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Today

0 Review: Discrete Fourier Transform (DFT)

a0 DFT Properties
L Duality
= Circular Shift

0 Circular Convolution

0 Fast Convolution Methods
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Discrete Fourier Transform

a The DFT

1
N
N —

N

Z X[k]Wx*™  Inverse DFT, synthesis

—1
k=0
1

Z z[n]WEn DFT, analysis
n=0

0 It is understood that,

b

X

n

k|

0 outside0<n<N-1
0 outside0<k< N -1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Tl

DFT vs. DTTF"

0 For finite sequences of length N:
= The N-point DFT of x[n] 1s:

N—-1 N—-1
X[kl =Y zn]Wi* =) z[n]e?C/Nmk o<k <N-1
n=0 n=0

= The DTFT of x|[n] is:

N-1
X(e?¥) = Z z[nle 7" — 00 < w < 00

n=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Tl

. DFT vs. DTI

0 The DFT are samples of the DTFT at N equally

spaced frequencies

X[k] = X(€“)|yop2z 0<E<N-—1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



DFT vs DTFT

0 Back to example

X k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Properties of the DFT

0 Properties of DFT inherited from DFS

0 Linearity

()111131[%] + Qa9 [n] — a1 X1 [k’] + ao X9 [l{)]

0 Circular Time Shift

z[((n—m))n] ¢ X [kle ™ CT/AF™ = X [K]W™

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Circular Shift

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

0o m  N-1
2[((n~m)), ]
0 m  N-1 !



Properties of DFT

0 Circular frequency shift
z[n]e? PN = gn]Wy™ < X[((k — 1)) ]
0 Complex Conjugation

z”[n] ¢ X7[((—k)) ]

a0 Conjugate Symmetry for Real Signals

z[n] = z7[n] < X[k| = X7[((—=F))n|

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



: Example: Conjugate Symmetry

4-point DFT

—Symmetry T m T
2

S
5-point DFT /\ N
S L]

0
Penn ESE 531 Spring 2017 — Kh — —
Aiir:}l)ted trom MI.)rIirlllgstig, EECS Szrrliley L [n] =z [n] & X [k] = X" [( (_k))N]

—r  [——

k

—L
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Example

4-point DFT
—Symmetry

S5-point DFT
—Symmetry

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Properties of the DFS/DFT

Discrete Fourier Series Discrete Fourier Transform
Property N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
] T[] ] x[]
Xy [”]s 3?2[”] )N(I[k], iz[k] X [”]a xz[”] X, [k]» Xz[k]
Linearity a,[n]+ b3, [n] aX | [k]+bX,[k] Linearity ax, [n]+ bx, [n] aX [k]+bx, [k]
Duality X[n] NX[-k] Duality X[n] Nx{(-k)),]
. . ~ n > Circular Time o
Time Shift x[n - m] wy'X [k ] Shift x[((n - m))/v] Wy X [k]
F Circular
reduenicy W "%[n] X[k —1] Frequency W " x[n] X [((k ~10))y ]
Shift .
Shift
periodic | Salnbi-nl 7 k)7 Ciralar | S wlnbello-m), ] XK
Convolution Zoxl PRl X[, K] Convolution Zox, MRV M)y : :
1 N-1 - - 1 N-1
Multiplication A v Z X [1X, [k -1] Multiplication x,[n]x, 7] N Z X, [i]x, [((k -1)), ]
=0 =0
Complex o S Complex , .
Conjugation X [n] X [_ k] Conjugation * [n] X [((‘ k ))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley




Properties (Continued)

Time- Time-
Rommalid | o) PR | R )] e
Conjugation Conjugation
Real Part Refx[n]} p[k]zé()?[k]Jr)? [-4]) |  Real Part Refx[n]} X, [k]== (X[k]+X[ M)
maginary jim{& ] X, =S (Rl ) | e jimixl) X, 1= (k- X [0, )
BrenPart | %, ]=2 (elr]+ %' () Re{tlk]) BrenPart | 1, b= ol x () ) Re(xi)
Odd Part fap[n]:%()?[n]—?c*[—n]) JIm{X[k]} Odd Part | x,[n]== (x[n] =n)y]) jIm{x[k]}
X[k]=X"[-] X[k]= X[ k)i ]
mmetry for Re{)N( [k]}: Re{)N( - k]} mmetry for Re{x[k]}=Relx[(- k), |
P | sl | mfemfe) | e il <] il b 1)}
Sequence { ‘)?[k]:‘)?[—k] Sequence { ‘X[k]:|X[ —k N]
ZX[k)=~2X[- K] 2X[k]=~2x[((~ k)]
S 2l X T S x-S x [
Parseval’s k= Parseval’s n=0 k=0
Identity Y ~ Identity N-I , 1w R
;‘x[n] :ﬁ;’X[k] nz:(;|x[n] :N;P([k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Duality

If x—275 X, then {X[n]}

Penn ESE 531 Spring 2017 - Khanna

N { (k)11
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Duality

If x—2T5 X, then {X[n]}" | —2T5 N {x(-k))y 1}

£n] 223 %1,

% n] 258 NE[—kI.

Penn ESE 531 Spring 2017 - Khanna

N-1
k=0
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Proot of Duality

27r
DFT of {x[n]}"  is X[k]= Zx[p]e N,
N-1N-1 — %" kn
DFT of {X[n]}\, is ZZx[p]e N e N
—Op—O
X[n)
N-l N-1 o (p+k)n
=2 xp] Ze
p:

N for (( p+k)) N—O
0 otherwise

(p+k) ) =0 for0<p &k<N-1 = p=((-k)),

k<0< N -1

p=—k+mN =((-k)), +rN+mN =((-k)),, because 0 < p<N -1

. DFT of (X[nl}2 s N{x{(CA), ]}

Penn ESE 531 Spring 2017 - Khanna
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: Circular Convolution

0 Circular Convolution:

z1[n] @ z2[n| = Z z1|m|zz[((n —m))N]

For two signals of length N

Note: Circular convolution is commutative

z2[n] @ T1[n| = z1[n| @ T2[N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]

1 O O T T T
O 1 2 3 4 5 6 n
T2[n]

1 ¢ o

01 2 3 n

21ln] @ aln] 2 3 zfmlas|((n — m))w

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]

O 1 2 3 4 5 6 n
T2[n]
1 T
0O 1 2 3 4 5 6N
N-—-1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

y[0]=2
1[N

O 1 2 3 4 5 6 n

T2[n]

01 2 3 4 5 6N
N-—-1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

20



Compute Circular Convolution Sum

. y[0]=2
1 'n,] y[1]=2
1 0 O T T T
0 1 2 3 4 5 6 n
| z2[n]
0 1 2 3 4 5 6N
N—1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

T1[n]
1 O O T T T
o 1 2 3 4 5 6 n
| z2[n]
1

|

0

2 3 4

y[0]=2
y[1]=2
y[2]=3

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Compute Circular Convolution Sum

8
-
S,
< < <
IwIINIIHIIOI
Il

oo
(oY)

T2[n]
- 1

4
3 4 5 6 N
N-—-1

z1[n] @ 2a2fn] = > @1[m]za[((n — m))N]

1 2

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Result

y[0]=
y[1]=
y[2]=
y[3]=

4 A (@ O

(o (@
20([ T
0 1 2 3 4 5 6 'ﬁ'

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

21ln] @ aln] 2 3 zfmlas|((n — m))w
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Circular Convolution

0 For x,[n] and x,[n] with length N

r1[n| @ z2[n] <> X1k| - Xo[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Multiplication

0 For x,[n] and x,[n] with length N

z1[n] - To[n] © %Xl[k] ® Xo|k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution

0 Next....

= Using DFT, circular convolution is easy

= Matrix multiplication... more later

= But, linear convolution is useful, not circular

= So, show how to perform linear convolution with circular
convolution

= Use DFT to do linear convolution (via circular
convolution)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

27



ILinear Convolution

a0 We start with two non-periodic sequences:

zn] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] 1s a signal and h[n] a filter’s impulse response

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution

a0 We start with two non-periodic sequences:

zn] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] 1s a signal and h[n] a filter’s impulse response

0 We want to compute the linear convolution:

y[n] = x[n] *x hin] = Z z|m|h[n — m]

= y[n] 1s nonzero for 0 < n = L+P-2 with length M=L.+P-1

Penn ESE 531 Spring 2017 — Khanna Requires LP multiplications
Adapted from M. Lustig, EECS Berkeley
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. Linear Convolution via Circular Convolution

a Zero-pad x|n] by P-1 zeros

~J zn] 0<n<L-1
T =)0 L<n<L+P—2

a Zero-pad h[n] by L-1 zeros

n [ hn] 0<n<P-1
»M =10 pP<n<it+P-2

a0 Now, both sequences are length M=L+P-1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 30



Iinear Convolution via Circular Convolution

a0 Now, both sequences are length M=I1.+P-1

0 We can now computer the linear convolution using
a circular one with length M=1.+P-1

Linear convolution via circular

y[n] = x[n] * y[n] = {gzp[n] ® hzp|n] gjenmieM —1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

1[N
1 O O
T L=
0 3 4
l\xz:n]
1 ©
0 3

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

M=L+P-1=8
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Example

T1|n]
1 © O
= =
0 3 4 5 6 7
| z2[n]
1 O T
= —_—
0 3 4 5 6
M=L+P-1=8

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

z1(n]
1 ¢ O T T T
o—o—=ol
o 1 2 3 4|5 6 7]|n
z2[n]
10 T
0—0—0 e\ S
0 1 2 3 4 \5 6 n
Circular ‘flip’
M=L+P-1=8

yln] = z1[n] @ z2[n] = z1[n] * T2[n]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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ILinear Convolution with DFT

0 In practice we can implement a circulant
convolution using the DFT property:

z(n|* hn] = x50 @ hyp(n]
= DFT 1 {DFT {xsp[n]} - DFT {hsp|n]}}
for0 =n <M-1, M=L+P-1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 35



ILinear Convolution with DFT

0 In practice we can implement a circulant
convolution using the DFT property:

z(n|* hn] = x50 @ hyp(n]
= DFT 1 {(DFT {z,p[n]} - DFT {hsp[n]}}
for0 =n <M-1, M=L+P-1

0 Advantage: DFT can be computed with Nlog,N
complexity (FFT algorithm later!)

0 Drawback: Must wait for all the samples -- huge
delay -- incompatible with real-time filtering

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 36



Block Convolution

0 Problem:

= An input signal x|n], has very long length (could be
considered infinite)

= An impulse response h[n] has length P

= We want to take advantage of DFT/FFT and compute
convolutions in blocks that are shorter than the signal

0 Approach:
= Break the signal into small blocks
= Compute convolutions

s Combine the results

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Block Convolution

Example:

h[n] Impulse response, Length P=6

[PTTTT

x[n] Input Signal, Length P=33

y[n] Output Signal, Length P=38

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

e, O?TTTTTT%Q;
AU
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Overlap-Add Method

0 Decompose into non-overlapping segments

zo[n] = zn] rL<n<(r+1)L
" 0 otherwise

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example

L=11 | T Xo[N]
ST el Top
=2 4
x1[n]
Q&u&glf,
lefﬁ] _
?TTT?TE;L:

X[n] = Xo[Nn]+X1 []+X2[n]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

0 The output is:
y|n] = x[n] * hn] = Z z,.[n| * hn]

= Hach output segment x /n/*h/n] 1s length N=L+P-1
= h[n]| has length P
= x [n] has length L

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

0 We can compute x,/7/*h/n] using linear convolution

a Using the DFT:

s Zero-pad x [n] to length N

= Zero-pad h[n] to length N and compute DFT{h, [n]}
= Only need to do once: WHY?

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Overlap-Add Method

0 We can compute x,/7/*h/n] using linear convolution

a Using the DFT:

s Zero-pad x [n] to length N

= Zero-pad h[n] to length N and compute DFT{h, [n]}
= Only need to do once: WHY?

= Compute:
0]  hfn] = DFT ™! {DFT {2, .p[n]} - DFT{h.,[n]}}

0 Results are of length N=L+P-1
= Neighboring results overlap by P-1
= Add overlaps to get final sequence

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Overlap-Add L+P-1=16

L=11 I | xo[n]-

10 20 30
Izl

x1[n]

10 30

&QLLHJ,MJ,

Xa[n] E

X[n] = Xo[n]+x1[n]+x2[N]

O

gl

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Yo[N]

=
= o D,

Example:

h[n] Impulse response, Length P=6

44



Example of Overlap-Add

L+P-1=16
L=11 | Xo[N] ‘ o Yo[n]
3] ,pft‘l i'it‘! = odeaea TP T P,
X1[Nn] - o5 Y1[n]
e | T
xo{n] _ yaln] |
?TTTTTTJG: = AT o |
x[n] = Xo[n]+x1[n]+x2[N] y[n] = yo[n]+y1[n]+y2[n]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley




Overlap-Save Method

0 Basic idea:

a Split input into (P-1) overlapping segments with
length L.+P-1

zp[n] = zn] rL<n<((r+1)L+P
10 otherwise

0 Perform circular convolution in each segment, and
keep the L sample portion which is a valid linear
convolution

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Overlap-Save

L+P-1=16

Overlap-Sawve, Input Segments, Length L = 16

o 10 20 30

_Qwuf‘r

-0.56
o 10 30
0.5 1
= ol P
=
0.5 1
o 10 20 30

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Recall Circular Convolution Sum

0 1 2 4 n 2 ¢
T2[n]

»
>

0o 1 2 n

21ln] @ aln] 2 3 wafmlas|((n — m))w

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

T 0 1 2
3
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Recall Circular Convolution Sum

Valid linear convolution

T1[n]
1 ¢ O T T T .
O 1 2 3 4 5 6 n 2 ¢
T2[n]
1 O
0 1 2 3 4 5 6
0 1 2 n

21ln] @ aln] 2 3 wafmlas|((n — m))w

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Example of Overlap-Save

L+P-1=16

Overlap-Save, Input Segments, Length L = 16 Overlap-Save, Output Segments, Usable Length L - P + 1
© Usable (v,[n)
0.5 T ost . Unusable )
= odqu;i‘? Toe @ = ol
= 4 &LLL = iR
0.5 0.5
o 10 20 30 o 10 20 30
”n n
i © Usable (v,[n]) I—
0.5 os}y L Unusable |
ife T
= o ) = o N 7 T
= LTI = Ay
-0.5 -0.5
o 10 20 30 o 10 20 30
n n
[ o usable (v, [nD
| I Unusable
0.5 T 4 0.5
= o ?T Tl | 3 = o >
=< =7
0.5 -0.5
o 10 20 30 o 10 20 30
n ”

Overlap-Save, Concatenation of Usable Output Segments

0.5

o 10 20 30

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example of Overlap-Save

L+P-1=16

0.5

= o*id,‘i‘?T?W ®

Overlap-Save, Input Segments, Length L = 16

Sl

10 20 30
”n

10 20 30

-
—0 .
=5, *
05
P

10 20 30

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Overlap-Save, Output Segments, Usable Length L - P + 1

0.5

n
Overlap-Save, Concatenation of Usable Output Segments

0.5

(Prms

o Usable (yo[n])
- Unusable

P-1=5
Overlap

(¢} 10 20 30
n

| o Usable (v, [n])
I' ==+ Unusable

|

samples

u%f
o 10 20 30
[ o usable (v, [nD
- Unusable
o 10 20 30

o 10 20 30

51



Circular to Linear Convolution

a0 An I -point sequence circularly convolved with a P-
point sequence (with L. - P zeros padded, P < )
otves an [~point result with the first P - 1 values
incorrect and the next L. - P+ 1 the correct linear
convolution result.

T | L=3 + linear

circular

Penn ESE 531 Spring 2017 - Khanna 52



Big Ideas

a Discrete Fourier Transtorm (DFT)

= For finite signals assumed to be zero outside of defined

length
= N-point DFT is sampled DTFT at N points

= Useful properties allow easier linear convolution

o DFT Properties

= Inherited from DFS, but circular operations!

0 Fast Convolution Methods

= Use circular convolution (1.e DFT) to perform fast linear
convolution

= Overlap-Add, Overlap-Save

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Admin

0 Project
= Work in groups of up to 2

= Can work alone if you want
= Use Piazza to find partners
= Report your groups to me by midnight

taniak(@seas.upenn.edu

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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