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Lecture Outline

oelsiese’s

o Downsampling/Upsampling
0 Practical Interpolation
o Non-integer Resampling

0 Multi-Rate Processing

= Interchanging Operations

seseees

Downsampling

0 Definition: Reducing the sampling rate by an
integer number

.- "

=z.(n MT)
T/
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¢ Example

M-1

joy _ 1 (- 23i)

Xq(e'?) = — E X e

M < g
1=

AN A

o ! g Scale by M=2
Shift by (i=1) 2r/(M=2)
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0 Polyphase Decomposition
0 Multi-Rate Filter Banks
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¢ Downsampling
; 1 w 2m
Jw = — T [——
Xa(e™) T X (J (MT MT ))
M-1 =)
1 1 . 2 2
DI DIES (J (m “ T ?))
1 w o X(e7(M ’\Il))
x5 ({3 1)
1 M-1
: (W _ 2m
Xq(e¥) = — X (eI =37 0)
M = /
= stretch  replicate
by M
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¢ Example

1 M—-1
. (W 27
Xa(e?¥) = i X (eﬂﬁ_ﬁl))

i=0
%\
S
27T pM=3 4T 671
XdL(?é(A(VL

T ‘ & Scale by M=3
Shift by (i=1)*2r/(V=3)
A
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oelsiese’s

Example

AN N
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a

e
I
1
3
ge)
=
o

z[n}—s [ 7];/1)1\12 ]T[ ]_z;[n Z[nM)
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seseees

Upsampling

0 Definition: Increasing the sampling rate by an
integer number
x[n]=x_(nT)
x[n]=x (nT') where T'=— L integer

Obtain z,[n] from z|n| in two steps:

(1) Generate: z.[n] = { 0 otherwise
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zn/L] n=0, £L, £2L,---

seseees

Upsampling

(2) Obtain z;[n] from z.[n| by bandlimited interpolation:

Penn ESE 531 Spring 2017 - Khanna
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Frequency Domain Interpretation

eelsieeels

x;[n] = ze[n] * sinc(n/L)

ii
L

sinc(n/L) DTFT =

T
L
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Frequency Domain Interpretation

eelsieeels

z[n]— 1L ze—wﬁ[_gﬁ%_]—o z;[n]

Xe(e¥) = Z Te[n] e Iwm

n=—00 %0 only for n=mL
(integer m)
oo
= Z ze[mL] e 9mE [y gy
m=—00
=xz[m)]

Compress DTFT by a factor of L!
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oelsiese’s
oelsiese’s

Example Example

X(9) | X(9)
f [y h ( ow h
__sampling T ~ sampling T'=T/L ~ sampling T ~ sampling T’=T/L
X(e) Xi(€'*) X(e?) Xi(e®)

+ + \ +

- | T [
expanding L expanding L

Xe(e) Xe(&)
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: : aelr] (TP
| Bxample Buanple e P E )
Xc(jQ)%\ XCUQ)A
( [ Qn h ( [ Qv h
. sampling T ~ sampling T'=T/L ~ sampling T . sampling T'=T/L
X (3% Xi(e7) X (el Xi(e™)
T
T T
- ‘ m m —m s ™
expanding L L expanding L L
X.(e™) X ()
- ™ - m
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E E ] P
 Fxample pxample (0 (T
Xe(i) |
'Y 'Y I N\
~ sampling T ~ sampling T'=T/L ~sampling T . sampling T'=T/L
X (e3®) J(e7%) X (eI®) Xi(e%)
uT uT
—T I T ] —m I T ™
expanding L expandingL, } L
\:fe(e’“) \:fe(efw) L
1/T 1/T]
=X (ejML) —m T —T T N :
! 7.
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oelsiese’s

Practical Interpolation

o Interpolate with simple, practical filters
= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

1—|n|/L, |n| <L,
hinln] = l v Lllherwxse

a5 hgln]

TTHIHW

2/5
TT s
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Practical Interpolation

oelsiese’s

a Interpolate with simple, practical filters

= Linear interpolation — samples between original samples
fall on a straight line connecting the samples

= Convolve with triangle instead of sinc

I h"‘,,[n 3] ;iké
1 I | Sieat
0 L 2L 3L n AL SL k
mﬂmwrﬁml
n
Penn ESE 531 Spring 2017 - Khanna 20

seseees

Frequency Domain Interpretation

z;[n] = xe[n] * sinc(n/L)

_’m L["]-[_gﬁj—. z;[n]
ann
L

sinc(n/L) DTFT =

T
L

seseees

Linear Interpolation -- Frequency Domain

x[n]=x[n]*h, [n]
EX g O

Hyglm] DTFT =

L

il HTZF”‘ NP

L—jnl/L. Inl < L,
0,

Minln] = otherwise,

" L=s
\i/H....(m
™~ L I
- 4w i m = 2 4m
5 5 5 5 H 5
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: Linear Interpolation -- Frequency Domain
x[n]=x[n]*h, [n]
Te[n] LPF
2ln] approx zi[n]
Minln] = I o lc:ltlh:ninse.
D il DTFT =
O ST
- NS L L jo
Rallii
N " L=5
in(e/)
1
- _4r 2m o & 2 an
s 57§ R H
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¢ Linear Interpolation -- Frequency Domain
x[n]=x [n]*h, [n]
[ ze[n] [ LPF ]
2] L ] - approx xi[n]
Minln] = { o " ‘onl‘l-n;\l&:xse
ol DTFT =
% Las
il 1
’ ™* (i)
-m 4w Jm o m z =
5 5 5 5 5 5
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Non-integer Sampling

oelsiese’s

o T"=TM/L
= Upsample by L, then downsample by M

interpolator decimator

Penn ESE 531 Spring 2017 - Khanna
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Non-integer Sampling

oelsiese’s

o T’=TM/L
= Upsample by L, then downsample by M

interpolator decimator

z[n]--—[ 1L ]—‘—Hgai&iﬁff,ﬂ/m ]"[ M ]——’

seseees

Example

A TSI LEAMSS C) PR e

-
- \
Qn

5}
X (™) sampling T Subsampling M=3
—T ‘ T -7 ™
eXp!Qd‘“Q L=2 LP filtering )
Xe(ej“’) X; = HyX.
N
—T I T -m ”
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¢ Non-integer Sampling
o T’=TM/L
= Downsample by M, then upsample by L?
interpolator decimator

o HE N o )

inL LPF
[gal;jn{n/L,ﬂ/M} H M ]_F

z[n] [ 1L
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¢ Example
o T'=3/2T 2> L=2,M=3 | |
.
X (5 1
s | Q
X(e5) sampling T Subsampling M=3
vr
2/3T),
-7 ‘ T - ™
eXP!Qdi"Q L=2 LP filtering )
\ N o
Xe(e7) " X, = HyX.
S~
— [ T - ™
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: Multi-Rate Signal Processing
0 What if we want to resample by 1.01T?
= Expand by L=100
= Filter 7T /101 (38$$%)
= Downsample by M=101
o Fortunately thetre are ways around it!
= Called multi-rate
= Uses compressors, expanders and filtering
Penn ESE 531 Spring 2017 - Khanna 30




oelsiese’s

Interchanging Operations

SR S et

“expander” “compressor”

Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency
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oelsiese’s

Interchanging Operations - Expander

lIIIIIIIII

“expander”

Upsampling
-expanding in time
-compressing in frequency

st} vl 2 alal(1L () vin)
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seseees

Interchanging Operations - Expander

L

“expander”

Upsampling
-expanding in time
-compressing in frequency

T[T 7 (D

H(eJ”)X(ef“’
II(e]“)X(eJ“’)
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seseees

Interchanging Operations - Expander

-blIIIIIIIIl—_’

“expander”

Upsampling
-expanding in time
-compressing in frequency

T+ (D

) x(o) M H(™)X ()
H(e]")X(e]“’) X (™)
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eelsieeels

Interchanging Operations - Expander

N,

“expander”

Upsampling
-expanding in time
-compressing in frequency

Ry = D
H(F]_LJL)X( ]wL) ]wL dmL X(eij)
H(eJ“)X(eJ“’) )
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eelsieeels

Interchanging Operations - Compressor

" not LTI!

“compressor”

Downsampling
-compressing in time
-expanding in frequency

D = -G E
v [n
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Interchanging Operations - Compressor

v[n]

i y 1 = (w _2mi
Y(e¥) = H(e™) (M Z X (EJ(H*W)))
i=0

oelsiese’s
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Interchanging Operations - Compressor

z[ny["] = I[n g[n]
v[n|

oelsiese’s

) ) 1 M= )
Y(®) = H() X(ef(ﬁ’%))>

M
i=0
1 M-1
- = H(ej(”’hi))X (d(ﬁ—%)
M i=0
H(e)
Penn ESE 531 Spring 2017 - Khanna 38

Interchanging Operations - Compressor

x[n]—»y[”] = z[n]—» i)

vln]

seseees

1 M-1 X
Y(e*) = H(e®) ) x(eﬂ%-%)))

M i=0
1 M-1 .
- 1\ e:’(m—m))x(ej(ﬁ—ﬂm)
M -
=0
H(e’)
1 M-1 .
=S H (ejM(ﬁJMﬂ)) X (g(ﬁ—%))
M ¢
=0
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Interchanging Operations - Compressor

Y e W Yo
v[n]

seseees

Y(e®) = H(e™) (%M;‘:x G ))
_INYy, (Ej(w—zm) X (g(ﬁ—%))
M=
H(e?)
— % MilH (&M(ﬁ’%)> X (ei(ﬁ*%)) coml:frt:gsing

Il
=)

2

V(e7%) = H(e7M) X (e7¥) )
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eelsieeels

Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Multi-Rate Signal Processing

eelsieeels

0 What if we want to resample by 1.01T?
= Expand by L=100
= Filter 7 /101 ($$858)
= Downsample by M=101

o Fortunately thetre are ways around it!

= Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2017 - Khanna 42




Polyphase Decomposition

a We can decompose an impulse response (of our
filter) to:

M-1
hln] =" hi[n— k|
k=0

hn]

N

ho [n]{ hl[n]% !
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Polyphase Decomposition

hi[n] ﬁ ex[n]

er[n] = hg[nM]

Penn ESE 531 Spring 2017 - Khanna

Polyphase Decomposition

exfnl—{ 1 | el

recall upsampling = scaling

Penn ESE 531 Spring 2017 - Khanna
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Polyphase Decomposition

a We can decompose an impulse response (of our
filter) to:

M-1
hin] = Y hi[n — K]
k=0
ho[n]

hln]

AR
il - e

ho [n]% ha[n] } '

Penn ESE 531 Spring 2017 - Khanna

n
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¢ Polyphase Decomposition

hi[n] ﬁ ex[n]

er[n] = hg[nM]

ho[n]
o eolnly o
L. — Ut
hafn} aifn],
1l — 11l
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Polyphase Decomposition

exfnl—{ 1 |l

recall upsampling = scaling

Also, recall: M—1
hin] =" hiln— k]
k=0
So, 1
H(z) = z Ey(z")z7F
k=0

Penn ESE 531 Spring 2017 - Khanna
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Polyphase Decomposition

oelsiese’s

M—-1
H(z) =Y Ei(z)z7*
k=0
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Polyphase Implementation of Decimation

oelsiese’s

sinp{t ()} yin—( M > wln] = yfn]

o Problem:

= Compute all y[n] and then throw away -- wasted
computation!

= For FIR length N 2 N mults/unit time
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Polyphase Implementation of Decimation

seseees

it ) yin—{ M | win] = ylnd]

Polyphase Implementation of Decimation

sinp~{i @)+ sln~{ 1M} wln] = yinM]

seseees
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Interchanging Operations - Summary

eelsieeels

Filter and expander Expander and expanded filter

Compressor and filter ~ Expanded filter and compressor
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Polyphase Implementation of Decimation

alnb{H () yink—{ 1M }> win] = y[a]

eelsieeels
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Polyphase Implementation of Decimation

oelsiese’s

slnb{i (> ylnk+{ M} win] = ylnd)

Each filter computation:

-N/M multiplications
-1/M rate per sample

» EFD— i)

Total computation:
-M filters
—->N/M mults/unit time

Penn ESE 531 Spring 2017 - Khanna

->N/M*(1/M) mults/unit time

55

Multi-Rate Signal Processing

oelsiese’s

0 What if we want to resample by 1.01T?
= Expand by L=100
= Filter 7T /101 ($$$$%)
= Downsample by M=101

o Fortunately there are ways around it!
s Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2017 - Khanna 56

seseees

Polyphase Implementation of Decimator

interpolator decimator

LPF LPF
O B

Polyphase Implementation of Interpolation

seseees

interpolator decimator

el B -

Penn ESE 531 Spring 2017 - Khanna
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eelsieeels

Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

Penn ESE 531 Spring 2017 - Khanna

eelsieeels

Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hy[n] is low-pass, h,[n] is high-pass
s Often h[n]=e/""hy[n] € shift freq resp by 7T

., hofn] ..
‘oo
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Multi-Rate Filter Banks Multi-Rate Filter Banks

oelsiese’s
oelsiese’s

a Assume hy, h, are ideal low/high pass o Assume hy, h, are ideal low/high pass

X () X ()
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Multi-Rate Filter Banks Multi-Rate Filter Banks

seseees
seseees

0 Assume hy, h; are ideal low/high pass o Assume hy, h; are ideal low/high pass
M
= T
hy[n] l!!
VUV h_

33

flippe
PP AL,
X(e) X (&) —
- flipped!™
P Have to be
— — careful with
order!
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Multi-Rate Filter Banks Multi-Rate Filter Banks

eelsieeels
eelsieeels

a Assume hy, h, are ideal low/high pass a Assume hy, h, are ideal low/high pass
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Multi-Rate Filter Banks

oelsiese’s

a hy, h; are NOT ideal low/high pass
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Non Ideal Filters

oelsiese’s

a hy, h; are NOT ideal low/high pass
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Non Ideal Filters

seseees

el

12
‘mEal

X (e?)

AN
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Perfect Reconstruction non-Ideal Filters

seseees

Y(e) = 3 [Gole™)Ho(e) + Gr(e)H(&)] X ()

+5 [Gole) Ho(&~) + G () Hy (=) X (&9 )

T aliasing
need to cancel!
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eelsieeels

Quadrature Mirror Filters

Hy\(e) = Ho(¢“™)
Go(e’) = 2Ho(e™)
Gl(ej“’) = —ZHl(ejw)
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eelsieeels

Big Ideas

o Downsampling/Upsampling
0 Practical Interpolation

o Non-integer Resampling

. . B (0 G e OO £ = T S
0 Multi-Rate Processing
= Interchanging Operations B () (I I o (Y

Polyphase Decomposition

Multi-Rate Filter Banks ~ #ll— Bo()
z
. Sl
anaysis omvess :
ool QL) (e}l i)

G—~(n)

[m]

o
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Admin

oelsiese’s

o HW 4 due Friday
= Typo in code in MATLAB problem, corrected handout

= See Piazza for more information
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