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Digital Signal Processing

0 Represent signals by a sequence of numbers
= Sampling and quantization (or analog-to-digital conversion)

o  Perform processing on these numbers with a digital processor
= Digital signal processing

0 Reconstruct analog signal from processed numbers
= Reconstruction or digital-to-analog conversion

digital digital

analog, signal signal analog
signal_'| A/D DSP D/A |_'signa|

- Analog input = analog output

Eg. Digital recording music
Analog input = digital output
Eg. Touch tone phone dialing, speech to text
Digital input = analog output
Eg. Text to speech
Digital input = digital output

Eg. Compression of a file on computer
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Discrete Time Signals

& Penn,
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Signals are Functions

A signal is a function that maps an independent variable to a dependent variable.

DEFINITION

m Signal z[n]: each value of n produces the value z[n]
m In this course, we will focus on discrete-time signals:
 Independent variable is an integer: n € Z  (will refer to as time

o Dependent variable is a real or complex number: z[n] € R or C

-101234567
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v

Discrete Time Systems

.
.
.

A discrete-time system #{ is a transformation (a rule or formula) that maps a
discrete-time input signal z into a discrete-time output signal

y="H{z}

= Systems manipulate the information in signals

= Examples:
« A speech recognition system converts acoustic waves of speech into text
« A radar system transforms the received radar pulse to estimate the position and velocity of targets
« A functional magnetic resonance imaging (fMRI) system transforms measurements of electron spin
into voxel-by-voxel estimates of brain activity
« A 30 day moving average smooths out the day-to-day variability in a stock price
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System Properties

o Causality
= y[n] only depends on x[m] for m<=n
0 Lineatity
= Scaled sum of arbitrary inputs results in output that is a scaled sum of
corresponding outputs
= Axy[n]+Bxy[n] > Ay, [n]+By,[n]
0 Memoryless
= y[n] depends only on x[n]
o Time Invariance
= Shifted input results in shifted output
= x[n-q] > y[n-q]
0 BIBO Stability
= A bounded input results in a bounded output (ie. max signal value
exists for output if max )

Penn ESE 531 Spring 2017 - Khanna
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LTT Systems

A system # is linear time-invariant (LTI) if it is both linear and time-invariant

0 LTI system can be completely characterized by its impulse

response
o}

0 Then the output for an arbitrary input is a sum of weighted,
delay impulse responses

o0

T ‘ y vl = Y. hin—mafm]

m=—00

yn]=x{n]*h[n]
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Convolution

seseees

= |-
= Convolution formula

:x;
yln] =aln] xhln] = ) hin—m]zlm|
m=—oo
= To compute the entry y[n] in the output vector y:

1 Time reverse the impulse response vector h and
shift it n time steps to the right (delay)

B Compute the inner product between the shifted
impulse response and the input vector z

m Repeat for every n

Discrete Time Fourier Transform

&Penn

DTFT Definition

eelsieeels

o

X(e™)= Y xfkle

=—00

1~ o
x[n]=— | X(e’*)e’""dw
[]m£<>

X(f)= Yy lkle "

=%

0.5
x[nl= [ X(f)e"df

-0.5

Alternate
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Example: Window DTFT

, o
W(e) =Y wikle ™
k=—0
- 2 e—jwk
k=—N
Penn ESE 531 Spring 2017 - Khanna 12
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Example: Window DTFT

o sin((N+ 1/2)w)
Also, Zx[n] w(e™)= sin(w/Z)
] 2N +1 '
\ N+l /‘_=1 why?
Plot for N=2 \-/ \/
-7 T

Penn ESE 531 Spring 2017 - Khanna

z-Transform

seseees

0 The z-transform generalizes the Discrete-Time
Fourier Transform (DTFT) for analyzing infinite-
length signals and systems

0 Very useful for designing and analyzing signal
processing systems

0 Properties are very similar to the DTFT with a few
caveats

oelsiese’s

LTI System Frequency Response

a Fourier Transform of impulse response

H(e™) = i [kl

k=—c0

Penn ESE 531 Spring 2017 - Khanna 15
3 .
¢ Region of Convergence (ROC)
.
Given a time signal z[n], the region of convergence (ROC) of its z-transform
X(2) is the set of z € C such that X(z) converges, that is, the set of z € C such
é that z[n] 2~ is absolutely summable
.
Z |z[n] 27" < oo
n=—oo
17
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¢ Complex Exponentials as Eigenfunctions
o[
m Prove that complex exponentials are the eigenvectors of LTI systems simply by computing the
convolution with input z™
xhfn] = Y S mhm) = Y 2z hm)
- (£ )
= H(z)z"
=
Z hln)z™" = H(z)
n=—o0
Penn ESE 531 Spring 2017 - Khanna 16
¢ Formal Properties of the ROC
o PROPERTY 1:
= The ROC will either be of the form 0 <7, < |z|, or |z| <7 <o,
ot, in general the annulus, i.e., 0 <7, < |z| <7< o0,
o PROPERTY 2:
= The Fourier transform of x[n] converges absolutely if and only if the
ROC of the z-transform of x[n] includes the unit circle.
o PROPERTY 3:
= The ROC cannot contain any poles.
a PROPERTY 4:
w If x[n] is a finite-duration sequence, i.c., a sequence that is zero except in
a finite interval -00 <N, < n <N, < ©, then the ROC is the entire z-
plane, except possibly z = 0 or z = ©,
18
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Formal Properties of the ROC

oelsiese’s

0 PROPERTY 5:

w If x[n] is a right-sided sequence, the ROC extends outward from the

ontermost finite pole in X(z) to (and possibly including) z = .
o PROPERTY 6:

w If x[n] is a lefi-sided sequence, the ROC extends inward from the

innermost nonzero pole in X(z) to (and possibly including) z=0.
o PROPERTY 7:

u A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC
will consist of a ring in the z-plane, bounded on the interior and
exterior by a pole and, consistent with Property 3, not containing any
poles.

o PROPERTY 8:

= The ROC must be a connected region.

Penn ESE 531 Spring 2017 - Khanna

Inverse z-Transform

oelsiese’s

a Ways to avoid it:
= Inspection (known transforms)
= Properties of the z-transform
= Power series expansion

= Partial fraction expansion

Penn ESE 531 Spring 2017 - Khanna 20
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Partial Fraction Expansion

o Let
M M
zbszk ZN Ebk ZMfk
X(z)=ht ok

=0
N
-k M N-k
Eakz V4 Eakz
k=0 k=0

0 M zeros and N poles at nonzero locations

Penn ESE 531 Spring 2017 - Khanna
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Partial Fraction Expansion

o If M<N and the poles are 1 order

M

H(l—ckz’l) N
X(2)= bo k=1 - 4

k=

a4y H(l_dkz—l) k=1
k=l

0 where

4, =(1- dkz")X(z)Ld

Penn ESE 531 Spring 2017 - Khanna 22
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Example: 2°Order z-Transform

a 2-order = two poles Right sided
\
X(Z)=7_l +72 s ROC=4z: l<‘z‘
) - 1 2
1-—z l-—z
4 2
5. a"u(n) 1—_‘]17 |z] > la|

x[n]= —(%) u[n]+ 2(%) u[n]

Penn ESE 531 Spring 2017 - Khanna
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Partial Fraction Expansion

0 If M>N and the poles are 1% order

M-N N A
X(z)= Y B4y —t—
=0

= l—a!kz'l

a Where B, is found by long division

4 =(1- dkz'l)X(z)Ld

Penn ESE 531 Spring 2017 - Khanna 24




Example: Partial Fractions

oelsiese’s

0 M=N=2 and poles are first order

A A
X(z)=B+—t—+ 2, ROC={z: 1<\z\}
1 4 1-z"
1-=—z
2
1 3 2
—zr o )z 227
2 2 -1
z°=-3z"+2
o 527 -1
X(z)=2+ 1—1+52
1-—zhHa-z"
( > X )

25
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Power Series Expansion

o Expansion of the z-transform definition

X(z)= i x[n]z™"

n=—00

=t x[-2]22 + X[~ 1)z + x[0]+ x[1]z" + x[2]z 72 +---

Penn ESE 531 Spring 2017 - Khanna
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Example: Finite-Length Sequence

a Poles and zeros?

X(z)=zz(l—%z'l)(Hz'l)(l—z'l)

=zz—lz—l+lz"
2 2

1, n=-2
-1/2, n=-1
=] -1, =0 =5[71+2]7%5[n+l]—6[n]+%6[n—1]
1/2, n=1
0, else -

4. §[n —m) z

Penn ESE 531 Spring 2017 - Khanna
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Example: Partial Fractions

o M=N=2 and poles are first order

X(z)=2—] ?71+1_8z_1, ROC={z: l<‘z‘}
-—z
2

)= 26[n]—9(%) uln]+ 8ufn]

Penn ESE 531 Spring 2017 - Khanna
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Example: Finite-Length Sequence

a Poles and zeros?

X(z)=2* (1—%2’1)(1+z’l)(l—z’l)

1 1 1, n=-2
=z z-l+=z ~1/2, n=-1

1
2 x[n]={ -1, n=0
d - 1/2, n=1
X(z)= Y «ln 0. el

=t x[-2]2% + X[~ 1]z + x[0] + x[1]z"" + x[2]z 72 +---

Penn ESE 531 Spring 2017 - Khanna
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Difference Equation to z-Transform

eelsieeels

N M
Eaky[n -k]= Ebmx[n -m]
k=0 m=0

N M
y[n]=—2(”k)y[n—k]+2(zk)x[n—m]
k=0

=1\ % 0

o Difference equations of this form behave as causal
LTI systems
= when the input is zero prior to n=0
= Initial rest equations are imposed prior to the time when
input becomes nonzero
u i y[N]=y[N+1]=...=y[-1]=0

Penn ESE 531 Spring 2017 - Khanna
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Difference Equation to z-Transform

oelsiese’s

N

y[n]——E( )y[n k1+2[

k=1

]x[n m]

0

Y(z)= i( ] "Y(z)+i[a ] ¥ X(2)

k=1 k=0

; J
2\:( ") ()= i( ) X ()= V() =X (2)

k=0

Penn ESE 531 Spring 2017 - Khanna
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Example: 1-Order System i(’h)z’k

oelsiese’s

Yn]=ayln-1]+x[n]

H(z)=1 h[n]=a"u[n]

—-az"

Penn ESE 531 Spring 2017 - Khanna

Sampling

Penn ESE 531 Spring 2017 - Khanna
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DSP System

ADC AD

e z[n] — zc(nT) Quantizer
t=nT

Te(t) |, Analog

Filter

DAC D/A

( Dis(;rDeéeF‘ stuff Y [n] X Ye (t)
)

storagej...)

Penn ESE 531 Spring 2017 - Khanna
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Ideal Sampling Model

eelsieeels

i
zc(t) i z[n] = z.(nT)
z[n] , .
Discrete and Continuous
z(t
n t

0 Ideal continuous-to-discrete time (C/D) converter
= Tis the sampling period
= f=1/T is the sampling frequency
s Q=27/T

Penn ESE 531 Spring 2017 - Khanna
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Ideal Sampling Model

T
+

define impulsive samplmg

z5(t)
IC(t)

zs(t) =-- +zc )3(t) + zo(T)5(t — T) + - -
4(t) = e Z 8(t —nT)

n=—o0

=z.(nT)

Discrete and Continuous

Continuous

Penn ESE 531 Spring 2017 - Khanna
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Frequency Domain Analysis

" .. SGe
E L(T) 11 1= I f ]

T B3

T
and Q, > 2Qy

XD e— X0
, 7
|
I | I

Frequency Domain Analysis

a7

oelsiese’s

T

2
T
and Q, < 2Qn
XG0 —l | [
L
‘A g
Toy oy 2 -y o
@
X,
w=QT
SR KRR LR RN
0
Liren
2
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Reconstruction of Bandlimited Signals

a Nyquist Sampling Theorem: Suppose x(t) is
bandlimited. ILe.

X () =0V [Q >0y
o If Q >2Q, then x (t) can be uniquely determined
from its samples x[n]=x (nT)

0 Bandlimitedness is the key to uniqueness

Mulitiple signals go through
the samples, but only one is
bandlimited within our
sampling band

Penn ESE 531 Spring 2017 - Khanna 40

"0y ay a 20, 0, -0y N o 20, 30, o
(@) (€, -0
X
w=QT /\
%»r=n
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¢ Aliasing Example
= z;[n] = cos (%n)
‘ny('\“"u‘"u/ NEENEEEERVARN
aafl LA A [ I Il I H H
u‘\‘/’ ‘)“‘\““\“‘ w\‘“\‘“\“\ ‘W“M“\Q‘
. INHIVIIT V INUITIIH ‘ IN
. HWH‘ \H\ H I ‘,‘/“‘.
M”‘\\\\“w ““‘1\@‘;““ DAL
=TT !/Hw AR /‘H‘ 1A
- TN ‘\/“ I \‘\\“ ‘\ ‘\H\‘ |
- "‘MH‘H“\‘;} A
<al \ | | | I
LD EINDA TN
s -10 -5 0 5 10 15
n
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¢ Reconstruction in Frequency Domain
onvert
l[n] to impulse Ts (t) H, (] Q) .’Er(t)
2.0)
( — (1)
t T
X,G0) a2,
Il Il
Co, oy VAN a X,
©,-0) 1
H,(0) —) t\
ET% =022,y r o 2
~a, a, a
Penn ESE 531 Spring 2017 - Khanna 4

Reconstruction in Time Domain

eelsieeels

z,(t) = zs(t) ¥ hr(t) = (Z z[n)o(t — nT)) * he(t)

n

= > a[nh.(t— nT)

T
The sum of “sincs”
gives x.(t) = unique
signal that is
bandlimited by
sampling bandwidth
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Anti-Aliasing Filter

Penn ESE 531 Spring 2017 - Khanna

ADC AD
o) () | [ el = ety [
Filter HLPUQ)J Lt =nT J
Xc(iQ)  and O, < 20y X.(9)
1 2
N Ve S .
e n* ‘ ‘ ‘ W oQ, [
X.(jQ)Hrp(jQ ;
() HLp (1) Q, <20y 1 X,(59)
4‘:5 _> il an

seseees

Discrete-Time Processing of Continuous Time

I < o 2xk
X(e™)== S x |j|2_ZT%
() T > X, J(T T )

o If x (t) is bandlimited by @ ./T=7 /T, then,

YU L on | HE)

0 else

ke

loj<e /T

o=

Penn ESE 531 Spring 2017 - Khanna

z x[n] y[n] ‘

O ¢ } [H(eiw)} [ D/C I ()
f f
T T

X sin[z(t-nT)/T]
y’(t)_zwy[n] w(t-nT)/T

Impulse Invariance

eelsieeels

o With H_(j Q) bandlimited, choose
H(e™)=H (jo/T), |w| <7

0 With the further requirement that T be chosen such
that

H_(jQ)=0, |Q|zn/T

h[n

Th (nT)

Penn ESE 531 Spring 2017 - Khanna

DT and CT processing

& Penn

seseees

Impulse Invariance

o Want to implement continuous-time system in
discrete-time

Continuous-time
e LTI system
x(1) he(8), H(j) ye(t)

1
|
i
1 Discrete-time ]
0 C/D LTI system b/C
X x[n] | h[n)H(e®) | y[n] 1yl =ye(0)
! 1
]
|
i

Heg(JV) = H(j)

Penn ESE 531 Spring 2017 - Khanna 46

eelsieeels

Continuous-Time Processing of Discrete-Time

0 Useful to interpret DT systems with no simple
interpretation in discrete time

x|n Z(t e(t v
1
T

f
T

LTI - has H(ei)!

()= i x[n]sin[fr(t—nT)/T]

=, x(t-nT)/T
< sin[zw(t-nT)/T]
f) = [y e A e A |
Y. ’Igmy[ ] 7x(t-nT)/T
Penn ESE 531 Spring 2017 - Khanna
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Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H(ejw) — e—ij

Let: H.(jQ) = e 7T delay of AT in time

z[n]

ANYAREY,

C.T recon delay AT sampling

Penn ESE 531 Spring 2017 - Khanna 49
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Example: Non-integer Delay

a My delay system has an impulse response of a sinc
with a continuous time delay

h[n] = sinc(n — A)

Penn ESE 531 Spring 2017 - Khanna 50

Rate Sampling

&Penn
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Downsampling

seseees

0 Definition: Reducing the sampling rate by an
integer number

of] —{ ¥M )
C

z4[n] = z[nM)|

Example
] M1
; i(w _2m;
Xa(€™) = 57 ; X (9= 40)

AN A

o ! g Scale by M=2
Shift by (i=1)"2r/(M=2)

Penn ESE 531 Spring 2017 - Khanna 53

= z.(nT) = z.(n MJ;)
T
Penn ESE 531 Spring 2017 - Khanna 52
¢ Example
1 M-1
. w2
Xa(e') = — X (eJ(M M”)
M 4
=0
%\
- \ s
27T pM=3 4T 671
XdL(?é(A(VL
- | g Scale by M=3
Shift by (i=1)*2r/(V=3)
Sl b oo
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Example

2ln (LPF ) (
l—_w/nt J i M ] aln] = EnM]

AW

M=3

Penn ESE 531 Spring 2017 - Khanna

55

Upsampling

oelsiese’s

a Definition: Increasing the sampling rate by an
integer number
x[n]=x,(nT)
x[n]=x (nT") where T' = % L integer

Obtain z;(n] from z|n| in two steps:

z[n/L] n=0, £L, £2L,---
0

(1) Generate: z.[n]= { otherwise

Penn ESE 531 Spring 2017 - Khanna
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Upsampling

(2) Obtain x;[n| from z.[n| by bandlimited interpolation:

z[0] - sinc (%) l’e[n]
V\_/| n
x,[n] = zc[n] * sinc (7)
zi[n]

Penn ESE 531 Spring 2017 - Khanna
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Example

Xe(49)

PN

~ sampling T . sampling T'=T/L
X(ed¥) X;(e™)
T
- ‘ m ™
expanding L }"
\:‘e(e") v

Penn ESE 531 Spring 2017 - Khanna
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Non-integer Sampling

o T’=TM/L
= Upsample by L, then downsample by M
interpolator decimator

o HE N o )

Or,
z[n]H 1L [gaiﬁ{];ff,w/M} H M ]‘F

Penn ESE 531 Spring 2017 - Khanna
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Interchanging Operations

Lk Lk e

“expander” “compressor”
Upsampling
-expanding in time
-compressing in frequency

Downsampling
-compressing in time
-expanding in frequency

Penn ESE 531 Spring 2017 - Khanna
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Interchanging Operations - Summary

Filter and expander

x[n] y[n] z n]—» 1L H(z y[n]
e R ¥ e

Compressor and filter  Expanded filter* and compressor

Expander and expanded filter*

*Expanded filter = expanded impulse response, compressed freq response

Penn ESE 531 Spring 2017 - Khanna 61
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Polyphase Decomposition

M-1

H(z) = Y Ep(z")z7*

k=0

Penn ESE 531 Spring 2017 - Khanna 62
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Polyphase Implementation of Decimator

interpolator decimator

mﬁ Hﬂ%%Hm%

Penn ESE 531 Spring 2017 - Khanna 63
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Polyphase Implementation of Interpolation

interpolator decimator

ﬁw Hﬂ%%Hm%

Penn ESE 531 Spring 2017 - Khanna 64

Multi-Rate Filter Banks

eelsieeels

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hg[n] is low-pass, h,[n] is high-pass
= Often h,[n]=e/""h[n] € shift freq resp by 7T

Penn ESE 531 Spring 2017 - Khanna 65

Perfect Reconstruction non-Ideal Filters

eelsieeels

Y(Ee®) = %[Go(E’“)Ho(E’“HGl(e]“”)Hl(e”)}X(Ej”)

+% {Gu(ﬁ“)Hu(c](’“”")) + GL(EfW)Hl(eJW*“))} X(“™m)

T aliasing
need to cancel!

Penn ESE 531 Spring 2017 - Khanna 66

11



Quadrature Mirror Filters

oelsiese’s

analysis

Hy(e7) = Ho(e/@™™)
Go(e?) = 2Hy(e')
Gi(e?%) = —2H (%)

Data Converters

& Penn

Penn ESE 531 Spring 2017 - Khanna
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¢ Oversampled ADC
.
Xe(F)Ip(i9)
. 1 . interference
3 [::::::::::& RS noise.
bk i el oot "y
—Qn Qn
Qs/2 ADC AD
g;c(t) Sharp Analoq ( co W];[n] = q;c(nT)
———>| Anti-Aliasing T Quantizer
Filter HLP(]Q)J L J
Oversampled ADC A/D
arp Digital
z.(t) Simple Analog cio Anti-aliasing i
Anti-Aliasing r=tom filter M Quantizer
Filter - M(QN) i
Penn ESE 531 Spring 2017 - Khanna 69
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Sampling and Quantization

for 2’s complement with B+1 bits -1 < 2z[n] <1
22Xy X

T 9B+1 ~ 9B

Z[n] = Xmign]

2Xm

Penn ESE 531 Spring 2017 - Khanna 70

Quantization Error

eelsieeels

0 Model quantization error as noise

z[n] - Z[n] = z[n] + e[n]

e [n]T

0 In that case:
—A/2<e[n] < A/2

(=X — A)2) < 1] < (Xpn — A/2)

Penn ESE 531 Spring 2017 - Khanna

Signal-to-Quantization-Noise Ratio

eelsieeels

0 Assuming full-scale sinusoidal input, we have

2
1 [ZBAJ
P, 2| 2
SQNR =29 = 57— =15x2% =6.02B+1.76 dB
thome AT
12
B (Number of Bits) SQNR
8 50dB
12 74dB
16 98dB
20 122dB
Penn ESE 531 Spring 2017 - Khanna 72




Quantization Noise with Oversampling

zcw w[n] ‘J,r\i[m = z[n] +eln]
‘ .id["] =

- E[”]T z4n] + eqln]
QvM

oelsiese’s

X))

Qn

Xn
LE

SNRq = 6.02B + 10.8 — 20log,, (

Penn ESE 531 Spring 2017 - Khanna 73

Practical DAC

D.T - | o CcT . T
sinc pulse ) —n
z[n] = z(t)|t=n7’ generator z,(t) = Z z[n]sinc ( 7 >

0 Scaled train of sinc pulses

oelsiese’s

o Difficult to generate sinc = Too long!

Penn ESE 531 Spring 2017 - Khanna 74

Practical DAC

seseees

C.T analog processing

BT Interp. Filter Recon. Filter
aln] = 2(O)le=n1™| hy(t) e Hof Q) \ It} SIT4Q) z,(t)

=Y alnlho(t - nT)

a hy(t) is finite length pulse = easy to implement

a For example: zero-order hold

seseees

Practical DAC

Zero-Order-Hold interpolation

zo(t)
——t_
0 T 2T 3T 4T 5T
wo(t) = Y @ln]ho(t —nT) = ho(t)  s(t)
Taking a FT: ) ) ]
X)) = Ho(i)Xs(R)
P )
= H(7 Y. X([Q-k%)
k=—o00
Penn ESE 531 Spring 2017 - Khanna 76

! ; Q
Hy(§9Q) = Te_m%sinc(—)
(25
T
Penn ESE 531 Spring 2017 - Khanna 75
: Noise Shaping
Ideal Digital

Lowpass Filter

>

A T2
Frequency

Noise Shaping Function

o Idea: "Somehow" build an ADC that has most of its
quantization noise at high frequencies

o Key: Feedback

Penn ESE 531 Spring 2017 - Khanna 77

Frequency Response of Systems

& Penn

Penn ESE 531 Spring 2017 - Khanna
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Frequency Response of LTI System

Y(e”") - H(e"”)X(e”")

o We can define a magnitude response
(e ()

0 And a phase response

LY(e"”) = LH(e"")+LX(e”")

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 79
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Group Delay

a General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H ()] = L {arglH(c)]}

arg[H(¢*)]

Penn ESE 531 Spring 2017 — Khanna
© - slope

Adapted from M. Lustig, EECS Berkeley 80
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LTI System

N M
Zaky[n — k= Z brx[n — k|
k=0 k=0

Stable and causal
Example: ¥[n] =[] +0.1y[n —1] | i o) poles inside
unit circle

H) = botbizTt 4. Abyz ™ bo [Tat (1 — k2
ag+az 4. +anz N ao [V (1 —dgzt)
0 Transfer function is not unique without ROC
= If diff. eq represents LTI and causal system, ROC is
region outside all singularities
= If diff. eq represents L'TT and stable system, ROC
includes unit circle in z-plane
Penn ESE 531 Spring 2017 - Khanna 81

seseees

General All-Pass Filter

a d,=real pole, e,.=complex poles paited w/
conjugate, e,”

g M @ - )
—diz7t (= ez Hd —efz7h

M,
Hap(z) = AE 1

Penn ESE 531 Spring 2017 - Khanna 82

Minimum-Phase Systems

eelsieeels

0 Definition: A stable and causal system H(2) (i.c.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

» All poles and zeros inside unit circle
H(2) 1/H(@)
x [e]
x [e]
Penn ESE 531 Spring 2017 - Khanna 83

Min-Phase Decomposition Purpose

eelsieeels

0 Have some distortion that we want to compensate

for: G(z)
[ 1
: Distorting Compensating| |
~———t>|  system f—]  system ]
st || Ha@ sl Hax) | | sl
1 I
S J

o If Hy(z) is min phase, easy:
= H (2)=1/Hy(z) € also stable and causal

0 Else, decompose Hy(2)=H, ,,(2) Hy,,(2)
= H(2)=1/Hy,i.(2) eHd(Z)Hc(Z):Hd,ap(Z)

= Compensate for magnitude distortion

d,min

Penn ESE 531 Spring 2017 - Khanna 84
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Generalized Linear Phase

0 An LTI system has generalized linear phase if
frequency response H(e’”) can be expressed as:

[H(") = A(@)e ™7, |a|<z |

0 Where A(W) is a real function.

0 What is the group delay?

Penn ESE 531 Spring 2017 - Khanna 85

FIR GLP: Type I and 11

oelsiese’s

| Center of A (€”")
" symmetry

| Center of

[+ symmetry

TIHLT "

0 M=5 n zﬂ_g

IS

Penn ESE 531 Spring 2017 - Khanna
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FIR GLP: Type Il and IV

Center of

ll p”’kymnmlw

M=2

P -

Center of

19 e symmetry
|
IM=1

3

011 n
K]

Penn ESE 531 Spring 2017 - Khanna 87
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Zeros of GLP System

o FIR GLP System Function
M
H@) =Y hinlz™"
n=0

Real system — zeros occur in conjugate-reciprocal groups of 4
1 -—rejezul)(l — re_jez_l)(l — r“lej'gz_l)(l - r_le_joz_])
o If zero is on unit circle (r=1)
(1—ePz7 (1 —e 27,
o If zero is real and not on unit circle (6 =0)
A +rzHa £ 127N,

Penn ESE 531 Spring 2017 - Khanna
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FIR Filter Design

& Penn

FIR Design by Windowing

eelsieeels

0 Given desired frequency response, Hy(c/?) , find an
impulse response

1 [ o
— Jwy jwn
hg[n] oy /_7r Hy(e?*)e'* dw "
ideal

0 Obtain the M™ order causal FIR filter by
truncating/windowing it

= { e 022

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley
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FIR Design by Windowing

pass-baw ‘ H ( 6j w ) |

transition width

stop-band ripple
/

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 91

Tapered Windows

Name(s) Definition 'MATLAB Command Graph (M=8)
et e
i
Hivcod = || emsa o
Hann win]= 12| M2 ‘hann (441) 3%
o ol>M/2 o4
[
X - os
Homsing | ol ;[‘*“[M,q..]] [l e———t—
0 In>M/2 o4
gy e
054+ 046008 - n<M/2 o
Hamming | wpl= {54 OO 57z ) M2 | gy |
0 > /2 o4

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Tradeoff — Ripple vs. Transition Width

M=t6 Met6

Characterization of Filter Shape

Time-Bandwidth Product, a unitless measure
T(BW) = (M+1)w/2n = also, total # of zero crossings

JAWAN

TBW=2 TBW=4 TBW=8 TBW=12
Larger TBW = More of the “sinc” function

hence, frequency response looks more like a rect function

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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== o o
= e L i = T
| Ly
«
o i 5
o}
e u-te
1 = e
o N
. WA
|l
0
«
o TR I
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 93
: Optimality
Jw
H d (e )
‘
wp ws T

0 Least Squares:

minimize / \H(e]w) — Hd(eju)Pdw
wEcare

a Variation: Weighted Least Squares:

us
minimize W (w)|H(e?*) — Ha(e?*)|2dw
-
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 95

Least-Squares Linear Phase Filter

Hy(e?)

wp Ws ™

Given M, wp, ws find the best LS filter:

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Least-Squares

oelsiese’s

argmin; ||Ah — b]|?
Solution:

h=(A*A)"'A*b

0 Result will generally be non-symmetric and complex
valued.

o However, if (ej“’) is real, h[n] should have
symmetry!

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 97

Min-Max Ripple Design

oelsiese’s

0 Recall, H(e*) is symmetric and real

o Given W, w,, M, find 6,}]+ 11+%

g

minimize d \ 6\
Y%

Subject to :
1-6<H@E*) <146 0<wp<wp
S< H(@) <5
>0

o Formulation is a linear program with solution &, hy

a A well studied class of problems

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

98

IIR Filter Design

& Penn

seseees

IIR Filter Design

o Transform continuous-time filter into a discrete-
time filter meeting specs

= Pick suitable transformation from s (Laplace variable) to
(or tto n)

= Pick suitable analog H (s) allowing specs to be met,
transform to H()

a We’ve seen this before. .. impulse invariance

Penn ESE 531 Spring 2017 - Khanna
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Bilinear Transformation

eelsieeels

0 The technique uses an algebraic transformation
between the variables s and z that maps the entire
j Q2 -axis in the s-plane to one revolution of the unit
circle in the z-plane.

Penn ESE 531 Spring 2017 - Khanna 101

Transformation of DT Filters

eelsieeels

: Analog !
1 Lowpass 1
oo N
A . |
e Z7=G(z7) Digital Lowpass,
- (@) Bandpass, Highpass,
Digital Lowpass |  pyapsformation etc.

0 Map Z-plane=>z-plane with transformation G
H@) = Hlp(z)|241:c(r')

Penn ESE 531 Spring 2017 - Khanna
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General Transformations

TABLE7.1  TRANSFORMATIONS FROM A LOWPASS DIGITAL FILTER PROTOTYPE
OF CUTOFF FREQUENCY 6y TO HIGHPASS, BANDPASS, AND BANDSTOP FILTERS

Filer Type. Transformations Associated Design Formulas

Lowpass 2z
= desired cutoff frequency
1o e a5
Highpass L5 (i

wp = desired cutoff frequency

Bundpass 7 5 1) un (%)
3 7
[

ired upper cutoff frequency

: o (T
Bandsiop  Z 2 0n) ("1)
2
ed lower cutoff frequéncy
ired upper cutoff frequency

Penn ESE 531 Spring 2017 - Khanna
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Least-Mean-Square (LMS) Algorithm

0 The LMS Algorithm consists of two basic processes
= Filtering process
= Calculate the output of FIR filter by convolving input and taps

= Calculate estimation error by comparing the output to desired
signal

u(n) W(n — 1u(n)

— ﬁ Transversal filter Output
win—1)

Adaptive Filters

oelsiese’s

o An adaptive filter is an adjustable filter that

processes in time
d[n]
x[n] Adaptive | vl - R

Filter €/
T e[n]=d[n]-yln]

Update
Coefficients

= It adapts...

Penn ESE 531 Spring 2017 - Khanna 104

Discrete Fourier Transform

N Adapive f:;;’)l +
4 mechanism _O_
Desired
@ d(n)
105
¢ Discrete Fourier Transform
o The DFT
;N
zn] = — Z X[k]WxF™  Inverse DFT, synthesis
N
k=0
N-1
X[k = z[n]Wkn DFT, analysis
n=0
o It is understood that,
zln] = 0 outside0<n<N-1
X[k] = 0 outside0<k<N-1
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 107
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DFT vs DTFT

eelsieeels

o Back to example

X[k

4
> Wi
n=0

_ itk sin(Zk)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 108
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Circular Convolution

oelsiese’s

o For x;[n] and x,[n] with length N

z1[n] @ x2[n] <> X1[k] - Xa[k]

= Very usefulll (for linear convolutions with DFT)

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 109

Linear Convolution via Circular Convolution

oelsiese’s

a Zero-pad x[n] by P-1 zeros

[z 0<n<L-1
zplll =0 L<n<L+P_2

a Zero-pad h[n] by L-1 zeros

A [ hp] 0<n<P-1
=)0 P<n<LiP-2

a Now, both sequences are length M=L+P-1

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 110

Block Convolution

seseees

Example:

h[n] Impulse response, Length P=6

(TPTTT

x[n] Input Signal, Length P=33 y[n] Output Signal, Length P=38

. WT?WJ?MA‘LLM‘L?TTTTTTQT . ﬁ it °“’*"’MJ,,],1J}§TTWT

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 111

Example of Overlap-Add L+P-1=16

T, o Yol]
TerelTor, S = o

xi[n] s Y4[n]
7"%&1{3* = TR

it . e

{ﬁkﬁﬁ% = o aﬂﬂﬁ%ﬁhﬁ

X[n] = Xo[n]+x1[n]+x2[n]

yIn] = yo[n]+y1[n]+yz[n]
© oo T T,

yjzﬁl J\Mﬁlﬂfﬂﬁi& ngﬂmm

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 12

Example of Overlap-Save

eelsieeels

LAP-1=16 e e e P-1=5
i I | Overlap
= w*a—“?]iﬁ; L samples

Penn ESE 531 Spring 2017 — Khanna

Adapted from M. Lustig, EECS Berkeley 113

FFT
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Decimation-in-Time FFT

oelsiese’s

Combining all these stages, the diagram for the 8 sample DFT is:

0] o—— X1
4] o—— xi1]
-1 WN/ZO
2] X2l
FN
w,
(6] > /\ >0< X1
o B—

w,
] mo— > N Xt
i = ?
3] o—— S = -~ X6l
SZ W' A Wy
7

x[7]
-7 1 -1

+ 3=log,(N)=log,(8) stages
» 4=N/2=8/2 multiplications in each stage

Penn ESE 531 Spring 2017 - Khanna «+ 1st stage has trivial multiplication
Adapted from M. Lustig, EECS Berkeley

Decimation-in-Frequency FFT

oelsiese’s

The diagram for and 8-point decimation-in-frequency DFT is as

follows
(0] X1
1
1] s X[4]
x2] X12]
. i
) LN\ e 61
w0 1 -1
x[4] 1 7 W X[1]
% Wy
5
5] o s R X[5]
x[6] XB3]
-1 3 g 15{
Wy W,
el - N o X
Z 9 C

This is just the decimation-in-time algorithm reversed!
The inputs are in normal order, and the outputs are bit reversed.

Penn ESE 531 Spring 2017 — Khanna

Big Ideas
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0 Fast Fourier Transform
Enable computation of an N-point DFT (or DFT"!) with
the order of just N - log, N complex multiplications.

Most FFT algorithms decompose the computation of a DFT into
successively smaller DFT computations.

= Decimation-in-time algorithms

= Decimation-in-frequency

Historically, power-of-2 DFT's had highest efficiency

Modern computing has led to non-power-of-2 FFTs with
high efficiency

Sparsity leads to reduce computation on order K - logN

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley

117

Big Ideas

eelsieeels

o Discrete Fourier Transform (DFT)
= For finite signals assumed to be zero outside of defined length
= N-point DFT is sampled DTFT at N points
= Useful properties allow easier linear convolution
o Fast Convolution Methods
= Use circular convolution (i.e DFT) to perform fast linear convolution
= Overlap-Add, Overlap-Save
= Circular convolution is linear convolution with aliasing
0 Fast Fourier Transform
= Enable computation of an N-point DFT (or DFT"!) with the order

of just N -log, N complex multiplications.

0 Design DSP methods to minimize computations!

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Adapted from M. Lustig, EECS Berkeley 116
¢ Circular Conv. as Linear Conv. w/ Aliasing
00
x3n—rN], 0<n<N-1,
x3pln] = rgoc
0, otherwise,
a Therefore
x3p[n] =x,[n]® x,[n]
a The N-point circular convolution is the sum of
linear convolutions shifted in time by N
Penn ESE 531 Spring 2017 - Khanna 118
¢ Compressive Sensing/Sampling
0 Standard approach
= First collect, then compress
= Throw away unnecessary data
1001101001101
0100110100010
0010101101010
1010110110110
10100111111
101000110100
1101011
Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley 120
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Compressive Sampling

0 Sample at lower than the Nyquist rate and still
accurately recover the signal, and in some cases
exactly recover

Undersampled in frequency

UndersampIEd in time (reconstructed in time with IFFT)

L) ECR ] o [ 0 @ &

£
Time ()

Requires sparsity and incoherent sampling

£
Time ()

121

Final Exam

oelsiese’s

o Final -5/3
= Location TBD
= Starts at exactly 3:00pm, ends at exactly 5:00pm (120 minutes)
= Closed book
= Cumulative — covers entire course
= Except data converters, noise shaping, compressive sampling
= Data/Equation sheet provided by me

= Similar to midterm sheet and old final sheet

8.5x11 cheat sheet allowed

= Review session by Shlesh on 5/2, time TBD
= Old exams posted

= Calculators allowed, no smart phones

0 Keep an eye on Piazza for office hour additions

Penn ESE 570 Spring 2017 — Khanna
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