ESE 531: Digital Signal Processing

Lec 9: February 9th, 2017
CT Processing, Downsampling/Upsampling
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Lecture Outline

oelsiese’s

a DT processing of CT signals

= Impulse Invariance
a CT processing of DT signals (why??)
o Downsampling

0 Upsampling

seseees

Discrete-Time Processing of Continuous Time

| ‘ yr()

o(t x[n] ) vin]
O cp } [H(el"’) } [ DIC |
f ,
T T
a If x (t) is bandlimited by 7T /T
s Le X ((Q)=0for |Q|> /T
o then,
Y (jQ) . H(e™) ‘Q‘ <x/T
- = Q)= =07
X (o) MU l 0 else
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¢ Impulse Invariance
:
o Want to implement continuous-time system in
discrete-time
Continuous-time
— LTI system
x(1) he(8), H(j) ye(t)
o 1
I Discrete-time ]
X x[n] | hln)H(e®) | yln] 130 =50
! 1
! T T i
S J
Hexe(j ) = H(j0)
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eelsieeels

Impulse Invariance

o With H_(j Q) bandlimited, choose
Jjoy _ ;0
H(e™)=H (j T), |w|<n

0 With the further requirement that T be chosen such
that

H_(jQ)=0, |Q|zn/T
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eelsieeels

Impulse Invariance

o With H,(j?) bandlimited, choose
Jjoy _ Q
H(e™)=H (j T), |a)|<n

0 With the further requirement that T be chosen such
that

H_(jQ)=0, |Q|2JZ/T

h[n]=Th (nT)

Penn ESE 531 Spring 2017 - Khanna




oelsiese’s

Impulse Invariance

o Let,
h[n]=h (nT)
0 If sampling at Nyquist Rate then

. 1 w 2k
HEe™) ==Y H|j|=-==
(e™) TE |77

f=—c0

0
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a

Frequency Domain Analysis

oelsiese’s

= T(T) 111> T r I

T 23
T
and Q, > 2Qy
| X X, ()
‘A /
S | I |
-0y 0y a 20, 0, -0y N o 20, 30, o
(@ (0, -0y)
X.()

seseees

Impulse Invariance

o Let, |Hc(j§2)=0, ‘Q‘zﬂ/Tl

h[n]=h (nT)
o If sampling at Nyquist Rate then

; 1w w 2wk
Hee) -1 3 22
T o T T
i 1 N0
HEe)=—H || o<z
T T
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¢ Impulse Invariance
0 Want to implement continuous-time system in
discrete-time
Continuous-time
——|  LiIsystem
x (1) he(1), H.(j) ye(0)
o T |
I Discrete-time :
X x[n] | hknl.HE®) | yln] :.v,(l) =y:(0)

! 1

| T T ;

U |

He(jQ) = H(j)
h[n]=Th (nT)
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Lren
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¢ Impulse Invariance
o Let, |H((j§2)=0, ‘Q‘zn/Tl
h[n]h (nT)
o If sampling at Nyquist Rate then
o
oy 1 w 2wk
Hem=1 3 n 22
T2, T T
oy 1 .0
H(e™)=—H_|j—| |ol<m
T T
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¢ Example: DT Lowpass Filter
0 We wish to implement a lowpass filter with cutoff
frequency §2_ on continuous time signal in discrete
time with the following system
Continuous-time
—> LTIsystem |—>
0 | AOBGY |y
o |
1 Discrete-time H
/D LTI system prc
x@ ) x[n] | h[nl.H(®) | yin] :_vr(’) =yc(0)
I
] T oo
| 1
_______________________________ J
He(j ) = Hj2)
Penn ESE 531 Spring 2017 - Khanna 12




oelsiese’s

Impulse Invariance

0 Want to implement continuous-time system in
discrete-time

Continuous-time
—{  LTTIsystem
x(1) he(0), Ho(jO) ye()

1
i
| Discrete-time :

x ) x[n] | h[n].H(e™) | yln] ! ¥ =y:(0)
| 1
1
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oelsiese’s

Continuous-Time Processing of Discrete-Time

a Useful to interpret DT systems with no simple
interpretation in discrete time

z(t (t
z[n] ‘ D/C (t) HC(J_Q)Iy()I c/D I yln]

1 f
T T

LTI - has H(ew)!
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Continuous-Time Processing of Discrete-Time

seseees

a[n] {D/C . (t) He(Q) yelt) oh yln)
f
1

f
1

LTI - has H(e)!
. Xy Q<n/T
X, (j2)= ‘ ‘
0 else
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Continuous-Time Processing of Discrete-Time

seseees

ofn] { oG ]zcw{Hch} yc(t){ op L
T T
T T

LTI - has H(ew)!

. TX (™) |Q<a/T
x,(@-] e

0 else
Also bandlimited

T Y.(Q)=H.(jQX.(jQ)
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eelsieeels

Continuous-Time Processing of Discrete-Time

1
]

x[n <t Ye(t

z[n] {[/: zo(t) (1)1/() Y yln]
T
T

LTI - has H(eM)!

Y .(jQ)=H (X (2

1
——Y (jQ
T ()

Q=w/T

Y=L i Y |j(@-k)
T
k=0

Q=w/T
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eelsieeels

Continuous-Time Processing of Discrete-Time

z[n] { DIC z(t) He(iQ) Ye(t) cb yln]
1 f
T T

LTI - has H(eM)!

V)= Y9

Y (jQ)=H.(jX (/2

Q=w/T

Penn ESE 531 Spring 2017 - Khanna




oelsiese’s

Continuous-Time Processing of Discrete-Time

z[n] z.(t ot

[n] /C (£) (j)y() ¥ y[n)
1 f
T 1

LTI - has H(eM)!

Y(e™) =%Yc(jsz>

Y. (j2) = H, (jX (L)

Q=w/T

V) = LHGR), X.9)

Q=w/T

S

Q=w/T
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oelsiese’s

Example

He(j)
a, o 0
& -
H(e*)
-—m ™ w
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Example: Non-integer Delay

seseees

0 What is the time domain operation when A is non-

integer? Le A=1/2
eger? Le Sl=1

) WA
H(ejw) = e ¥ 5[n—nd]eeijwnd
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seseees

Example: Non-integer Delay

0 What is the time domain operation when A is non-
integer? Le A=1/2

H (/)

— e—ij

Let: H.(jQ) = e 7T delay of AT in time

o] |

N\ /\ 1

delay AT

C.T recon sampling

Penn ESE 531 Spring 2017 - Khanna 2

eelsieeels

Example: Non-integer Delay

AT T 2T 3T 4T 5T t

T T y[n]

ot 1

o
w
IS
w
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eelsieeels

Example: Non-integer Delay

0 The block diagram is for interpretation/analysis
only

z[n]

yANIANE Y/
C.T recon delay AT sampling
v ()=x(t-TA)
Penn ESE 531 Spring 2017 - Khanna 24




Example: Non-integer Delay

oelsiese’s

a The block diagram is for interpretation/analysis
only

aln]

C.Trecon delay AT sampling
y[n]=y (nT)=x (nt-TA)

t-kT-TA
T

y,(0)=x(t-TA)

= Ex[kbinc
X

t=nT

= Ex[k]sinc(n k- A)
k
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Example: Non-integer Delay

oelsiese’s

a Delay system has an impulse response of a sinc with
a continuous time delay

h[n] = sinc(n — A)
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Example: Non-integer Delay

seseees

0 Delay system has an impulse response of a sinc with
a continuous time delay

hln] = sinc(n — A)

Penn ESE 531 Spring 2017 - Khanna 27

Downsampling

seseees

o Similar to C/D conversion
= Need to worry about aliasing

= Use anti-aliasing filter to mitigate effects

a If your discrete time signal is finely sample almost
like a CT signal

= Downsampling is just like sampling (C/D conversion)

Downsampling

eelsieeels

0 Definition: Reducing the sampling rate by an
integer number

z[n] —>-$M
C

= z.(nT) =z.(n MT)

e

z4[n] = z[nM)]
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¢ Downsampling
(I il gl
= z.(nT) =z.(nMT)
11/
The DTFT:
- 1 o w 2
w1 n(( g5 )
k ~~
Q  q,
” 1 S w 2m
Xa@) = 377 D X (J (m - m’“))
k
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: Downsampling
The DTFT:
i 1 w 2m
Jwy — ¥ —_ — —
)((e ) - IWZE:;Ki (J ( T T k) )
k N
o Q

@

Xa(e™) = 11 DX (J' (% - %k»

0 Want to relate X () to X(e?) not X Q)

0 Separate sum into two sums—fine sum and coarse
sum (i.e like counting minutes within hours)

oelsiese’s

Downsampling

The DTFT:

(D)
SO

Xq(e) = % > Xe (
k

a k=rM+i
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TECI
J\MT ~ MT

Downsampling
Xa(e) = ﬁz& (j (A;T
X =7 35X <J (E/l%k))

Penn ESE 531 Spring 2017 - Khanna
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: Downsampling
" 1 X w 27
Xale) = ypp2Xe (f (W*MT >>
M-1 00
1 1 S w 2w 21
T PIE DIES (f (MT AT ?))
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¢ Downsampling
iw 1 S w 2m
Xal@?) = 3z 2 Xe J(MT_MT ))
k
M-1 00
1 1 3 w 2 2
DI DL (J (MT “ T ?))
o1 w_m X (=3 9)
xe=3 2 (o(£-5)
| M1
. S W 27
X, (ed9) = — X (eI —379)
() = 37 3 X(elF )

=0 stretch
by M

replicate
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N _iM—l

Xa(e’¥) M 2
X

ANVANVAY




e
I
1
3
ge)
=
o

] M-l
. 2
Xq(e¥) = — X(ej(ﬁ—ﬁ”))
M “4
=0
X
—T ‘ ™
2T 4y, 4T
de
- Scale by M=2
Shift by (i=1)*2r/(M=2)
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¢ Example
1 M-—1
) w 2w
Xa(e™) = — 3 x (lHi=00)
M 4
=0
%
—T ‘ ks
M=2 47
t /?4
-] Scale bv M=2
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¢ Example
1 M-1
) w2
Xa(e)=—>" X (eaw Mw)
M <
=0
%\
e
M=3 6T
- —e
- ‘ & Scale by M=3
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¢ Example
1 M-1
: (w27,
Xa(e?¥) = — E X (eJ(M M Z))
M 4
=0
%\
- \ T
27T pM=3 4T 67
YJY?@(?@(?L
- ‘ & Scale by M=3
Shift by (i=1)2/(V=3)
Penn ESE 531 Spring 2017 - Khanna 41

27 M=3 671
oL L

- ‘ & Scale by M=3
Shift by (i=1)*2r/(M=3)
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eelsieeels

Example

z[n]_{ 7rL/Pz\F4 ]m{ ™

A

Z4[n] = E[nM]

-
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A
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Example

oelsiese’s

2ln (LPF ) (
l—_w/nt J i M ] aln] = EnM]

AW

Xq
e T

— T

M=3

Upsampling

oelsiese’s

0 Much like D/C converter
0 Upsample by A LOT > almost continuous

o Intuition:
= Recall our D/C model: x[n] =2 x,(t)>x(t)
= Approximate “x(t)” by placing zeros between samples

= Convolve with a sinc to obtain “x(t)”
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i Upsampling
0 Definition: Increasing the sampling rate by an
integer number
x[n]=x_(nT) ’
- v ’ H
x[n]=x,(nT'") where T’ = I L integer
Obtain z,[n] from z|n| in two steps:
zn/L] n=0, £L, £2L,---

(1) Generate: z.[n] = { 0[ /L] otherwise
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Upsampling

seseees

(2) Obtain z;[n] from z.[n| by bandlimited interpolation:
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Upsampling

eelsieeels

x;[n] = ze[n] * sinc(n/L)

Te[n] = Z z[k|d[n — kL]
k=—o0

x;i[n] = Z m[k]sinc(#)
k=—o0

Penn ESE 531 Spring 2017 - Khanna

Frequency Domain Interpretation

eelsieeels

x;[n] = ze[n] * sinc(n/L)

zln]— 1L Zeln] gain=L
/L
1
sinc(n/L) DTFT = p -
L L
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Frequency Domain Interpretation

oelsiese’s

[e o]

X (e?¥) = Z To[n] eIwn

n=—00 %0 only for n=mL

(integer m)

Penn ESE 531 Spring 2017 - Khanna
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Frequency Domain Interpretation

oelsiese’s

[—] a[n] (T TPF ,
z[n]—» 1L —-[_;Eiij—o zz[n]

X (e?*) = Z To[n] e7Iem

n=—00 %0 only for n=mL
(integer m)
oo
= Z Ze[mL] e JwmL
m=—00 —
=z[m]

Compress DTFT by a factor of L!
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Frequency Domain Interpretation

seseees

X (e99) = Z Te[n] e Iwm

n=—00 0 only for n=mL
(integer m)
= Z ze[mL] e_jme — X(eij)
e oo "
=z[m)]

Compress DTFT by a factor of L!

Penn ESE 531 Spring 2017 - Khanna

Example

seseees

Xe(49)

N

~ sampling T _ sampling T’=T/L
X(e) Xi(e’)

¢ - . .

™
expanding L

Example

eelsieeels

. sampling T )
X (%) X;(e??)

T

sampling T'=T/L

—T I T
expanding L
X, (e3)
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Xe(e™)
= ™
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¢ Example
Xc(59)

TN

sampling T'=T/L

~_sampling T .
X (€34 X; (/)

T

s
expanding L
X (e?)

Penn ESE 531 Spring 2017 - Khanna
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gain-L zi[n]
3

Example

oelsiese’s

PN

~sampling T sampling T'=T/L
X(eI9) i(e79)

uT

-

™
expanding L
Xe(e)

Penn ESE 531 Spring 2017 - Khanna 55

oelsiese’s

()

Xe(492)

roA N

~sampling T . sampling T’=T/L
X (%) Xi(e7%)

uT

Example

—m

™ T
expanding L L
Xe(€¥) ‘
1T
= X(%) =T
L
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seseees

Example

. sampling T ~ sampling T'=T/L
X(ed¥)

T

—T

\Xe(efw)

=

™
expanding
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seseees

Big Ideas

a DT processing of CT signals
= Impulse Invariance to design DT systems for CT signals
a CT processing of DT signals
= Allows for interpretation of DT systems
o Downsampling
s Like a C/D converter
0 Upsampling

s Like a D/C converter
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Admin

eelsieeels

0 HW 3 due Friday
0 HW 4 posted after class
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