNI _ WNi _ WN(i+1) _ Cload
2 N (i-1) Wy Wi (2C0 )
&)
10 — Cload e
4Co
27| y(k+1)+ Wi, + Wi + Wis +..t W + Wavge +..t Wi + Ry .
2 WNI WN2 WN(i—l) WNi WN(k—l) 21; ) WNk
TotalDelay =2t(k+1)(p+7)
( (L) \
C k+1
TotalDelay =2t (k +1)| | e +y
4C, )
\

Penn ESE 370 Fall 2021 - Khanna
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Impact of Gamma

Delay vs. Number of Stages

Delay (T units)

Stages (k)

Penn ESE 370 Fall 2021 - Khanna
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Impact of Gamma

Delay vs. Number of Stages

100

90 P
-
E 80 A
~ W
\EJ/ 70 \ \—/
>
.E 60
v
Q

50

40 . . . . . : : : : : :

1 2 3 4 5 6 7 8 9 10 11 12
Stages (k)
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Minimize

0

2T

,}/ + Cload
4C,

TotalDelay =2t(k+1)(p+7)

TotalDelay =2t(k+1) (

O=y+p—(k+1)-ln(

Penn ESE 370 Fall 2021 - Khanna

)W_M.m(

y+p=ln(

Cload

(

\

4C,

... )<

1

Cload Cl
4c, )\ 4

Cload ( 1
p -
4C, k+1

4C,

Ii

1 )p
+1

|

Ty

)
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Solve

Y+ 0 =In
Y il=In
I,

Penn ESE 370 Fall 2021 - Khanna

load 1 ,0
4C, \k+1
load 1
4C, N\k+1
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Solve

|
+ =ln load
rrp 4C, (k+1)p
Y 1= In| —toad ( 1 )
0 4C, N\k+1
( 1)
k+1
Y ¥1=1In Cload
0 4C,
\ /
Y
~—+1=In(p
! 1ein(p)
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Optimal Staging Any y

Penn ESE 370 Fall 2021 - Khanna
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p and y? (Preclass 4)

0 p=41is optimal for what y?
0 p=3is optimal for what y?

o

Penn ESE 370 Fall 2021 - Khanna
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Impact of Gamma

Delay vs. Number of Stages

100

90 P
-
E 80 A
~ W
\EJ/ 70 \ \—/
>
.E 60
v
Q

50

40 . . . . . : : : : : :

1 2 3 4 5 6 7 8 9 10 11 12
Stages (k)
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: Optimal Fanout

a Clearer why we use p=4
as our benchmark?

| <

Penn ESE 370 Fall 2021 - Khanna
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Idea

0 To drive large loads
= Scale buffers geometrically

= BExponential scale up in buffer size (p = e)

0 Scale factor: 3—4 typically

= One origin of fanout 4 target
0 Drains contribute capacitance too (Cgg)

0 Can formulate sizing to optimize

Penn ESE 370 Fall 2021 - Khanna
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Admin

a0 Wednesday 11/3 Midterm 2 (next week)
= 7-9pm DRLB 3C2
s Lectures 1-22
s Closed note, calculator allowed

= All old exams online
= focus on 2015-2019 € taught in person by me
= Study them!

= Felicity review session
= Monday 11/1 @ 3:30, link in Piazza

a HW 6 posted 11/3

Penn ESE 370 Fall 2021 — Khanna
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