ESE 531: Digital Signal Processing
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Sampling and Reconstruction
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Last Time...

Sampling, Frequency Response of Sampled
Signal, Reconstruction, Anti-aliasing filtering
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oelsiese’s

Lecture Outline

0 Review
= Ideal sampling
= Frequency response of sampled signal
= Reconstruction
= Anti-aliasing filtering
a DT processing of CT signals
a CT processing of DT signals (why??)
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: DSP System
.
ADC A/D
fl’c(t) Analog @ a:[n] = IEC(TLT)
—>| Anti-Aliasi Quantizer
Filter t=nT
( DAC D/A
Discrete stuff n t
el g A0
storage....)
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¢ Ideal Sampling Model
T
v
zc(t) ¢ z[n] = z.(nT)
z[n] i .
Discrete and Continuous
— el
n t
define impulsive sampling:
za() Conti
zo(t) ontinuous
t

Zo(t) =+ + 2e(0)8(t) + 2e(T)O(t —T) + -
zo(t) =z Y 8(t—nT)

n=—oo
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Frequency Domain Analysis

0 How is x[n] related to x(t) in frequency domain?

zs(t) = . i 6(t —nT)

n=-—00

X,(59) = 3 2o(nT)e 9T

z[n] = z.(nT)
zs(t) €T

z[n] DT X(e]“’) = Zz[n]efj“m w=QT

n

[X(Ej“) = Xs(jﬂ)\n:w/T] [Xs(J'Q) = X(ej“’)|w=m]
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oelsiese’s

Frequency Domain Analysis

o .. SGe
E L(T) 11 1= I f I

T E3
T
and Q, > 2Qy
XD e— X0
y 7
S I | | L
“0y 0y a 20, O VT FL 20, 30, 0
(a) @~ 0y)
X&)
w=QT /\
Q
—T=x
2
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oelsiese’s

Frequency Domain Analysis

" .. SGQ
= L(T) 111> T r I

T o
T

and Q, < 2Qn

| X 1 X ()
v
*A .

seseees

Reconstruction of Bandlimited Signals

0 Nyquist Sampling Theorem: Suppose x(t) is
bandlimited. I.e.

X(GY=0V |Q>Qn
o If Q >2Q, then x (t) can be uniquely determined
from its samples x[n]=x_(nT)

0 Bandlimitedness is the key to uniqueness

Mulitiple signals go through
the samples, but only one is
bandlimited within our
sampling band
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Reconstruction in Time Domain

eelsieeels

z(t) = z5(t) ¥ he(t) = (Z z[n]o(t - "T)> * e (2)

n

> zlnlhe (t — nT)

signal that is
bandlimited by
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The sum of “sincs”
gives x(t) = unique

sampling bandwidth

11

“0y ay a
(a)
X ()
o
Lren
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: Reconstruction in Frequency Domain
onvert
z[n] to impulse xs(t)—> Hr(59) zr(t)
train
X, a0,
1 1
-0, -0y ay X\ 0 a X,(Q)
@,-0y 1
H() —) /1
CT; Qy= 0= (Q,-0y) "0y Oy a
-0, Q. Q
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¢ Aliasing
o If Q>R./2, x,(t) an aliased version of x_(t)
) TX,(jQ) if |9 <Q,/2
Xr(59) = { 0 otherwise
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Anti-Aliasing Filter

oelsiese’s

ADC AD

( sampler ]z[n] = z.(nT)

aelt) [, praes |
\t=nT ]

g
Filter HLPUO)J

Quantizer
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Anti-Aliasing Filter

oelsiese’s

ADC AID

ZONETR
Filter HLP(iﬂ!)J

[ sampler ]z[n] = ze(nT) Quantizer
Flt=nr)

X(5Q) X:(79)

c and Qg < 2Qn
/l{_\ —l il an
Y o S . S

"4"—1“‘ 2 | \

‘ v Q,

[

X HLP () 0, < 2QN X,(59)

MRI aliasing example

seseees

Penn ESE 531 Spring 2017 - Khanna 15
¢ MRI anti-aliasing example
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: MRI anti-aliasing example
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¢ Reconstruction in Frequency Domain
onvert K
z[n] to impulse zs(t) G (1)
train
(@ Different T?
/l‘mn) —
T,
»r‘z, -0y ay \ r;, a X,(9)
(Q,-Qy) 1
H,(G0) —) A\
7| v=ac=@-09 Ton o
~0, 0, a
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i Discrete-Time Processing of Continuous Time
z.(t) x[n] ) y[n] ‘ t
Cc/D } [H(elm) } [ D/C } (2
) f
T T
oy 1 o 2rk
X(E)== ) X |j|=-==
@1 S5 |77
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¢ Frequency Domain Analysis
S(HQ
. s(t) z I ( f
it
T o
T
and Q, > 2Q N
/Qm — /{um
! 7
“ay ay a 72‘0. ‘n‘ “Qy o\ o 2‘n\ /mln
@ @,-0,)
e
w=QT
&roa
2
Penn ESE 531 Spring 2017 - Khanna 21

oelsiese’s

Discrete-Time Processing of Continuous Time

. o] [
O o H H(eiw)} i { D/C} 2:l)

f f
T T
1
X,0) = 5-X( *5G0)
I & . 2
X)) = XiDlowrr|  x(e)-1 S x| j| 222K
r< <'\r r
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seseees

Discrete-Time Processing of Continuous Time

. [n] [n]
Lt ep H(eim)}yn { D/C} (2

1 f
T T

(o 27k
J T T

y, (0= i yin]

X(e™) =% i X,

K=o

sin[w(t-nT)/T]
x(t-nT)/T
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eelsieeels

Reconstruction in Frequency Domain

onvert
to impulse
train

l H(9)

L ,>20 r| =005 @0y
L Il |
-, 0y o\ 9 -0, Q, Q
© (0.-04) @
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Reconstruction in Time Domain

eelsieeels

z,(t) = zs(t) ¥ hr(t) = (Z z[n)o(t — nT)) * he(t)

n

> a[nlhe(t — nT)

Il

The sum of “sincs”
gives x.(t) - unique
signal that is
bandlimited by
sampling bandwidth
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Discrete-Time Processing of Continuous Time

oelsiese’s

1 ‘ yr(t)

Ze x[n] ) y[n]
©. co } [H(elm)} { DIC |
t f
T T
oy LS x| (@ 27k Sum of scaled
X(e)=L $ x| |22
) TA;W ¢ j(T T) shifted sincs
y(6)= i y[n]w

a(t—nT)/T

n=—0

Discrete-Time Processing of Continuous Time

R xin] [n]
Ll e H(eim)} ‘ [ D/C} 2:l)

1 T
T T

oelsiese’s

X(e”’):% i X,

(o 27k _ < sin[z(t-nT)/T)
/(; . )] (1) Ey[nliﬂ(t_m o

n=—o

o If h[n] is LTT, H(el%) exists

u [s the whole system from x :”1]94\‘ (t) LTT?
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Example

seseees

a Consider the following system

=t { co ] {H(eiw)} [ DIC } (1)
111 -It?

a Where 1 ‘w‘< .
H(e')= ‘
0 w < ‘w‘ =
0 What is the effective frequency response of the
system? What happens to a signal bandlimited by
Qe
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¢ Discrete-Time Processing of Continuous Time
z4(t) x[n] ] yIn] ‘ yp(t)
. C/D } [H(el"’) } [ D/C } .
t f
T T
I < (o 27k < sin[z(t-nT)/T]
X == ) X |j|l=-="— 1) = nj————=
T;,w -7 y,(0) ,Zwy“ ) T
o If x (t) is bandlimited by @ ./T=7 /T, then,
Y (jQ H(e™” Q<Q /T
Dy Gayal HE loj<e,
X 7
c 0 else
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¢ Impulse Invariance
0 Want to implement continuous-time system in
discrete-time
Continuous-time
——|  LiIsystem
x (1) he(1), H.(j) ye(0)
o T |
I Discrete-time :
LTI system b/C
PO _ xn) | hlnlHE®) | yin] — 0 =3:0)
! 1
| T T ;
U |
Heg(j ) = H(j )
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Impulse Invariance

eelsieeels

o With H,(j?) bandlimited, choose
H(e’")=H (jo/T), |w| <

0 With the further requirement that T be chosen such
that

H_(jQ)=0, |Q|2JZ/T
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¢ Impulse Invariance

o With H_(j$?) bandlimited, choose
H(e™)=H (jo/T), |a)| <

0 With the further requirement that T be chosen such
that

H (jQ)=0, |Q|zn/T

h[n]=Th (nT)

Penn ESE 531 Spring 2017 - Khanna
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¢ Continuous-Time Processing of Discrete-Time

z[n et et W n
i) ‘ D/CI (>I C(jo)lyol C/DI yin)
[} f
T T

LTI - has H(e™)!

jer
X (j2)= TX (e®) ‘Q‘<ﬂ/T
0 else
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¢ Continuous-Time Processing of Discrete-Time

a Useful to interpret DT systems with no simple
interpretation in discrete time

z(t c(t ’
z[n] ‘ D/C (t) Hc(jQ)ly()! c/D I ’y[n]

1 f
T T

LTI - has H(ew)!

sin[zw(t-nT)/T]
t - g
* ()= ,I_wa[ ] x(t-nT)/T
sin[z(t-nT)/T]
)=
y0= Ex A= oy a(t-nT)/T
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¢ Continuous-Time Processing of Discrete-Time

x[n z(t et ’ n
[n] ‘ D/C (t) HC(J_Q)Iy()I C/DI yln]
1 ’
T

f
T

LTI - has H(e)!

Jjer
X.(j2)- TX (/%) \Q\m/r
0 else

Y (jQ)=H (jX (jQ)
Also bandlimited

¢ Continuous-Time Processing of Discrete-Time

z[n z(t (T n
[n] D/C I ()IHc(jQ)ly()I c/D I yln]
f f
T T

LTI - has H(ew)!

Y (jQ)=H (jX (JQ)
Also bandlimited

-Ly e

Q=w/T

Y(e’) = 2 [] (@-#2) ]

T=.

Q=w/T
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¢ Continuous-Time Processing of Discrete-Time

x|n z(t c(t

il ‘ DIC }—()»{Hc(jn)ly(){ C/D I
T ’
1

y[n]

T
T

LTI - has H(ew)!

Y (jQ)=H (JQX (jQ ;
e T

Q=w/T

V)= ZHGR,,, X.UD

Q=w/T Q=w/T

(TX (™)) = H(e™)X (™) ‘w‘ <

Q=w/T

1 .
= 1.9
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Example

oelsiese’s

He(59)
Q, a Q
A .
H ()
=T ™ w
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oelsiese’s

Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H(ejw) — e—ij
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seseees

Reminder: Properties of the DTFT

o Time Reversal:
x[n]<> X(e’) If x[n] real
x[-n]< X(e7”)  x[-n]<> X *(e™®)
0 Time/Freq Shifting:
x[n]<> X (™)
x[n-n,]< e/ X (e)

™" x[n] <> X (/)
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seseees

Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H(e/) = e IwA

Let: H.(jQ) = e 7T delay of AT in time

C.Trecon delay AT sampling
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Example: Non-integer Delay

L

o

AT T 74y 3T 4T Sk t

o

0

T T y[n]

0 1 2 3 4 5 n
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Example: Non-integer Delay

y[n]

(¥
w
-
w
=

ok 1
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oelsiese’s

Example: Non-integer Delay

a The block diagram is for interpretation/analysis
only

aln]

C.Trecon delay AT sampling

y,(0)=x(t-TA)
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oelsiese’s

Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

afn] |

A NYAN.

C.T recon delay AT sampling

ynl=y (nT)=x (nt-TA)

7,()=x,(1-TA)

= Ex[kbinc
3

t=nT

= Y x{kEinc(n k- A)
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Example: Non-integer Delay

seseees

0 My delay system has an impulse response of a sinc
with a continuous time delay

hln] = sinc(n — A)
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Example: Non-integer Delay

seseees

0 My delay system has an impulse response of a sinc
with a continuous time delay

h[n] = sinc(n — A)
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

hln] = sinc(n — A)
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Example: Non-integer Delay

0 My delay system has an impulse response of a sinc
with a continuous time delay

hin] = sinc(n — A)
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Big Ideas

oelsiese’s

o Sampling and reconstruction

= Rely on bandlimitedness for unique reconstruction
0 CT processing of DT

= Effectively LTT if no aliasing
a DT processing of CT

= Always LTI

= Useful for interpretation

0 Changing the sampling rates next time

= Upsampling, downsampling
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Admin

oelsiese’s

o HW 2 due Friday
0 Ahead of schedule

= Watch course calendar online for changes
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