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ILecture Outline

0 Review: Downsampling/Upsampling
0 Non-integer Resampling
0 Multi-Rate Processing

= Interchanging Operations

0 Polyphase Decomposition
0 Multi-Rate Filter Banks
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Downsampling

0 Definition: Reducing the sampling rate by an
integer number

z[n] —»[ vM ]—» zq[n] = x[nM]
C

— 2, (nT) - zo(n MT)
T
M-1
Xd e]w — 1 Xe](M 27%3))

\

1=0 stretch replicate
by M
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Example

. ]_ . (W 2T
Xq(e?%) = M X (6J(M—MZ))

Scale by M=2
Shift by (I— 1)2rt/(M=2)
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Example

M —1

. ]_ . (W 2T
Xa(e?”) = i Z X (GJ(M_MZ)>

1=

T =1 ;=2 =0
27 =3 47 67T
- Xé(g(#
- 4 Scale by M=3
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Example

LPF

w[n]—>[ m/M JW’[ M Zqn] = Z[nM]
X

A AA

—Tr

Xd
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Upsampling

0 Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)

x[n]=x (nT') where T' = % L integer

Obtain z;[n| from x|n| in two steps:

(1) Generate: z.[n|= { 0 otherwise
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Upsampling

(2) Obtain x;|n| from z.[n| by bandlimited interpolation:
A

z[0] - sinc (%) _________ - Le [n]

-

I
x,[n] = xe[n] * sinc (%)
o} ?a xl[n]
LT
n
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. Frequency Domain Interpretation

x;|n| = ze|n| * sinc(n/L)
x[n]—{ 1L } el g L 4[]
L
sinc(n/L) DTFT = . -
L L
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. Frequency Domain Interpretation

x[n]—— | el in=L -
n—{ | |zl

—Jwn

Xe(ejw) — Le ’I’L] €

N~
n=—0© %0 only for n=mL

(integer m)

Z_: To[mL] e IvmL :IX(eij) ‘

=x[m)]

NE

Compress DTFT by a factor of L!
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Non-integer Resampling

Penn



Non-integer Resampling

o T°’=TM/L
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Non-integer Resampling

o T°’=TM/L
= Upsample by L, then downsample by M
interpolator decimator
LPF
—> L ain=
ol B )

N
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Non-integer Resampling

o T°’=TM/L
= Upsample by L, then downsample by M
interpolator decimator
4 N

x([n|-

*[ ™ L ) ’[

i B }

Or,
4 N 4
gain L LPF
ol 1L L
\ J o
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Example

0 T>:3/2T - L=2, M=3 . gain L LPF H M

- Xc(jQ)/l

min{r/L ,w/M}

N

\

Qn Q
ling T :
X (e3%) sampiing Subsampling M=3
s x — I
exp!oding L=2 LP filtering )
X, (') X; = HyX,
. . SN ‘
o - —T T
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Example

0 T>:3/2T - L=2, M=3 . gain L LPF H M

N

min{r/L,7/M}
Xc(jﬂ)/l\

O s
sampling T :
X (e7%) P "JTg Subsampling M=3
/\ 2/(37)
o T —T ]y
explgding L=2 LP filtering )
1% ~ 2T
Xe(ej ) T Xz — HdXe
- - —T ™
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Non-integer Sampling

o T°’=TM/L
s Downsample by M, then upsample by L.?
interpolator decimator
LPF
— L ain=
ot L ’[ e }
Or,
e R e N
inL LPF
37[”]“’[ TL ]‘_’[galrrrllin{vr/L,w/M} H M J_
o J o J
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Multi-Rate Signal Processing

a0 What if we want to resample by 1.017T?
= Expand by L=100

= Filter 7T /101 ($$$%9)
= Downsample by M=101

0 Fortunately there are ways around it!

s Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2018 - Khanna
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Interchanging Operations

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency
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”[ M J" not LT!

“‘compressor”

Downsampling
-compressing in time
-expanding in frequency
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Interchanging Operations - Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

elnj—{H (2} 1L }» yin
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Interchanging Operations - Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

m[n]—»ﬂﬂy[n] ? a1 JfH(2) yin

eij)X(eij)

H(ej‘*’)X(eW)
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: Interchanging Operations - Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

H(eij)X(eij) L (ejw (eng)
H () X (e7%) X (&%)
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Interchanging Operations -

Expander

(=

“expander”

Upsampling
-expanding in time
-compressing in frequency

| | H(eij)X(eij)
H(e’*) X (%)
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X(eJ“’L)

(eij X(eij)
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Interchanging Operations - Compressor

”{ M ]" not LT!

“‘compressor”

Downsampling
-compressing in time
-expanding in frequency

v[n]
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: Interchanging Operations - Compressor

(i) = o)

v[n]
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: Interchanging Operations - Compressor

Penn ESE 531 Spring 2018 - Khanna
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: Interchanging Operations - Compressor
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: Interchanging Operations - Compressor

(i) = o)

vin]
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: Interchanging Operations - Compressor

(i) = o)

vin]
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: Interchanging Operations - Compressor

(i) = o)
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Interchanging Operations - Summary

Filter and expander Expander and expanded filter*

sl (1L o vinl = {1 (e} vl
sl M (vl = ainisfaebs( M i

Compressor and filter  Expanded filter* and compressor

*Expanded filter = expanded impulse response, compressed freq response
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Multi-Rate Signal Processing

a0 What if we want to resample by 1.017T?
= Expand by L=100

= Filter 7T /101 ($$$%9)
= Downsample by M=101

0 Fortunately there are ways around it!

s Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z_ hi|n — k]

h[n] ]

I

n

ho[n]% I hl[n]% o

oo
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Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hin| = Z_ hin — K|

ho[n]

AR
"h 't _oegTe

T o e

ho[n]% ' hl[n]%o:o' cTc cTc

oo
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Polyphase Decomposition

hio|m] _.[ M ]ﬁ ex[n]

er[n] = hi|[nM]

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Decomposition

hiln] — IM | ex[n]

exn| = hg|nM|

eo[n]

L —

il
Ll — il

)

A\ ™4 -’ - - - -
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Polyphase Decomposition

ex[n] —| 1M | he[m

recall upsampling = scaling

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Decomposition

ex[n] —{ 1M | B[

recall upsampling = scaling

Also, recall: M—1
hin] = ) hxln — k]
k=0
So ! M-1 \
H(z) = Ep(zM)zF
- k=0 J
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Polyphase Decomposition

H(z) = 2—: Ep(zM)z7F
k=0

z|n] > Eo (2M)
z_lv
e (+)— y[n]
2ty

24

> By (z™)

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Decimation

wlnk>{t (2)>ylnl+{ M }> win] = yln]

0 Problem:

= Compute all y[n] and then throw away -- wasted
computation!

s For FIR length N = N mults/unit time

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Decimation

olnf-+{H (2)}> yln—| 1M }> win] = y[nM]

— i) (M > wln

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

-1y — U
< SEEER

(+)—> w(n]

Penn ESE 531 Spring 2018 - Khanna 45



Interchanging Operations - Summary

Filter and expander Expander and expanded filter

sl (1L o vinl = {1 (e} vl
@—»@—»y["ﬂ = [n]—{i(zM ﬂ—{ M J—’ y[n]

Compressor and filter ~ Expanded filter and compressor
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

-1y — U
< SEEER

(+)—> w(n]
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

z|n] — »&—»Eo(z)\
T MBS — w
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Polyphase Implementation of Decimation

slnf-+{H (2)}> yln—| 1M }> win] = y[nM]

Each filter computation:
-N/M multiplications

E, (z) -1/M rate per sample
—1¢ . , \ ,\?N/M*(l/M) mults/unit time

(+)—> w(n]

Total computation:
-M filters
->N/M mults/unit time
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Multi-Rate Signal Processing

a0 What if we want to resample by 1.017T?
= Expand by L=100

= Filter 7T /101 ($$$%9)
= Downsample by M=101

0 Fortunately there are ways around it!

s Called multi-rate

= Uses compressors, expanders and filtering

Y
z[n] T M o Eo(2)
z Y >_< -
= M B ) — win]
-

v . - J —
271 :
lM HE.M—I(Z)
Penn ESE 531 Spring 2018 - Khanna :




Polyphase Implementation of Decimator

) interpolator decimator
ol B E o )
) R /
z[n] » (M —{Eo(2)
,— 1y "/ \—/\
) R
IM = E1(2)—{+)— w[n]

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Interpolation

interpolator decimator
4 N
LPF
o M= { e }—’
o J

[n] \»[ ) ]\
zln] — Eo(z 1L

;z_]L —»[E1 z)]—-[ 1L — w(n)]
"L
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

Penn ESE 531 Spring 2018 - Khanna
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Multi-Rate Filter Banks

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

a hg[n] is low-pass, h,[n] is high-pass
s Often h,[n]=e/""h,[n] € shift freq resp by 7T

z[n] —> holn] —{ |2 j > 21— 2oln] >
\ — Stuff — — ®_)

(L) —{ 12
&

hi[n] }—> l2
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

:E[’n,] —> hon] — |2 |—

AL —{ 12
2

hi[n] — l2 >

X (&%)

Penn ESE 531 Spring 2018 - Khanna
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

> _/\A/\ >
/s

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)

Penn ESE 531 Spring 2018 - Khanna
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. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

/|

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)

Penn ESE 531 Spring 2018 - Khanna
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g
B,

Pr N
AL,
Al

l2\ >
lZ\ >
flipped!™
Have to be
careful with
order!
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. Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

z(n] —->| ho[n] —>{ |2
"I hi[n] — |2

X (&%)
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

s N
AA . Dm0k
o ™ R
.[ —>{ 2 +—>| 2i[n] }’
\\_) /

flipped™
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Multi-Rate Filter Banks

0 Assume h, h; are ideal low/high pass with W =7 /2

(— — \
—>{ 24 » go[n] —>( > y[n]
o ™ N — /
.[ —>{ 2 +—>| 2i[n]
\\_/ — )

flipped™
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. Multi-Rate Filter Banks

A hy, h; are NOT ideal low/high pass

Penn ESE 531 Spring 2018 - Khanna
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Non Ideal Filters

A hy, h; are NOT ideal low/high pass

i
x|n| —» hon] —
) (42

"I hi[n] —> l2 > A‘%
) ) _ﬂ-
X (e¥) X (&%)

Y SN YV
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Non Ideal Filters

:Eh@]<:—% ho[n] ——a{:iéj

hi[n] }—> l2

Stuff

AN
X (e7¥)
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. Perfect Reconstruction non-Ideal Filters

—analysis - Q)Lnlhesjs—[
M) v N G yn]
z|n] ——>| ho[n] — |2 > 21 o &l o
N — | Stff| | —< :/
hi[n] —{ |2 —>{ 21— gi[n]
. "/ : \_J — )
Y(e¥) = %[Go(ej“’)HO(ej“’)—I—Gl(ej‘")Hl(ej‘*’)] X (e?)

1 . . . . .
+§ [Go(ejw)Ho(ej(w_”)) + Gl(ejw)Hl(eJ(‘”_”))} X(ey(w—ﬂ))

T aliasing
need to cancel!
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: Quadrature Mirror Filters

~_analysis
SEFER
z|n] ——>| ho[n] — ]2
N\ —
hi[n] }—> l2

Quadrature mirror filters

Penn ESE 531 Spring 2018 - Khanna
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Perfect Reconstruction non-Ideal Filters

V() = 3 [Gol@)Ho(e) +Ga(e™)Hr ()] X()

1 . . . . .
+§ [Go(ej“’)Ho(ej(“_”)) -+ G1(63‘”)H1(67(“’_7’))} X(ej(‘*’_”))

T aliasing
need to cancel!

Hy(e®) = Hy(e“™)
Go(eji“’) = 2H0(ejw)
G1(e?¥) = —2H,(e’?)
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Big Ideas

a0 Downsampling/Upsampling
0 Practical Interpolation

0 Non-integer Resampling

i
8,
S,
_)

ﬂ

a
N
-
=
=

, , sll—{H (1L > vin)
0 Multi-Rate Processing e

= Interchanging Operations ok M Jo{H (21
0 Polyphase Decomposition
0 Multi-Rate Filter Banks z[n] | IM

[}
=,
S
x
é
«—
<
=,
=3

A 4
S
—~
N
~—
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Admin

a0 HW 4 due Sunday
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