ESE370: Circuit-Level Modeling, Design,
and Optimization for Digital Systems

Lec 13: March 20, 2023
Distributed RC Wire and Elmore Delay

&Penn

Distributed RC (setup)

&Penn

What is response? (Preclass 1)

1000 1000

Y

+

*—

o
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Today

o Estimate delay in RC Network
= Elmore delay calculation

o Apply to wire delay

a Apply to pass transistor circuits

a Apply to CMOS gates

Penn ESE 3700 Spring 2023 - Li
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: What is response? (Preclass 1)
1000
. ~Ip
\‘\\\ - - //
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: What is response? (Preclass 1)
1000 1000
— N\ \/ o /\\\/
,'/ - \\\
[ 1 —1p —1p
v ‘
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SPICE Response

Step Response

09 P "MM,.

0.8

7 .
A e
i/

0.3 l

0.2 rf—# rc
0.1 -4 2r2c

o 1 2 3 4 5 6 7 8 9 10 (ns)
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Intuition

o Look at series of R’s on path
= Must move Q=V(ZC) across each R

Step Response

1000 1000

(L1
AN S l
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Elmore Delay: Distributed RC network

o The delay from source s to node 5

= N = number of nodes in circuit

Rsj = ZR]- = (R; € [path(s = 5) N path(s - k)])
N

Tps = Z CiRsy
=1
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SPICE Response

Step Response

A

s
/""
W
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>
rc 1
2rec
[C_IC e
4 5 6 7 8 9 10 (ns)
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ool el e

Elmore Delay: Distributed RC network

o The delay from source s to node 5

= N = number of nodes in circuit
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11

oe’e’e e e’

Elmore Delay: Distributed RC network

o The delay from source s to node 5

= N = number of nodes in circuit

Rsy = ZR,- = (R; €[path(s - 5) N path(s - k)])
N

Tps = Z CRsye
=1
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Elmore Delay: Distributed RC network

a The delay from source s to node 5

= N = number of nodes in circuit i
=

R5k = ZR] = (R] € [path(s hd 5) n

N

Tps = Z CrRsk
=
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Elmore Delay: Distributed RC network

a The delay from source s to node 5

= N = number of nodes in circuit s

Rep = ZR]- = (R; €[path(s -» 5)Nn

N

Tps = Z CyRsk
= 1
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Elmore Delay: Distributed RC network

14

a The delay from source s to node 5

= N = number of nodes in circuit
k=4

Rs= ) Ry = (R, € [path(s - 5)n

N
Tps = Z CyRsy,
=
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Elmore Delay: Distributed RC network

o The delay from source s to node 5

= N = number of nodes in circuit

Rg = ZR]- > (R € [path(s — 5) N path(s - k)])

N
Tps = Z CyRs =7
=

15
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Elmore Delay: Distributed RC network

16

a The delay from source s to node 5

= N = number of nodes in circuit

Rsy = ZRj = (R; €path(s — 5) N path(s - k)])

Penn ESE 3700 Spring 2023 - Li

Elmore Delay: Practice

o The delay from source s to node O

= N = number of nodes in circuit

Rok = ZRi = (R; € [path(s = 0) Npath(s = k)])

1000
N ;

Tpo = Z CrRox =7 —
=1

17
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Previously: Equivalent RC

Ron Ron

2Co+3Cairo
2Co+2Ciiro
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Elmore Delay: Practice (preclass 1)

a The delay from source s to node 7
= N = number of nodes in circuit
R, = ERJ. = (R, E[path(s — i)N path(s — k)])

1000

N v
Tp = ECkR[k f— )
k=1
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SPICE Response

Step Response
1 T T

-

0:4 / X R

o1 A ey
rc_rc
6 7 8 9 10
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: What is response?
b fe
- , ‘= p
L__I_J 7 L__f_J
il il e P
j—
T o T |
/d
I Q —
1 oY 1000 Q
d TN
{ \", L) Ip T Ip
i I
I T
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Apply (preclass 1)

a What is Elmore delay?

Penn ESE 3700 Spring 2023 - Li
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Elmore Delay: Special Ladder Case

o For each resistor Crin path

= Compute Rz = sum of all Rs upstream of C;

N k N
"o = 2O 0K, = JCR,
k=1 Jj=1 k=1
1000 1000
.
Ip 1p
. Yo
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Elmore Delay: Special Ladder Case

a For each resistor Crin path

= Compute Rge = sum of all Rs upstream of Cj

N k N
= ECkERj = ECkRkk

oee el e

Elmore Delay: Special Ladder Case

a For each resistor Crin path
= Compute Rge = sum of all Rs upstream of Cj

k N
2 EC R
k=1

||
TMz

= = Cr*R)+CrH R +R:
1000 1000 ! (Ri) 2 (Rl 2)

.
Ip Ip

L2 L 3
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: Compare KCL: Setup
a Equations from KCL?
@V YU UV, a4
R, R, dt
V-V, . aV,
. 2o @
@Vva: R, dr
V
Ve 1000 .1 oo V2
R1 R2
Ip Ip
C1 C2
L 2 *
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27

Compare KCL: Math

Vi =V, l+ﬁ R‘V RCdV

R, . dt

2
Vi = (V+Rcdv)l+i RV+RC v, chzd—‘zlz
dt R,) R, dr dt

Vs=V,+|R,C, 1+£ +RC, dV d

2 R,

fv

V=V, +(R,C, +RC, +RC) +RCRC
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J=1
1000 1000 Cl (Rl) Cz (Rl RZ)
.
=3RC
I Ip =3ns
L3 L3
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: Compare KCL: Math
@V;y: @Vy:
Vo=V _Vi-V, av, i-V = %
fofads =G,
R R, dt R, dt
Ve Vi Vi Vo, odv Vi Voo d%
1 1 Rz 2 ] dt R— RZ dt
R | RV, dv, V.=V, +R,C, v,
Ve=Vi|1+ — RC, — * dr
, R, dt
W _dV, o dVs
ddr T dr
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: Compare KCL: Math
R=R,=R
C,=C,=C
2
V=V, +(R,C,+RC, + R1C1)ﬁ +RCR,C, ‘ilt‘z/z
VS=V2+3RCd +R ng ‘f

dt
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Compare KCL: Math

R=R,=R
C,=C,=C
dv, d*V,
Vs =V, +(R,C,+RC,+RC, )th +RCRC, -7
2
V=V, v3re Y2 g2 d ‘,/2
dt ar’

V,=A(l+e ) —
Vy=A(l+e“)-3RC-ade™™ + R°C*-a’Ae™
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Compare KCL: Math

V,=A(l4e™) —
Vy=A(l+e)-3RC-ade™ + R’C*-a’Ae™
t=w—>V,=V,=A
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Compare KCL: Math

32

V,=A(l+e™™)—
V= A(l+e “)-3RC-ade™ +R*C* - a’Ae™
=00 —>VZ = VS =A

V; =V,(1+e™™)=3RC-aVe™ + R°C*-a’Ve™
0=e“-3RC-ae™™ +R*C*-a’e™
0=e“(1-3RCa+R’C*-a*)
0=1-3RCa+R’C*-o’
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Compare KCL: Math

1000 1000
.

V,=V,(l+e™™)

0=1-3RCa+RC* o

o= 3RC=\9(RCY ~4(RCY _3RC=\5RC _3x45

2(RC)? 2(RC)? 2RC

2

31\/5

RC=26RC

—>T=

33
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Compare KCL: Math

34

1000 1000
.
V,=Vy(1+e™)

2

0=1-3RCa+RC*-a*

. 3RCx\J9(RC)* -4(RC)> 3RCx+5RC 35

2(RCY* 2(RCY’ 2RC

RC=2.6RC

=3RC

=3ns
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Elmore Delay: Distributed RC network

a The delay from source to node 7

= N = number of nodes in circuit

R, = Y R, = (R, €[ path(s — i) path(s — k)])

N
Tpi = E CkRik
k=1

o Special ladder case

N k N
Tpy = Ck ER_,' = ECkRkk
1 k=l

k=l el

35
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Wire Delay

&Penn

37

Wire Capacitance

A

dielectric material

Y ~metal plate
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Wire Delay

a Delay of Wire N units long:

Runi Runit Runit _ Runit

L unit

4
Cunit Cunit Cunit Cunit
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Wire Resistance

oee el e

lum | p| R= &
A
-7
o _107Q-m-100um _ 10Q
lum-1um
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: Wire as Distributed RC Ladder
0 Measure wire length in units
L] Sayk
= Each A unit has Cpir, Runic
= Unit capacitance and resistance of wire of length A,
Runit Runit _ Runit  Runit  Runit
poR e R
Cunit ‘ unit ‘ unit unit ‘ unit
Penn ESE 3700 Spring 2023 - Li
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Wire Delay

a Delay of Wire N units long:
Runncunir

~ Runit  Runit _ Runit

‘Cunit Cunit Cunit Cunit

Penn ESE 3700 Spring 2023 - Li

L unit
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Wire Delay

a Delay of Wire N units long:

R«nitCunit
+ 2RunitCuie
_ Runit Rynit _ Ruynit _ Ruynit _ Runit
+ . . . . .
—Cunit —Cunit —Cunit —Cunit nit
Penn ESE 3700 Spring 2023 - Li
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Sum of integers (preclass 2)
a What’s the sum of the integer 1 to N?
N
k=0
Penn ESE 3700 Spring 2023 - Li
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Wire Delay (preclass 3)
a Delay of Wire N units long:
Runi*N*Caie)
+ Runie((N-1)*Conic
+ Runic*N-2*Cogic + - .+ FRui*Cuie
=(Runic*Cuni) *N+N-1+N-2+.. .1)
~=RunitCunic*N?2/2
_Runit Runit Runit Runit Runit
+ . . . . Cuni
Cunit Cunit Cunit Cunit ‘ unit
Penn ESE 3700 Spring 2023 - Li
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Wire Delay

oee el e

a Delay of Wire N units long:
Rﬁmlcuni(
+ ZI{unn(:unh
+ 3Rumt*cumt +... +NRunit*Cunit
:(R«mil*c\mil)*<N+(N'1)+(N‘2)+. . 1)

_ Runit Runit Runit Runit _ Runit
+ . . . . .
—Cunit —Cunit —Cunit —Cunit nit
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Sum of integers

ool el e

0 What’s the sum of the integer 1 to N?

i" N(N+1) N?
=~ 2

=~
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Lumped RC Wire? (preclass 4)

oe’e’e e e’

o What would the delay be if we treated the wire as
lumped R and C?

Raire = N X Runic Caire = N X Cygie

_ Runit Runit Runit Runit_ Runit

Cunit L unit

n
Cunit Cunit Cunit

Penn ESE 3700 Spring 2023 - Li
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Wire Delay

0 Ruire = N*Runie

0 Cuire=N*Cunit

o Lumped RC wire delay = Runic*Cunic*N?

a Distributed RC Wire delay = Runic*Cunic*N2/2

a Distributed has half the delay of lumped RC
product

a Delay is quadratic in length of wire in both cases

Penn ESE 3700 Spring 2023 - Li

49

Pass Transistor XOR

a Delay when A=B=1?

Ron Ron
3
2Co+3Ciiro
2Co+2Caifro
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Unbuffered (preclass 0)

o Circuit = Delay?

n 2 stages

—

Penn ESE 3700 Spring 2023 - Li

Apply to Gates

Pass Transistor and CMOS

& Penn

50
i Pass Transistor XOR (preclass 5)
a Delay when A=1, B=0?
= Start with equivalent
RC circuit
A
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52

Unbuffered (preclass 7)

o Circuit = Delay?

= ) stages

53
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Unbuffered (preclass 8)

a Delay as a function of number of stages, k?

Penn ESE 3700 Spring 2023 - Li
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Review: Two-Input NOR Gate (NORZ2)

\%

DD

—_1
Load

or [
Pull-Up Net

E(Vp) o

B (Ve) T T |Pull-Down Net —

Z(Vz) : ¢

a Worst case delay of NOR2?

» Minimum size, Loaded with itself
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A : o

57

NOR2 Delay (preclass 10)

o Worst case delay for Pull-up?

Penn ESE 3700 Spring 2023 - Li
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CMOS XOR (preclass 9)

oee el e

a Delay with Cdiff>0?

Penn ESE 3700 Spring 2023 - Li
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NOR2 Transfer Curve

ool el e

o Voo
-

AR

3 VTC Cases
Vi=0V;V,=0— Vpp
Vi=0—> Vpp; V2=0
V;and V, =0 — Vpp simultaneously

Penn ESE 3700 Spring 2023 - Li

s J >
sinj

jultaneous

Vout

only one
input
switches

).

itching

Vin

Switching Threshold Voltage:

Vi=Vy=Vou =V

58

NOR2 Delay

oe’e’e e e’

o Worst case delay for Pull-up?

MN1s

Penn ESE 3700 Spring 2023 - Li

HH

Cair

Worst Case for Pull-up > V; =0, V, = Vpp-> 0 @t=0 & V4 = V, = 0 -> Vpp

60
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NOR2 Delay

a Worst case delay for I ul}—upf Clnie = 2Cair+3Car+ Ci,

(€]
v—fprs
MP27) Caifr

Caifr

ReQv =Rp2+Rp1

: |

mMpP1Pl__T Cuir Vu..‘
= ¢

T

c v

diff a !
S Cai
V‘__Jq B Vf__ﬂ B dift
MN1s MN2

Worst Case for Pull-up > V=0, V, =Vpp-> 0 @t=0 & Vi = V, = 0> Vpp

Penn ESE 3700 Spring 2023 - Li

Lumped Model

NOR?2 Delay

oee el e

o Worst case delay for Pull-up? ¢~ 20,0+ 3Cu+C.
=5yCo+2Co

DD

REQV =Rp2+Rp1=2Ro

v, G |
MPL R Caifr
V,

Cairr

|
MP1P__T Cair Vom
X
T'( ad
c v
diff G Coire
V\‘—Jq B Vf__4 B it
MN1s MN2 §)

Worst Case for Pull-up = V; =0, V5= Vpp-> 0 @t=0 & V= Vo =0 > Vpp

delay = (5yCo+ 2Co)(2Ro)=(10y+4)T
Penn ESE 3700 Spring 2023 - Li

Lumped Model

61

NOR2 Delay

a Worst case delay: Conz =~ 2Cq+3Ca+ Ci,
=5yCo+2Co

REQv =Rp2+Rp1 = 2Ro

Worst Case for Pull-up > V=0, V, =Vpp-> 0 @t=0 & Vy = V, = 0> Vpp

Penn ESE 3700 Spring 2023 - Li

Elmore Model?

63

NOR2 Delay

a Worst case delay? Cosna = 2Car+3Ca+ Ci,
=5vCo+2Co

ReqQv = Rp2+Rp1 = 2Ro

Worst Case for Pull-up > V; =0, V, = Vpp-> 0 @t=0 & Vi = V= 0 > Vpp

delay = (2Caif)(Rp2)+(3Cuifi+Cioad)(Rpi+Rp2)=(8y+4)T
Penn ESE 3700 Spring 2023 - Li

Elmore Model?

65

62
: NOR2 Delay
a Worst case delay? G  2Cair+3Cun+ C,
m =5yCo+2Co ‘
Via Reqv = Rp2+Rp1 =2R0
Vv, p

Ry v Cais Elmore Model?
R,

I 2Cay \/1

I 3Cifp+ Croad

Ve F v

Worst Case for Pull-up = V; =0, V5 = Vpp-> 0 @0 & Vi & Vo =0 => Vi

Penn ESE 3700 Spring 2023 - Li
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NOR2 Delay

oe’e’e e e’

a Worst case delay Pull-down?

DD

Penn ESE 3700 Spring 2023 - Li
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NOR2 Delay

a Worst case delay Pull-down?

mMpP1Pl__T Cuir Vout
C
'LT ,
C
diff a !
S Cgi
V,—f; V,— [T Cair
MN1s MN2

Worst case for Pull-down = V; =0, V, =0 ->Vpp @=0 & Vi = V,, =Vpp=> 0

Penn ESE 3700 Spring 2023 - Li
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NOR?2 Delay

a Worst case delay Pull-down?

DD

Elmore Model?

MP1D__T Cairr Vom
=
T ad
c v
diff G Coire
V,—[«; V,—Y [T Can
MN1s MN2 §)

Worst case for Pull-down = V; =0, V, =0 ->Vpp @=0 & Vi = V,,=Vpp=> 0

Penn ESE 3700 Spring 2023 - Li
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NOR2 Delay

68

a Worst case delay Pull-down?
V,

Elmore Model?

I 2Cdir

Worst case for Pull-down = V, =0, V, =0 ->Vpp @=0 & Vy = Vo, =Vpp-> 0

delay = (2Caift)(Rp1+Ra2)-+(3Caiti+Cload) (Ra2)=(7y+2)T
Penn ESE 3700 Spring 2023 - Li

NAND?2 Delay (preclass 11)

ool el e

69
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Parasitic Caps for NAND2 (worst case)

VDD VDD
S
V, v,

e A )
MP1 “diff MP2 D} “diff v
out

XL
Ci

<
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: Parasitic Caps for NAND2 (worst case)
VDD VDD
Vl_&q, VZ
MP1 (‘K(Y“ MP2 D) (:dlﬂ

Worst case for Pull-up =

Penn ESE 3700 Spring 2023 - Li
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72

12



Parasitic Caps for NAND2 (worst case)

DD VDD

Worst case for Pull-up = V| = Vpp, V, = Vpp-> 0 @=0 & V, = V,,= 0 >Vp

Penn ESE 3700 Spring 2023 - Li
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Parasitic Caps for NAND2 (worst case)

»R
Mplv Cairr MPZU Cairr
Vou

Cdnr Cioad
T 3
-

Worst case for pull down =

73
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Parasitic Caps for NAND2 (worst case)

74

Mpl{ ! Ca Mpzn !(dm

Cm (
T % )
=

Worst case for pull down = V| =Vpp, Vo =0 ->Vpp @=0 & Vi~ Vou=Vpp-> 0

Penn ESE 3700 Spring 2023 - Li

Logic Types

ool el e

o CMOS Gates
= Dual pull-down and pull-up networks, only one enabled at a time
= Performance of gate is strong function of the fanin of gate
= Techniques to improve performance include sizing, input reordering, and
buffering (staging)
0 Ratioed Gates
= Have active pull-down (-up) network connected to load device
= Reduced gate complexity at expense of static power asymmetric transfer
function

= Techniques to improve performance include sizing to improve noise margins and reduce
statie power

0 Pass Gates
= Implement logic gate as switch network for area and often delay win
= Long cascades of switches result in quadratic increase in delay
= Also suffer from reduced noise margins (Vr drop)

= Use level-restoring buffers to improve noise margins

o Dynamic logic ... next time
Penn ESE 3700 Spring 2023 - Li
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Idea

76

a Elmore delay calculation allows us to estimate delay
for distributed RC network
= Necessary for pass transistors
a Wires are distributed RC
= Half delay lumped calculation
= Still quadratic in length
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Admin

oe’e’e e e’

o Project 1
= Final report due Friday 3/24 midnight
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