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& Penn

Today

oelsiese’s

0 Review: Discrete Fourier Transform (DFT)
o DFT Properties

= Duality

= Circular Shift
o Circular Convolution

o Fast Convolution Methods
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Discrete Fourier Transform

o The DFT
1 N1
_ —kn .
z[n] = N kzzo X[EWy Inverse DFT, synthesis
N-1
X[k = z[n]WEr DFT, analysis
n=0

0 Itis understood that,

seseees

DFT vs. DTFT

a For finite sequences of length N:
= The N-point DFT of x[n] is:

N-1 N-1

XK =Y afn]Wh = 3 afn]ei@/Nnk

n=0 n=0
= The DTFT of x[n] is:

N-1

X(e9) = Z z[n]e=Iwm

n=0

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley

0<k<N-1

—00 < w <0

zln] = 0 outside0<n<N-1
X[k] = 0 outside0<k<N-1
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 3
DFT vs. DTFT

0 The DFT are samples of the DTFT at N equally
spaced frequencies

X[k = X()|yepzy 0<E<N-—1

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 5
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DFT vs DTFT

o Back to example

X[k

4
> Wi
n=0

_ itk sin(Zk)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley




oelsiese’s

Properties of the DFT

0 Properties of DFT inherited from DFS

o Linearity

a1z1[n] + aszan] ¢ a1 X1[k] + aa X (k]

o Circular Time Shift
z[((n — m))n] <> X[k]e ICm/Nkm = ¥ [gIwEm

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

a

Circular Shift

oelsiese’s

F[n-m)

Sl ?TTUT? 11 ?Tﬂm

m N-1

Aln-m))]

n
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Properties of DFT

o Circular frequency shift
z[n]e! CTM = a[pWi™ & X(((k - 1)N]
o Complex Conjugation
z*[n] & X*[((=K))n]
o Conjugate Symmetry for Real Signals
z[n] = z%[n] & X[k] = X*[((=F))n]

Penn ESE 531 Spring 2017 — Khanna
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¢ Example: Conjugate Symmetry
4-point DFT X[k]
—Symmetry T m T
12 3 k
S
/_\ X k]
5-point DFT
ey | [ [ [[[L[[]~
1.2 3 4 g
—
N fom v e v ety 200 = 2] 0 X[R] = XT[((=R))N] -,

Adapted from M. Lustig, EECS Berkeley 9
¢ Example
. R
4-point DFT /\ X[K]
—Symmetry
o 1 2 3 k
A
/R X[k]
5-point DFT
—Symmetry |
0o 1 2 3 4 g
L
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 11

eelsieeels

Propetties of the DFS/DFT

Dis rier Series Discrete Fourier Transform

Property | N-periodic sequence N-periodic DFS Property N-point sequence N-point DFT
F) ] ¥l
TR %] sbo). wbo] X x]
X [+ 6%, 1] Lincarity ax o)+ bmsln) ax [+ 6, [K]
vil-&] Xl Va0,
Time Shift 3n-m] wixl] cr ln-m)), ] wimx[k]

fregueney W] Xle-1] o W] xl(k-1),]
R[] S slokella-m)] X[kl

Muliplcaion skl LS FRL-1 | Mlipicaion sl bl LS il
¥l X4 [ X0
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Properties (Continued)

oelsiese’s

#l-n) a0 Fln)] X'k
Relin] %, k) %[\[kjm'[ )| Reatpar Relx{n) X, k) %mw Xl0),)
" pnllel | - L) | Simill % 1= (- 40,
Even Part ‘,[,,J—%M,.J, Fln) Rel¥[k]} Even Part l,,]r%(.\,.p <L) Refx[k])
0dd Part A‘,l,,]—%h[”]r #[-n) Jimf¥ (e 0dd Part \,\,,J»‘:m,,]r\'[l(r,.y> ) Jim{x (k]
V= ) XM= X°[(-4),]
[ Rel¥l=Rel¥ A | symmeny for | Re (CON]
S’ -5l Timfvlal i) |y A=) [imx [} = - m{x{(- D),
Sequence (it o] Sequence MW ]
| 2xlk]= - X1 | 2xlk]=-2x[(- )]
Pareval's - Parseval’s
denti . o denti
g Sl -+ S0 4
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Duality

oelsiese’s

If x—275 X, then {X[n]}) , —2T> N {(-K)y]}r

Duality

seseees

If x—275 X, then {X[n]}j:ﬂ) N {x[((—k))N]}:::

%] 258 %,

%) 228 Nx—k).

Penn ESE 531 Spring 2017 - Khanna 14
¢ Proof of Duality
N-1 “ ’1'2”’?
DFT of {x{n]}| | is X[k]=) xple ¥ ; k<0<N-1
p=0
N-1 N-1 —iz”m _,,um
DFT of {X[n]}Y5 is Sy Aple ¥e N, k<O0<N-1
n=0 p=0
X[n]
N-1 N-1 _ 27
=Jj o (phyn
=>Adpl Ye ¥
p=0 n=0

[ —;
N for ((p+k))5=0,
0 otherwise

((p+k))N =0 for0<p & k<N-1 = p=((-k))y
p=-k+mN=((-k))y +rN+mN =((-k)), because 0<p<N -1
- DFT of {X[n]}¥3 is N{x[(-k)y1}1p

Penn ESE 531 Spring 2017 - Khanna 16
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i Circular Convolution
0 Circular Convolution:
A N-1
21[n] @ z2[n] £ Y @1[mlaa[((n — m))N]
m=0
For two signals of length N
Note: Circular convolution is commutative
z2[n] @ z1[n] = z1[n] @ z2[n]
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 17

Compute Circular Convolution Sum

eelsieeels

z1[n]
1 oooT
s
01 2 3 4 5 6 N
z2[n]
1 o o

21 @ z2ln] £ S rlmlzs[(n —m))w]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 18




oelsiese’s

Compute Circular Convolution Sum

z1[n]

1 T T o]
01 2 3 4 5 6 n
z2[n]

14 Qo O

0 1 2 3 4 5 6N

N-1
A
z1[n] @ aln] = Y @1 [mlas[((n — m)) N]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

oelsiese’s

Compute Circular Convolution Sum

seseees

Compute Circular Convolution Sum

y[0]=2
z1[n]
01 2 3 4 5 6 n
T2[n]
T T |1 c T T
0o 1 2 3 4 5 6 N
A N-1
#1[n] @ z2[n] = Y 21 [mlma[((n — m))n]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 20
: Compute Circular Convolution Sum
y[0]=2
zl[n] y[1]=2
1 o' o T T y[2]=3
1 2 3 4 5 6 n

— o

z2[n]

—0
o

°
—o0
S —o0

Penn ESE 531 Spring 2017 — Khanna

y[0]=2
-771["] y[1]=2
ik T T T
12 3 4 5 6
[22[n]
R
01 2 3 4 5 6N
A N—-1
a1[n] @ aln) = Y aalmlas[((n —m)) ]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 21
¢ Compute Circular Convolution Sum
y[0]=2
z1[n] y[1]=2
1 o o o y[2]=3
T y[3]=4

o
~
©
IS
og
of
S

n
1 [m]za[((n —m)) ]
m=0

o1 2 3 4 5 &6
—1

A

z1[n] @ 2[n]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Adapted from M. Lustig, EECS Berkeley 22
¢ Result
y[0]=2
y[1]=2
y[2]=3
y[3]=4
4
2 T ‘ T
01 2 3 4 5 6 n
N N-1
z1[n] @ m2[n] = ) z1[m]za[((n —m))N]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 24




Circular Convolution

oelsiese’s

o For x;[n] and x,[n] with length N

.’L’1[n] @ :Ez[n] — X4 [k] . Xz[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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oelsiese’s

Multiplication

a For x;[n] and x,[n] with length N

z1[n] - 2aln] © %Xl[k] ® Xa[k]

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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seseees

Linear Convolution

o Next....

Using DFT, circular convolution is easy

= Matrix multiplication... more later

But, linear convolution is useful, not circular

So, show how to perform linear convolution with circular
convolution

Use DFT to do linear convolution (via circular
convolution)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

o We start with two non-periodic sequences:

zln)] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] is a signal and h[n] a filter’s impulse response

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution

eelsieeels

0 We start with two non-periodic sequences:
zln] 0<n<L-1
hln] 0<n<P-1

= E.g. x[n] is a signal and h[n] a filter’s impulse response

o We want to compute the linear convolution:

y[n] = z[n] x h[n] = 2—: z[m]h[n —m]

= y[n] is nonzero for 0 < n < L+P-2 with length M=L+P-1

Penn ESE 531 Spring 2017 - Khanna Requires LP multiplications

Adapted from M. Lustig, EECS Berkeley
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Linear Convolution via Circular Convolution

eelsieeels

0 Zero-pad x[n] by P-1 zeros

[ zn] 0<n<L-1
el =10 L<n<L+P-2

a Zero-pad h[n] by L-1 zeros

A [ hp] 0<n<P-1
2N =10 P<n<Lt+P-2

a Now, both sequences are length M=L+P-1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution via Circular Convolution

oelsiese’s

0 Now, both sequences are length M=L+P-1

0 We can now computer the linear convolution using
a circular one with length M=L+P-1

Linear convolution via circular

Xep[n] @ hzpln] 0<n<M-1
0 otherwise

yn] = x[n]  y[n] = {

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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oelsiese’s

Example

¢ Example
1[n]
1 o O O T
o o o
0 1 2 3 4 5 6 7N
z2(n]
1 o o

M=L+P-1=8

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

z1[n]
1 0 o o
=5
01 2 3 4 n
2(n]
1 o o
P:
01 2 3 n
M=L+P-1=8
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 32
¢ Example
z1[n]
| T T T
0o 1 2 3 4 5 6 71n
z2(n]
| T
0o 1 2 3 4\5 6 n
Circular flip’
M=L+P-1=8
yln] = z1[n] @ 22[n] = 21[n] * z2[n]
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 34

Linear Convolution with DFT

eelsieeels

0 In practice we can implement a circulant

convolution using the DFT property:
Tap[n] @ hap[n]

DFT {DFT {2,p[n]} - DFT {hspn]}}
for 0 =n <M-1, M=L+P-1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Linear Convolution with DFT

eelsieeels

0 In practice we can implement a circulant
convolution using the DFT property:

z[n]*xhln] = 5[N] @ hap[n]
DFT {DFT {2,p[n]} - DFT {hsp[n]}}
for0 <n <M-1, M=L+P-1

o Advantage: DFT can be computed with Nlog,N
complexity (FFT algorithm later)

0 Drawback: Must wait for all the samples -- huge
delay -- incompatible with real-time filtering

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley




Block Convolution

oelsiese’s

o Problem:
= An input signal x[n], has very long length (could be
considered infinite)
= An impulse response h[n] has length P
= We want to take advantage of DFT/FFT and compute
convolutions in blocks that are shorter than the signal
0 Approach:
= Break the signal into small blocks
= Compute convolutions

= Combine the results

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 37

Block Convolution

oelsiese’s

Example:
h[n] Impulse response, Length P=6

[TTTTT

x[n] Input Signal, Length P=33 y[n] Output Signal, Length P=38

3 wT?wf TTTTTTQT s PTTRER, Bl

Muf i

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

Overlap-Add Method

seseees

o Decompose into non-overlapping segments

[n] = z[n] rL<n<(r+1)L
=10 otherwise

0 The input signal is the sum of segments
oo
z[n] = Z zr[n]
=0

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 39

Example

L=11 1 xoln]
BT TPl To.
o Py
x;[n]
luéuﬂi-i
XZIH ]|
%ﬂTﬂTJLé

X[n] = Xo[n]+xi1[n]+x2[n]
i’ﬁLﬁfwﬂﬂlﬂm

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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eelsieeels

Overlap-Add Method

0 The output is:
ylnl =[] * hln] =Y z,[n]  hln]

= Each output segment x,/#/*h/n] is length N=L+P-1
= h[n] has length P
= x,[n] has length L.

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 4

eelsieeels

Ovetlap-Add Method

0 We can compute x,/n/*h/n] using linear convolution
a Using the DFT:

= Zero-pad x[n] to length N

= Zero-pad h[n] to length N and compute DFTy{h,,[n]}

= Only need to do once: WHY?

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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oelsiese’s

Overlap-Add Method

o We can compute x,/#/*h/n] using linear convolution
o Using the DFT:
= Zero-pad x [n] to length N

= Zero-pad h[n] to length N and compute DFTN{th[n]}
= Only need to do once: WHY?
= Compute:

z.[n] * h[n] = DFT ™ {DFT{z, ,,[n]} - DET{h,,[n]}}

0 Results are of length N=L+P-1
= Neighboring results overlap by P-1
= Add overlaps to get final sequence

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 45

Example of Overlap-Add L+P-1=16
L=11 T Xo[n] . Yoln]
Eorelom, = o .
xi[n] Example:
*LIA*J_LMJ, h[n] Impulse response, Length P=6

xéirl 1 E b
x[n] = xo[n]+x1[n]+xz[n]

i’“j‘hfw&uﬂijﬁmk

Penn ESE 531 Spring 2017 — Khanna

Example of Overlap-Add

L+P-1=16
L=11 T Xo[n] on Yo[n]
tg?Tﬁl S T ofmeeet T o, S
x4[n] s yi[n]
‘J@J,Lui = T
‘mﬁ[—;‘ v
By | TT‘W.,T% T )

X[n] = Xo[n]+x1[n]+x2[n]

y[n] = yo[n]+y1[n]+y2[n]
ifn[mf%_uﬂlﬁﬁiﬂgg mﬂ%&%ﬁ%%
Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 45
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Example of Overlap-Save

L+P-1=16

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 47

Adapted from M. Lustig, EECS Berkeley 44
¢ Overlap-Save Method
0 Basic idea:
a Split input into (P-1) overlapping segments with
length I.+P-1
zo[n] = zln] rL<n<(r+1)L+P
" 0 otherwise
a Perform circular convolution in each segment, and
keep the L sample portion which is a valid linear
convolution
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 46
¢ Recall Circular Convolution Sum
1 [n]
| T T T 4
01 2 3 4 5 6 n 2
z2[n]
! 0 1 2 3 4 5 6
_ﬂ 1 2 3 N
A N-1
a1[n] @aaln] = D aalmlea((n —m))x]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 48




Recall Circular Convolution Sum

oelsiese’s

Valid linear convolution

N-1
A
21[n] @ 2aln] = D @a[mlws[((n — m)) ]
m=0
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 49

Example of Overlap-Save

oelsiese’s

L+P-1=16

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 50

seseees

Example of Overlap-Save

L+P-1=16

o P-1=5
2k .w‘[?ﬁf Overlap
ol < samples
= 9l ﬁT
7 Au*uﬂ;
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 51

Circular to Linear Convolution

seseees

a An I-point sequence circularly convolved with a P-
point sequence (with L - P zeros padded, P < L)
gives an [-point result with the first P - 1 values
incorrect and the next L - P + 1 the correct linear
convolution result.

circular

Penn ESE 531 Spring 2017 - Khanna 52

eelsieeels

Big Ideas

o Discrete Fourier Transform (DFT)
= For finite signals assumed to be zero outside of defined
length
= N-point DFT is sampled DTFT at N points
= Useful properties allow easier linear convolution
0 DFT Properties
= Inherited from DFS, but circular operations!
o Fast Convolution Methods
= Use circular convolution (i.e DFT) to perform fast linear
convolution
« Overlap-Add, Overlap-Save

Penn ESE 531 Spring 2017 — Khanna
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Admin

eelsieeels

a Project
= Work in groups of up to 2
= Can work alone if you want
= Use Piazza to find partners
= Report your groups to me by midnight

= taniak@seas.upenn.edu

Penn ESE 531 Spring 2017 — Khanna
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