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Discrete Fourier Transform
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Today

0 Adaptive filtering

= Blind equalization
0 Discrete Fourter Sertes
a Discrete Fourier Transtorm (DFT)
o DFT Properties

Penn ESE 531 Spring 2017 - Khanna



Adaptive Filters

0 An adaptive filter is an adjustable filter that

X[n]

processes in time

= [t adapts...

d[n]
Adaptive | VIn] ;/"\Jr
Filter N
Update
Coefficients

Penn ESE 531 Spring 2017 - Khanna

e[n]=d[n]-y[n]



Adaptive Filter Applications

a System Identification

Adaptive
filter

System

input

Penn ESE 531 Spring 2017 - Khanna

Unknown
System

g

+Itl

System
output



Adaptive Filter Applications

0 Identification of inverse system

. e.g.comm.!
. channel | /

System o I Unknown | Y > f\q.i‘l"i“'c p System
input System | filter I output
2 i ~-Yv

[
¢
+Ad
> Delay
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Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal

Reference

u

/

signal

Penn ESE 531 Spring 2017 - Khanna

Adaptive
filter

/

System
output



Adaptive Filter Applications

0 Adaptive Prediction

Random

. —— | Delay
signal ’

u

Penn ESE 531 Spring 2017 - Khanna

Adaptive

filter

/

d

System
output 2

System
output 1



Stochastic Gradient Approach

0 Most commonly used type of Adaptive Filters

0 Define cost function as mean-squared error

= Difference between filter output and desired response

0 Based on the method of steepest descent

s Move towards the minimum on the error surface to get to
minimum

= Requires the gradient of the error surface to be known



Least-Mean-Square (LMS) Algorithm

0 The LMS Algorithm consists of two basic processes

= Filtering process

= Calculate the output of FIR filter by convolving input and taps

= Calculate estimation error by comparing the output to desired

signal
N }l
[nput vector
uln) “Hly — 1)
| > Tran_svcrsal filter . h (r_z L)u(n) » Output

win — 1)

.*\ddpl.l\"k‘ Evljl'QL 4

:> weight-control &(n)

mechanism

Desired

response

d(n)
(a)



Adaptive FIR Filter: LMS

| FIR yn]=hyx,

x{n] "| Filter ” - - ~M

X, =(x[n],x[n-1]...,x[n—M])

h, h, =(h,[0},A,[1],....,[M])'

R Update “ M ) ) r o

Coefficients \:d e,” =(d[n]-y[n])" =(d[n] —h X,)

desired d enz .
output d, i, =-2(d[n]-h X, )X, =-2¢x,

Coefficient Update: Move in direction opposite to sign of gradient,

proportional to magnitude of gradient h, ,=h +2uex,

Stochastic Gradient Algorithm

Penn ESE 531 Spring 2017 - Khanna



Adaptive Filter Applications

0 Adaptive Interference Cancellation

Primary

signal

Reference

u

/

signal

Penn ESE 531 Spring 2017 - Khanna

Adaptive

filter
/

System
output
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Adaptive Interference Cancellation

Sin]=xn]-h! w,

x{n] = s{n]+win] W WL B -
rated N = s{n]+ {w{n] -hT w,}
correlate
- FIR a \/
win] »  Filter win] uncorrelated
wnl}, Svn]} Mlmrmia instantaneous
uncorrelated h, power s “[n] for best
with {s[n]} | Update interference cancellation
| Coefficients
2
d@Sm) _ e —
Jh =—2s[n]w, h, ,=h, +2us[n]w,
n

Penn ESE 531 Spring 2017 - Khanna

12



Stability of LMS

a0 The LMS algorithm is convergent in the mean square 1f and
only if the step-size parameter satisfy

2

O<uc<
max
a0 Here kmax is the largest eigenvalue of the correlation matrix

of the input data

0 More practical test for stability is
2

input signal power

O<ucx

0 Larger values for step size
= Increases adaptation rate (faster adaptation)

= Increases residual mean-squared error

13



Discrete Fourier Series

0} L]
#Penn
Penn ESE 531 Spring 2017 - Khanna ‘



Reminder: Eigenvalue (DTEFT)

0 x[n]=el¥n

ynl= " x[n-k]h[k]
fr=—00

0

= Y e Ih[k]

k=—OO

0

= /" E hkle /™"

k=—OO

= H(e’")e’™”

Penn ESE 531 Spring 2017 - Khanna

0

H(e™)= ") hlkle™™

k=—OO

0 Describes the change
in amplitude and
phase of signal at
frequency W

0 Frequency response

0 Complex value

= Re and Im
= Mag and Phase

15



Discrete Fourier Series

0 Definition:

= Consider N-periodic signal:

zln+ N| =Z[n|] Vn
= Frequency-domain also periodic in N:

X[k+ N]= X[k] Vk

(14 )
m~~

indicates periodic signal/spectrum

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Series

| DGﬁﬂCZ
A —1
W o—32m/N

a DES:

ﬂ
S,
|
2|~
P
S
5
o
S

Discrete Fourier Series =

n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

17



' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of WN:

s Wl=WN=WN=.=1

s WK = W AW and, W N = Wk
0 Example: W<t (N=0)

=1 k=2

n=2,5, n=0.3.6,

n=1,47,

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 18



: Discrete Fourler Transform

a By convention, work with one period:

A (:%[n] 0<n<N-1
rln] = < .
\0 otherwise
X[kl 0<k<N-—1
X[k] & ¢ k0= =
\0 otherwise

Same, but different!

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Transform

a The DFT

1
N
N —

N

Z X[k]Wx*™  Inverse DFT, synthesis

—1
k=0
1

Z z[n]WEn DFT, analysis
n=0

0 It is understood that,

b

X

n

k|

0 outside0<n<N-1
0 outside0<k< N -1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 20



DES vs. DFT

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[k]

21



Example

A
Wy £ e 727/

(1))

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

O

O

A 4
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0 otherwise

“xample Wa & e—d2m/N
L
S 0 1 P o— -
- Take N=5
X[k] = {ZLOW?’“ k=0,1,23,4

—  56[K]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

“5-point DFT”

23



' : - A _—j2w/N
Discrete Fourler Series Wn =e

0 Properties of WN:

s Wl=WN=WN=.=1

s WK = W AW and, W N = Wk
0 Example: W<t (N=0)

=1 k=2

n=2,5, n=0.3.6,

n=1,47,

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 24



A
Wy & e 92m/N

Example

o Q: What if we take N=10?
0 A: X[k] = X[k] where Z[n] is a period-10 seq.

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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A
WN=6 j2m /N

Example

o Q: What if we take N=10?
0 A X[k] = X[k] where Z[n] is a period-10 seq.

4 n
X[k] — anowlok k:O’132a"'79
0 otherwise

“10-point DFT”

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 26



Example

0 Now, sum from n=0 to 9

9
Xk = Y Wi
n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

0 Now, sum from n=0 to 9

9
> Wiy
n=0

X k]

4
>_ Wiy
n=0

(X
_ itz sin(Z k)
sin({5k)
Penn ESE 531 Spring 2017 — Khanna “10-point DFT”

Adapted from M. Lustig, EECS Berkeley
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Tl

DFT vs. DTTF"

0 For finite sequences of length N:
= The N-point DFT of x[n] 1s:

N—-1 N—-1
X[kl =Y zn]Wi* =) z[n]e?C/Nmk o<k <N-1
n=0 n=0

= The DTFT of x|[n] is:

N-1
X(e?¥) = Z z[nle 7" — 00 < w < 00

n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Tl

. DFT vs. DTI

0 The DFT are samples of the DTFT at N equally

spaced frequencies

X[k] = X(€“)|yop2z 0<E<N-—1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



T

DFT vs D]

0 Back to example

X k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

€

J 10

4w, Sin(

2

Ek)

sin(

3

10

k)

“10-point DFT”
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DFT vs DTFT

0 Back to example

X k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT vs DTFT

0 Back to example

X k]

Use fftshift
to center
around dc

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

4
>_ Wiy
n=0

€

[X(e)|

—J%k Sln(%k)

sin( k)

10
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*n|] = N (DFT_l {X[k]})*

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N - z*[n] N (DFT {X[k]})*

X

| N-1
—kn
N+ kz_:o X[k|Wy

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 35



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N-z*n|] = N (DFT_l {X[k]})*

1 A\
— N(NZX[IC]W ’“)

N-—1
k=0

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 36



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N -x*n] =

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

N (DFT ' {X[k]})

1 N-1 . *
N (ﬁ kz:% X[k|W 5" )
S X W
k=0

DFT {X*[k]}.

37



DFT and Inverse DFT

0 Use the DFT to compute the inverse DFT. How?

N - z*|n]

<]-"T‘ (XK}
( ZX[k]W ’“”)
NZ X*[k]|W§

k=0

Penn ESE 531 Spring 2017 — Kh @'FT{X*[IC]}

Adapted from M. Lustig, EECS Berkeley




DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 39



DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT - {(X[k]} =  (DFT{X*[K]})"

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 40



DFT and Inverse DFT

a So

DFT {X*[k]} = N (DFT {X[K]})"

DFT ' {X[k]} :@

a0 Implement IDFT by:
» Take complex conjugate
s Take DFT
s Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 41



: DFT as Matrix Operator
DFT:
[ X0 [ Wy wRr
X k] = W.kO W'kn
\ X[~ —1] / \ Wﬁth Wgﬁam

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

X[k] = > zn]Wgy
n=0
wytV \( z[0]  \
w§<N—1) w[:n:
\ m[N:— 1] /

WJ(VN—I)(N—I) )

42



o
R

—‘

-

as Matrix Operator

X[k]

(=0l
z[n]
\ [N —1] /

Z2 |-

00
[ Wy

k0
Wi

\ er(\IN—1)0

[ Wy
WA—-rnO
\ W};(N—l)o

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

On
WN

O(N-—-1
w OV —1)

k(N—1

W](VN—I)(N—I) )

W;O(N—l)

—n(N—-1)

Wi

Wi

—(N=1)(N—1) )

43



DFT as Matrix Operator

[ X0l [ Wy
X k] = W.I’\S'O
\ X[N —1] / \ WI(VN—I)O
IDFT:
z(0] [ wi”°
: i _3n
xz[n] = ; Wy 0
\ 2N —1] / \ WI;(N—no

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

On
Wi

(N—1)n
WN
—0k

—nk
Wi

—(N—-1)k

Wi

O(N—-1
WN( ) \

k(N—1
wh(V-1)

WI(VN—I)(N—I) )

W};O(N—l) \

—n(N—-1)

Wi

(=0l
z[n)]
\ m[N'— 1] /

—(N-1)(N-1)

Wi

\ X[N.— 1 /

N2 complex multiples ..



DFT as Matrix Operator

a0 Can write compactly as

X = WNX
1 %

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of the DFT

0 Properties of DFT inherited from DFS

0 Linearity

()111131[%] + Qa9 [n] — a1 X1 [k’] + ao X9 [l{)]

0 Circular Time Shift

z[((n—m))n] ¢ X [kle ™ CT/AF™ = X [K]W™

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Circular Shift

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of DFT

0 Circular frequency shift
z[n]e? PN = gn]Wy™ < X[((k — 1)) ]
0 Complex Conjugation

z”[n] ¢ X7[((—k)) ]

a0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < X[k| = X7[((—=F))n|

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example: Conjugate Symmetry

4-point DFT “ X[k]
—Symmetry

Penn ESE 531 Spring 2017 — Kh — —
Aiir:}l)ted trom MI.)rIirlllgstig, EECS Szrrliley x[n] =z [n] A X[k] = X" [((_k))N]
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: Example: Conjugate Symmetry

4-point DFT ) X [K]
—Symmetry

Penn ESE 531 Spring 2017 - Khanma 1] — %] ¢35 X [k] = X*[((—k))N]

Adapted from M. Lustig, EECS Berkeley 50



: Example: Conjugate Symmetry

4-point DFT X [K]
—Symmetry T /_\‘

Penn ESE 531 Spring 2017 - Khanma 1] — %] ¢35 X [k] = X*[((—k))N]

Adapted from M. Lustig, EECS Berkeley 51



: Example: Conjugate Symmetry

4-point DFT

—Symmetry T m T
2

S
5-point DFT /\ N
S L]

0
Penn ESE 531 Spring 2017 — Kh — —
Aiir:}l)ted trom MI.)rIirlllgstig, EECS Szrrliley L [n] =z [n] & X [k] = X" [( (_k))N]

—r  [——

k

—L

52



Example

4-point DFT
—Symmetry

S5-point DFT
—Symmetry

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

: 1\2/3

“ /’R X [k]
QO O O (@)

0 1 2 3 4
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Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
] T[] ] x[]
Xy [”]s 372[”] )N(I[k], iz[k] X [”]a xz["] X, [k]» Xz[k]
Linearity ax, [n] + bx, [n] aX | [k] +bX 5 [k] Linearity ax, [n] + bx, [n] aX, [k] +bX, [k]
Duality X[n] NX[-k] Duality X[n] Nx{(-k)),]
. . ~ n > Circular Time o
Time Shift X[n—m] wim x[k] Shift {(n-m)), ] w i x[k]
F Circular
reduenicy W "%[n] X[k —1] Frequency W " x[n] X [((k ~10))y ]
Shift .
Shift
periodic | Salnbi-nl 7 k)7 Ciralar | S wlnbello-m), ] XK
Convolution Zoxl PRl X[, K] Convolution Zox, MRV M)y : :
1 N-1 - - 1 N-1
Multiplication A NZXI [1]X,[k-1] || Multiplication x,[n]x, 7] WZX] [1x,[(k-1)), ]
=0 =0
Complex o S Complex , .
Conjugation X [n] X [_ k] Conjugation * [n] X [((‘ k ))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley




Properties (Continued)

Time- Time-
Rommalid | o) PR | R )] e
Conjugation Conjugation
Real Part Refx[n]} p[k]zé()?[k]Jr)? [-4]) |  Real Part Refx[n]} X, [k]== (X[k]+X[ M)
maginary jim{& ] X, =S (Rl ) | e jimixl) X, 1= (k- X [0, )
BrenPart | %, ]=2 (elr]+ %' () Re{tlk]) BrenPart | 1, b= ol x () ) Re(xi)
Odd Part fap[n]:%()?[n]—?c*[—n]) JIm{X[k]} Odd Part | x,[n]== (x[n] =n)y]) jIm{x[k]}
X[k]=X"[-] X[k]= X[ k)i ]
mmetry for Re{)N( [k]}: Re{)N( - k]} mmetry for Re{x[k]}=Relx[(- k), |
P | sl | mfemfe) | e il <] il b 1)}
Sequence { ‘)?[k]:‘)?[—k] Sequence { ‘X[k]:|X[ —k N]
ZX[k)=~2X[- K] 2X[k]=~2x[((~ k)]
S 2l X T S x-S x [
Parseval’s k= Parseval’s n=0 k=0
Identity Y ~ Identity N-I , 1w R
;‘x[n] :ﬁ;’X[k] nz:(;|x[n] :N;P([k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



: Circular Convolution

0 Circular Convolution:

z1[n] @ z2[n| = Z z1|m|zz[((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n] @ T1[n| = z1[n| @ T2[N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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: Circular Convolution

0 For x,[n] and x,[n] with length N

r1[n| @ z2[n] <> X1lk| - Xolk|

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Multiplication

0 For x,[n] and x,[n] with length N

z1[n] - To[n] © %Xl[k] ® Xo|k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution

0 Next....
= Using DFT, circular convolution is easy
= But, linear convolution 1s useful, not circular

= So, show how to perform linear convolution with circular
convolution

s Use DFT to do linear convolution

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Big Ideas

0 Adaptive filtering

= Use LMS algorithm to update filter coetficients for
applications like system ID, channel equalization, and
signal prediction

a Discrete Fourier Transtorm (DFT)

= For finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Usetul properties allow easier linear convolution

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

o HW 7 out now
= Due tonight

0 Project posted after class tonight
= Work in groups of up to 2

= Can work alone if you want
= Use Piazza to find partners
= Report your groups to me by 4/11 by email

taniak(@seas.upenn.edu

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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