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Inverse z-Transform

& Penn
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Lecture Outline

oelsiese’s

o z-Transform

= Tie up loose ends

= Regions of convergence properties
o Inverse z-transform

= Inspection

= Partial fraction

= Power series expansion

a z-transform of difference equations
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z-Transform

&Penn
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z-Transform

seseees

0 Define the forward z-transform of x[n] as

0 The core “basis functions” of the z-transform are the
complex exponentials z” with arbitrary z € C; these are the
eigenfunctions of LTI systems for infinite-length signals

o Notation abuse alert: We use X(®) to represent both the
DTFT X(w) and the z-transform X(z); they are, in fact,
intimately related

Xprrr(W) = Xa(2)l,mpe = Xu(€*)

Penn ESE 531 Spring 2017 - Khanna 4

Transfer Function of LTI System

eelsieeels

0 We can use the z-Transform to characterize an LTI

system
A

yln] = zfn]xhln] = > hfn—m]zm]

m=—o0

0 and relate the z-transforms of the input and output

0

X(2) = Z zln]z™", H(z)= Z hln]z™"

Y(2) = X(2)H(2)

Penn ESE 531 Spring 2017 - Khanna 5

Region of Convergence (ROC)

#&Penn,

Penn ESE 531 Spring 2017 - Khanna




Region of Convergence (ROC)

oelsiese’s

Given a time signal z(n], the region of convergence (ROC) of its z-transform
X (z) is the set of z € C such that X(z) converges, that is, the set of z € C such
that z[n] 2~ is absolutely summable

DEFINITION

o
E:\ﬂﬂz’ﬂ < o0
=
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Properties of ROC

oelsiese’s

a For right-sided sequences: ROC extends outward
from the outermost pole to infinity
= BExamples 1,2

a For left-sided: inwards from inner most pole to zero
= Example 3

a For two-sided, ROC is a ring - or do not exist
= Examples 4,5
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Properties of ROC

seseees

o For finite duration sequences, ROC is the entire z-
plane, except possibly z=0, z=©
= Example 6

X(2) =1+2"'+272 ROC excludes z =0

X(2)=1+2'+22 ROC excludes z = co
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E zn]z™"

n=—occ

Revisit: ROC Example 6 X(@) =

seseees

o What is the z-transform of x[n]? ROC?
x,[n]=a"ulnJu[-n+M 1]

finite length sequence
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i zn)z™"

Revisit: ROC Example 6 X@) =

eelsieeels

o What is the z-transform of x;[n]? ROC?

x,[n]=a"ulnJu[-n+M -1]

1-a"z
X(2)= —— Zero cancels pole
M-l 27k,
—H(l—ae] Alz'l)
k=1
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Revisit: ROC Example 6 X@) =

eelsieeels

o What is the z-transform of x,[n]? ROC?

x,[n]=a"ulnJu[-n+M

1-a"z7M
Xi(2)= =
l-az
M-1 ok M=100
Zero cancels pole =H(1—ae’ Alz“)
k=1
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oelsiese’s

Formal Properties of the ROC

o PROPERTY 1:

= The ROC will either be of the form 0 < ry < |z|,0r |z| <r <,
or, in general the annulus, i.e., 0 < 7, < |z| <7 <00,

o PROPERTY 2:

= The Fourier transform of x[n] converges absolutely if and only if the
ROC of the z-transform of x[n] includes the unit circle.

o PROPERTY 3:

= The ROC cannot contain any poles.

o PROPERTY 4:
w Ifx[n] is a finite-duration sequence, i.e.
a finite interval -0 <N, <n <N,
plane, except possibly z = 0 or z =

Penn ESE 531 Spring 2017 - Khanna

, a sequence that is zero except in

< o0, then the ROC is the entire z-
0,

oelsiese’s

Formal Properties of the ROC

o PROPERTY 5:

= If x[n] is a right-sided sequence, the ROC extends outward from the
ontermost finite pole in X(z) to (and possibly including) z = .

o PROPERTY 6:

w Ifx[n] is a lefi-sided sequence, the ROC extends inward from the
innermost nonzero pole in X(z) to (and possibly including) z=0.

a PROPERTY 7:

= A two-sided sequence is an infinite-duration sequence that is neither
right sided nor left sided. If x[n] is a two-sided sequence, the ROC
will consist of a ring in the z-plane, bounded on the interior and
exterior by a pole and, consistent with Property 3, not containing any

poles.
o PROPERTY 8:

= The ROC must be a connected region.

Penn ESE 531 Spring 2017 - Khanna

seseees

Example: ROC from Pole-Zero Plot

o How many possible ROCs?

m z-plane
Unit circle _
\ -7 AN
, N
’ A
! AY
! \
1 1
\ a blc Re
A ’
N ’
\\\ —/,

seseees

Example: ROC from Pole-Zero Plot

ROC 1: right-sided

Unit circle

Penn ESE 531 Spring 2017 - Khanna
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¢ Example: ROC from Pole-Zero Plot
ROC 2: left-sided
m z-plane
Unit circle -
\ e SS N
I/ \\
C A L
! b!'c Re
SN
Ay ’
. .
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eelsieeels

Example: ROC from Pole-Zero Plot

ROC 3: two-sided

Unit circle
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oelsiese’s

Example: ROC from Pole-Zero Plot

ROC 4: two-sided

m z-plane

Unit circle
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seseees

Example: Pole-Zero Plot

o H(z) for an LTI System
= How many possible ROCs?

» What if system is stable?

Penn ESE 531 Spring 2017 - Khanna

m z-plane
Unit circle
e - =~ ~
N - N
4 A
! AY
! \
1 oD 1
2 ! 12 ) Re
A ’
A .
s ~ - P e

21
¢ Example: Pole-Zero Plot
0 H(z) for an LTI System
= How many possible ROCs?
» What if system is causal?
m z-plane
Unit circle -
\ e ‘\
4 A
! AY
! \
1 1
2 | & 12 ' Re
Ay 7
\\ /’
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oelsiese’s

Example: Pole-Zero Plot

o H(z) for an LTI System

= How many possible ROCs?

m z-plane
Unit circle e
e -7 =~ ~
\ . N
4 A
! AY
! \
1 $ 1
-2 \ y2 )} Re
A ’
A .
s ~ - P ‘
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. . ..
: BIBO Stability Revisited
o
o
jow - jok
H(e)= "y, hkle™
B An LTI system is bounded-input bounded-output =—x
] input = always produces 2 bounded output y
8 bounded z bounded y
= Bounded input and output means ||| < 00 and ||y||ec < o0
h 4
u Fact: An LTI system with impulse response  is BIBO stable if and only if
Ibl = 3 Al < o
Penn ESE 531 Spring 2017 - Khanna 2

Inverse z-Transform

#&Penn




Inverse z-Transform

oelsiese’s

m Recall the inverse DTFT . dw
_ jun O
z[n] /,7, X(w)e -

m There exists a similar formula for the inverse z-transform via a contour integral in the complex

z-plane
dz
oln] = fc X 52

m Evaluation of such integrals is fun, but beyond the scope of this course
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Inverse z-Transform

oelsiese’s

a Ways to avoid it:
= Inspection (known transforms)
= Properties of the z-transform
= Partial fraction expansion

= Power series expansion
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Inspection

seseees

TABLE3.1 SOME COMMON Z-TRANSFORM PAIRS

Sequence “Transform ROC

1 8im) 1 Az

2. uln) el > 1

3. —ul-n -1 el <1

4. 80n=m) All 2 except 0 ifm > 0) or oo (ifm < 0)
5. a"uln) 12l > lal

6. —a"ul-n~1) 2l < lal

7. na"ufn) Izl > lal

8. —na"ul-n—11 2l < lal

9. cos(ennuln] 12>

0. sin(enmuln)

1. 7" cos(womulnl

12. 7" sin(eyn)uln]

@' 0<n<N-1,

L) 0. otherwise
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seseees

Properties of z-Transform

0 Linearity:
ax [n]+bx,[n] <> aX,(z)+bX,(2)
0 Time shifting:
x[n]<> X(z)

x[n-n,]<z"X(z)

0 Multiplication by exponential sequence
x[n] < X(2)

z
n
zgx[n]<= X =
0
Penn ESE 531 Spring 2017 - Khanna
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Properties of z-Transform

eelsieeels

o Time Reversal:
x[n]< X(2)
x[-n]<> X(z™")
o Differentiation of transform:
x[n]< X(2)
dX(z)
Cdz

nx[n]< -z

o Convolution in Time:
yln]=x[n]+h[n]
Y(z2)=X(2)H(z2)

Penn ESE 531 Spring 2017 - Khanna 29

ROC, at least ROC, AROCy

Partial Fraction Expansion

eelsieeels

o Let

M M
Ebkz”‘ zM Ebkz‘w”‘

X(z)=kt =0

M=

ks

i
L

a M zeros and N poles at nonzero locations

Penn ESE 531 Spring 2017 - Khanna
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Partial Fraction Expansion

oelsiese’s

M

M
-k N M-k
SR
k=0
#Sa

X(z)=42 =
Sa
k=0 k=0
o Factored numerator/denominator

H(l 4 z'l)

X(Z) 1) k 1

H(l dz")

Penn ESE 531 Spring 2017 - Khanna
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seseees

Example: 2"*Otrder z-Transform

o 2M-order = two poles

X ROC={z: %<\z\}

T

Partial Fraction Expansion

oelsiese’s

a If M<N and the poles are 1 order

H(I 4 z‘l) N
=

X(z)= 0“ -

]_[(1 dz")

A,
11— dz

0 where

4 =(1- dszl)X(z)Ld
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¢ Example: 2°¢Order z-Transform
o 2M-order = two poles
1 1
X()=——————, ROC=1z: —<[|
1 1 2
1-—z7 ||[1-=z
4 2
A
X(z)= 22
1 —lz_] 1- lz'1
4 2
34
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¢ Example: 2°¢Order z-Transform
a 27order = two poles - (l—dkz’l)X(z)‘
z=d,
A A
X(2)= 2
l—lz'1 l—lz_1
4 2
A=( L NHX(2) (1_l24) 1
-ty - -
I 4 2al/4 lz")(l 1 "
lz=1/4
(1—*2’1)
A2=(1—%z’1)X(z) 2 -2
P - -1 - -1
-
35

Penn ESE 531 Spring 2017 - Khanna

eelsieeels

Example: 2"*Order z-Transform

o 2rd-order = two poles Rngt sided

X(z)=—+

#, ROC={z: 1<‘Z‘}
l—lz’1 l—lz_l 2
4 2

5. a"ufn) lz] > |a|
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oelsiese’s

Partial Fraction Expansion

o If M2N and the poles are 1% order

X(2)= Bz "+ k
purd “Hl-d .z

0 Where B, is found by long division
_ _ -1
A4 =(1-dz )X(z)Ldk

Penn ESE 531 Spring 2017 - Khanna

oelsiese’s

Example: Partial Fractions

o M=N=2 and poles are first order
-1, -2

X(z)= 1+2z +1z )

-2z =27

2

2
A+z7)?

(1-3=")1-2")

ROC={Z: 1<‘Z‘}

seseees

Example: Partial Fractions

0 M=N=2 and poles are first order

-1, 2
X(2)= 1+2z +1z .
-2z 4=z
2 2

ROC={z: 1<‘z‘}

(1+z7?

(1-32")1-2")

X(2)=B,+ 4 +

Penn ESE 531 Spring 2017 - Khanna

Example: Partial Fractions

eelsieeels

0 M=N=2 and poles are first order

X(z)=B, + L+ 4 s ROC={z: 1<‘z‘}
0 [ 1-z7"
1 3 2
—z2 -2 )27 227 41
2 2 5 .,
z7=3z" 42
- 5271
X(z)=2+ 1—1+52
(1-370-2")

Penn ESE 531 Spring 2017 - Khanna
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¢ Example: Partial Fractions
0 M=N=2 and poles are first order
A A
= 1 = .
X(2)= By — —hn ROC—{z. l<‘z‘}
1-=z
2
1 3 2
—z =2z 1)z 4227 41
2 -2 -1
z7 =327 42
527 -1
Penn ESE 531 Spring 2017 - Khanna 40
¢ Example: Partial Fractions
0 M=N=2 and poles are first order
X@=2-——+ 2 poCc={z:1<[])
1 4 1=z
1-—z
2
LY
x[n]=26[n]-9 5 u[n]+8u[n]
Penn ESE 531 Spring 2017 - Khanna 42




Power Series Expansion

oelsiese’s

0 Expansion of the z-transform definition

X(z)= i x[n]z™"

n=—00

=t x[-2]22 + X[~ 1z + x[0]+ x[1]z7" + x[2]z 72 + -
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¢ Example: Finite-Length Sequence
o Poles and zeros?
2 1 -1 -1 -1
X(z2)=z 1—52 (I+z7)(-z7)
—z 1+ z~
X(z)= Ex[n " \ \
o x[=2]2% + x[=1]z+ x[0]+ x[1]z”" + x[2]z 7% +-
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¢ Example: Finite-Length Sequence
a Poles and zeros?
2 1 . -1 -1
X(z)=z I—EZ (I+z7H)(-z7)
=zz—lz—l+lz"
2 2
s n=-2
-1/2, n=-1
x[n]=y -1, n=0 =5[71+2]7%5[n+1]75[n]+%6[n71]
1/2, n=1
else
o

Penn ESE 531 Spring 2017 - Khanna

oelsiese’s

Example: Finite-Length Sequence

a Poles and zeros?

X(z)= 22(1—%[‘)(1”*‘)(1—2*‘)

=z’ —lz—1+lz’l
2

2
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¢ Example: Finite-Length Sequence
a Poles and zeros?
X(z)=2* (1 —%z’l)(l +z7 -z
N n=-2
Lot z -1/2, n=-1
=4 -1, n=0
d 1/2, n=1
X(2)= 2 x[nlf™ 0. el
- x[-2]2° + x[-1]z + x[0]+ x[1]z"" + x[2]z 7> +-
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¢ Example: Finite-Length Sequence
a Poles and zeros?
X(z)=2* (1-52-‘)(1”-‘)(1- z7)
=7 —lz—1+lz’1
2 2
. n=-2
-1/2, n=-1
Minl=d -l n=0 =O[n+2]-Lotne11-o[nl+Lomn-11
2 2
1/2, n=1
0, else ’
4. 8[n —m]) g
48
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oelsiese’s

Reminder: Difference Equations

0 Accumulator example

n

ynl= Y xlk]

k=0 x[n) yln)

n=1

yinl=x[n]+ Y 2[k]

p—
Yln]=x[n]+y[n-1]
Yin]=yln-1]=x[n]

One-sample
delay

yin-1]

iaky[n -k]= ﬁbmx[n -m]

k=0 m=0

Penn ESE 531 Spring 2017 - Khanna

oelsiese’s

Difference Equation to z-Transform

JEaky[n -k]= Ebmx[n m])

y[n]= 2( )y[n k]+2( )xn m]
=t 4y

a Difference equations of this form behave as causal
LTI systems
= when the input is zero prior to n=0
= Initial rest equations are imposed prior to the time when
input becomes nonzero
« ie y[-N]=y[-N+1]=...=y[-1]=0
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Difference Equation to z-Transform

seseees

N M
y[n1=—§‘,( )y[n k]+2(a ]x[n m]
0

k=1

y<z)=—'2(a ] ’*y<z>+2[i’ ) X

k=1 k=0

Penn ESE 531 Spring 2017 - Khanna

Difference Equation to z-Transform

seseees

a‘»

N a M
yln)= —E(a—‘]y[n —k]+ }‘,(
0

k=1 k=0

]x[n—m]

y(z>=—2(‘;) ‘Y(z)+2(b] “X(2)

k0\%

N )
N (a ) Y (z) =21[ ) 'kX(z)i}’(Z):TiX(Z)
0

eelsieeels

Difference Equation to z-Transform

y[ﬂ]=—§(ao)

k=1

o

k=1 k=0

N M
Y(z)=—2(a—] ”‘Y(z)+2[g ] 2FX(2)
0 0

N
E(‘Lk
o\ %

)z”‘Y(Z) = i(b—")z”‘/\’(z) =Y()=2—X(2)
=0\ % <
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k=0 k=0 (ak )sz
k=0
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¢ Example: 15-Otrder System i ()=
’ H(z)="20
D)
k=0
yn]=ay[n-1]+x[n]
by
H(z)=
a a;
Penn ESE 531 Spring 2017 - Khanna 54




Example: 15-Order System

oelsiese’s

nl=ay[n-1]+x[n]

1
H(z)=—— h[n]=a"u[n]
1-az
Why right sided?
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Big Ideas

oelsiese’s

o z-Transform
= Draw pole-zero plots

= Must specify region of convergence (ROC)
= ROC properties

a z-Transform properties
= Similar to DTFT
o Inverse z-transform
= Avoid it!
= Inspection, properties, partial fractions, power series

o Difference equations easy to transform
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Admin

seseees

0 HW 2 due Friday at midnight
0 Shlesh Office hours Location Change
= T 6-8pm Th 1-3pm at Education Commons Rm 235

= Updated on course website and piazza
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