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Today

oelsiese’s

a Adaptive filtering

= Blind equalization
o Discrete Fourier Series
o Discrete Fourier Transform (DFT)
0 DFT Properties

& Penn

seseees

Adaptive Filters

0 An adaptive filter is an adjustable filter that
processes in time

= Itadapts...
dn]
x[n] Adaptive il - AR
Filter U
e[n]=d[n]-y[n]
Update
Coefficients

Penn ESE 531 Spring 2017 - Khanna
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: Adaptive Filter Applications

3

a System Identification
]
filter
‘ i
input System output

Penn ESE 531 Spring 2017 - Khanna 4

Adaptive Filter Applications

eelsieeels

0 Identification of inverse system

&g.conuni
channel

System
input

System
outpu
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Adaptive Filter Applications

eelsieeels

0 Adaptive Interference Cancellation

Primary
signal

Reference Adaptive
signal filter
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System
output




oelsiese’s

Adaptive Filter Applications

0 Adaptive Prediction

System
output 2

System
output 1

Random,
signal

Adaptive
filter

Penn ESE 531 Spring 2017 - Khanna
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oelsiese’s

Stochastic Gradient Approach

a Most commonly used type of Adaptive Filters
a Define cost function as mean-squated error
= Difference between filter output and desired response
0 Based on the method of steepest descent
= Move towards the minimum on the error surface to get to
minimum

= Requires the gradient of the error surface to be known

seseees

Least-Mean-Square (LMS) Algorithm

0 The LMS Algorithm consists of two basic processes
= Filtering process
= Calculate the output of FIR filter by convolving input and taps

= Calculate estimation error by comparing the output to desired
signal

u(n) Wi(n —
—— ﬁ Transversal filter @~ DO | output
win—1)

N Adapive b &
4 mechanism ( )
Desired
@ d(n)
9
¢ Adaptive Filter Applications
:
:
0 Adaptive Interference Cancellation
Primary
signal
Reference System
signal output
Penn ESE 531 Spring 2017 - Khanna 1

8
: Adaptive FIR Filter: LMS
s [ | s =hyx,
Filter x, = (dn), ln~1]....xln - M)
b, =(,[0)h,[1).... s [M])"
Update N
/ e, =(dn]-yn))’ = (d[n]-hx,)’
desired de? .
output d, an, =-2(d[n]-h; x,)x, =2e,x,
Coefficient Update : Move in direction opposite to sign of gradient,
proportional to magnitude of gradient
Stochastic Gradient Algorithm
Penn ESE 531 Spring 2017 - Khanna 10
: Adaptive Interference Cancellation
N i = A{n)-hlw,
x[n]=s[n]+ win] D e
=s[n]+{nin]-h w,}
correlated ) "
Wn] wn] uncorrelated
i}, G} Mlmmliz instantaneous
uncorrelated n power s°[n] for best
with {s[n]} Update interference cancellation
~ 2
d|(s[n] o ——
(dll ) =-2s[n]w, h,,, =h,+2us[n]w,
n
Penn ESE 531 Spring 2017 - Khanna 12




oelsiese’s

Stability of LMS

0 The LMS algorithm is convergent in the mean square if and
only if the step-size parameter satisfy

2
0] =
<M<7\.

o Here A, is the largest eigenvalue of the correlation matrix
of the input data

max

0 More practical test for stability is
2

O<ps— oo
input signal power

0 Larger values for step size
= Increases adaptation rate (faster adaptation)

= Increases residual mean-squared error

Discrete Fourier Series

Penn ESE 531 Spring 2017 - Khanna

& Penn.

seseees

Reminder: Eigenvalue (DTFT)

o x[n]=e%n —
= H(e™)= E B[kl
yinl=Y, xn—klhlk] P

s
w 0 Describes the change

= E e/ pk] in amplitude and

=m0 phase of signal at

& frequency W

_ jon - jok
=¢ kz hlkk a Frequency response
— H(e"™)e'™ o Complex value

= Re and Im
= Mag and Phase

Penn ESE 531 Spring 2017 - Khanna

seseees

Discrete Fourier Seties

0 Definition:
= Consider N-periodic signal:

Zn+ N]=Z[n] Vn

= Frequency-domain also periodic in N:

X[k+N]=X[k] Vk

= “~” indicates periodic signal/spectrum

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Discrete Fourier Series

eelsieeels

o Define:
Wy 2 ¢=i27/N
o DFS:
1 N-1
~, _ = v —kn
i = 5 > XKWy
k=0
N-1

N En)wEn

Discrote Fourier Series -

n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

eelsieeels

Discrete Fourier Series

T
Wy & ¢=927/N

o Properties of WN:

. W= W N =W N =1

n Wt = WY and, Wity = Wk
0 Example: W (N=6)

k=1 k=2
n=5
n=:
n=0,6 n=0,3,6,
n=3
n=2 n=1

Penn ESE 531 Spring 2017 — Khanna
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Discrete Fourier Transform

oelsiese’s

0 By convention, work with one period:

Zn] 0<n<N-1

zln] = .
0 otherwise
X <k<N-—
X[K] A X k] Ofkf.N 1
0 otherwise

Same, but different!

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

DEFES vs. DFT

seseees

Penn ESE 531 Spring 2017 — Khanna
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Discrete Fourier Transform

oelsiese’s

o The DFT
e
z[n] = ¥ Z X[k]Wﬁk" Inverse DFT, synthesis
k=0
N-1
X[k = z[n]Wkn DFT, analysis
n=0

o It is understood that,
zln)] = 0
X[k =0

outside 0 <n< N -1
outside 0 < k<N -1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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seseees

Example

Wy & e927/N

] sl
LT

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

eelsieeels

Example

Wi £ ¢92n/N

z[n]
REERR
01 2 3 4 n
‘Take N=5
— E:,:OWng k:011727374
XK = { 0 otherwise
= 5[K] .
“5-point DFT”

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Discrete Fourier Series

eelsieeels

o Properties of WN:

. W= W N =W N =1

n Wt = WY and, Wity = Wk
0 Example: W (N=6)

k=1 k=2
n=5
n=:
n=0,6 n=0,3,6,
n=3
n=2 n=1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

T
Wy & ¢=927/N

24




.
Wy & e=92m/N

oelsiese’s

Example

o Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 25

Wy & ¢=927/N

oelsiese’s

Example

0 Q: What if we take N=10?
o A: X[k] = X[k] where &[n] is a period-10 seq.

z[n] Z[n|
c T n
xii = [ Tz k=012,
0 otherwise

“10-point DFT”

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 26

seseees

Example

o Now, sum from n=0 to 9

9
XK = > wi
n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 27

seseees

Example

o Now, sum from n=0 to 9

9
> Wit
n=0

X[K]

Il

. k
> Wi
n=0
e‘fjl%g k SiIl(%;k?)
sin({5k)

« . »
Penn ESE 531 Spring 2017 — Khanna 10-point DFT’
Adapted from M. Lustig, EECS Berkeley 28

DFT vs. DTFT

eelsieeels

o For finite sequences of length N:
= The N-point DFT of x[n] is:

N-1 N-1
X[k =Y ap]WEr =" alple /MM 0<k<N -1
n=0 n=0

= The DTFT of x[n] is:

N-1
X (&%) = Z z[n]e " — oo < w < oo

n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 29

DFT vs. DTFT

eelsieeels

0 The DFT are samples of the DTFT at N equally
spaced frequencies

X[k = X(e)|yepzz 0<E<N-—1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 30




DFT vs DTFT

oelsiese’s

a Back to example

X[k]

4
> Wit
n=0

_ itk sin(Zk)

sin({5k)

DLl

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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DFT and Inverse DFT

seseees

o Use the DFT to compute the inverse DFT. How?

N-z*[n] = N (DFT '{X[k]})"

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

: DFT vs DTFT
0 Back to example
1 k
Xk = ) Wi
n=0
4y, Sin(Sk
— e Ifsk #
sin({5k)
“10-point DFT”
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 31
: DPT vs DTFT
o Back to example
. k
T
X[k] = Z Wis
n=0
axq SIN(Zk
— e %k i ( 12r )
sin({5k)
Sw, rcen: Sapt DFT
Use £ftshift x| orenge: [O-pf DF ]
to center El
around dc
- w
Penn ESE 531 Spring 2017 — Khanna 2517 g 7 £
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¢ DFT and Inverse DFT
0 Use the DFT to compute the inverse DFT. How?
. *
N-z*[n] = N (DFT *{X[k]})
1 Nl *
= N[ XKWy
N
k=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 35
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DFT and Inverse DFT

eelsieeels

0 Use the DFT to compute the inverse DFT. How?

N (DFTH{X[k]})"

1 N-1
_ —kn
= N (N > XKWy
1

N -z*[n] =

*

k=0
N—

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley




DFT and Inverse DFT

oelsiese’s

0 Use the DFT to compute the inverse DFT. How?

N -z*[n] = N(D]:T_1 {X[k]})*

*

1 N-1
_ —kn
= N _?—o: XKWy

N-1
= ) X kWi
k=0

= DFT{X*[k]}
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

DFT and Inverse DFT

oelsiese’s

0 Use the DFT to compute the inverse DFT. How?

N - z*[n]

] N-2 *
_ —kn
= N(& X Xkwy
k=0
N-1
_ * kn
= X* kWY
k=0
Penn ESE 531 Spring 2017 — Iqmnn
Adapted from M. Lustig, EECS Berkeley 38

DFT and Inverse DFT

seseees

o So

DFT{X*[k]} = N (DFT* {X[k]})"

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

DFT and Inverse DFT

seseees

o So

DFT {X*[k]} = N (DFT* {X[k]})"

DFT (XK} =  (DFT (XK}

Penn ESE 531 Spring 2017 — Khanna

DFT and Inverse DFT

eelsieeels

o So

DFT{X*[k]} = N (DFT* {X[k]})"

DFT{X[k]} :@

0 Implement IDFT by:
» Take complex conjugate
= Take DFT
= Multiply by 1/N

= Take complex conjugate

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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. N-1
. . _ kn
i DFT as Matrix Operator X[kl = Y anWy
. n=0
DFT:

x[0) wip s wRr e wRtN = (0]

X[k] = w‘,’f,” . whn - W;(iv—l) x[n)
XIN 1] WI(VNLnu o WI(VNL1)n W,(\,N—i)(N—l) =[N - 1]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 42




T N-1
3 . _ kn
¢ DFT as Matrix Operator Xk = > apwg
: n=0
DFT:
X[0) wRe wRr WD (0]
X[k = wﬁo wkn w}fl(’.\’*l) [n]
X[N —1] WI(VN—I)D WI(VN'-Dn W}(\]N-i)(N-n 2[N - 1]
IDFT:
(0] Wy e WO wROW =D x[0]
2[n] = % W:\_;"" wyk w;,"(.N—l) X[k
[N — 1] W;mq)u W;(N—])k W;(N—.l)(N—l) X[N - 1]
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 43
¢ DFT as Matrix Operator
o Can write compactly as
X = Wyx
! Wi X
X = —
N N
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 45
¢ Circular Shift
z[n) Fln-m]
?TTHT? ?THTT? ?TTHT? . TT? ?TT TT? ?THTT? ?Tﬂ .
0 N1 0 m N-1
Fol A(w-m),]
il : [1e,01]] :
N-1 o m N-1
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 47

T N-1
s . k
¢ DFT as Matrix Operator Xk = Y znwE
: n=0
DFT.
X1[0) wRP s wir W= 2[0]
Xk = w.}s,o e w}’f," W,’ﬁ,“.v’” z:[:n,]
X[N -1 W}(\]N:-l)ﬂ W}(\[N’-l)n W}(\]N-l:)(N—l) 2[N - 1]
IDFT:
(0] W;on . W;ok W;O(N—l) x[0]
ol | = % WRTO . wgrk wgn(¥=1) i
z[N.f 1] W;u;zq)o W;(I&l—l)k WE(N—:I)(N—I) X[Njf 1]
Penn ESE 531 Spring 2017 — Khanna H
Adapted from M[,] Lﬁug, EECS Berkeley N2 CompleX multi ples m
¢ Properties of the DFT
a Properties of DFT inherited from DFS
o Linearity
a1 [’I’L] + Qoo [’I’L] < C\(le [k] + a2X2 [k]
a Circular Time Shift
&[((n—m))n] & X[kle I ET/NR™ = X [K]WR"
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 46
: Properties of DFT
a Circular frequency shift
z[n]e? @M — n)Wy™ & X[((k —1))n]
a Complex Conjugation
* *
z*[n] < X*[((=F))n]
0 Conjugate Symmetry for Real Signals
_ * _ *
z[n] = 2*[n] < X[k] = X*[((—F))n]
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 48




oelsiese’s

Example: Conjugate Symmetry

4-point DFT X[k]
—Symmetry

Penn ESE 531 Spring 2017 — Khanna

a[n] = z"[n] & X[k] = X*[((—k))n]

Example: Conjugate Symmetry

oelsiese’s

4-point DFT X[k]
—Symmetry

Penn ESE 531 Spring 2017 — Khanna ‘ z[n] — 17*[77.] ~ X[k] — X* [((7]“))1\’]

Adapted from M. Lustig, EECS Berkeley 50
¢ Example: Conjugate Symmetry
4-point DFT /—\ X[k]
—Symmetry T I ']’ T T
o 1 2 3 k
N
/_\ X k]
5-point DFT
“smery | | [ L[] []]~
0o 1 2 3 4 g
XA
N fom v Lo v oty 200 = 2] 6 X[R] = XT[((=R))N]

Adapted from M. Lustig, EECS Berkeley 49
¢ Example: Conjugate Symmetry
4-point DFT m X[k
—Symmetry T T T T
0o 1 2 3 k
v
Penn ESE 531 Spring 2017 — Khanna PR _ *
Adap[z;fmm MI.)I,u};ng,}ZHCS Berkeley z[n] = z"[n] & X[k] = X*[((—k))~] 51
¢ Example
. R
4-point DFT /\ X[K]
—Symmetry
0o 1 2 3 k
A
/R X[k]
5-point DFT
—Symmetry |
0 1 2 3 4 g
AN,
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 53

¢ Propetties of the DFS/DFT
Discrete Fourier Series Discrete Fourier Transform
Property | N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
2] 7l ] ¥l
%[l %l Xk B[] xlol. xl] XKL X[
Lincariy @[]+ 55, n] o, [k]+0%, 1] Lincarity ax o]+ b ln] ax [+ 6, [K]
Duality X[ NE[-k] Duality X[] Nf(-K),]
Time hif #n-m] Wi ile] Ciregr fime Ao-m).] wiexle]
Frquency - . S -
i Wix[n] Xk-1] I?hm' wixln] x[((k-n),]
o | bk lr-n] R[] o | Zxbrklo-m).] X[k
Muliplcaion skl LS FRL-1 | Mlipicaion sl bl LS w1
Conin <l T4 Congion <Pl Xl

Penn ESE 531 Spring 2017 — Khanna
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Properties (Continued)

oelsiese’s

#l-n) a0 | Fln)] X'k
Conjugation
Real Part Refslu) %= (Xl XA | et o Relaln] X, -3 (kL X 0,
maginary jmele] O S B jimislal X, W= 30X [0, )
EvenPart | %, [0] %1,\,.1‘.'1 ) Rel¥[k]} Evenbart | x,[n] %(.\,.]nlu ) Re{X[k]}
oddpart | 5= ;h[”]r #[-n) Jim{¥ [k oddPart | x,ln)= ;\.\,,],\-m,,.y. ) Jim{x (k]
X)=X[-4] X=X [k),]
Symmetry for [ Rel¥ll=Rel¥l-k) | ymmetry for [ Retxlel=Re(x[(-4), b
Real #li)=%n] Lmfrle)f= - (- ) Real =] [ [ = - mx (- ) B
Sequence (it o] Sequence JNC0.]
| 2xlk]= - X1 | exfk)=-2x[(-4)),)
_— Sl LRI - bl § Sx il
o o o o
Sl - Hi] E|
Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley

Circular Convolution

seseees

o For x,[n] and x,[n] with length N

z1[n] @ z2[n] <> Xi1[k] - Xa[k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Circular Convolution

oelsiese’s

o Circular Convolution:

] @aln] 2 3 aalmlesl((n — m)) ]

For two signals of length N
Note: Circular convolution is commutative
z3[n] @ z1[n] = 21[n] @ 2[n]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 56

seseees

Multiplication

a For x,[n] and x,[n] with length N

z1[n] - z2[n] < %Xl[k] @® X2k

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 58

Linear Convolution

eelsieeels

0 Next....
= Using DFT, circular convolution is easy
= But, linear convolution is useful, not circular
= S0, show how to perform linear convolution with circular
convolution

= Use DFT to do linear convolution

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Big Ideas

eelsieeels

0 Adaptive filtering
= Use LMS algorithm to update filter coefficients for
applications like system 1D, channel equalization, and
signal prediction
o Discrete Fourier Transform (DFT)
= Tor finite signals assumed to be zero outside of defined
length
= N-point DFT is sampled DTFT at N points

= Useful properties allow easier linear convolution

Penn ESE 531 Spring 2017 — Khanna
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Admin

o HW 7 out now

= Due tonight

0 Project posted after class tonight
= Work in groups of up to 2
= Can work alone if you want
= Use Piazza to find partners
= Report your groups to me by 4/11 by email

= taniak@seas.upenn.edu

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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