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Lecture Outline

[m]

Review: Downsampling/Upsampling

[m]

Non-integer Resampling
0 Multi-Rate Processing

= Interchanging Operations

O

Polyphase Decomposition
0 Multi-Rate Filter Banks

seseees

Downsampling

0 Definition: Reducing the sampling rate by an
integer number

aln]—{ yM )
C

= z,(nT = z.(nl
@(nT) zc(nyTp

z4[n] = z[nM)|

'\
stretch  replicate
by M

1 & 2
Xg(e??) = i Z X (el Gr—51)
=0
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¢ Example
1 M-1
. . o
Xq(e?) = — E X (eJ(%_W”))
M <
=0
%\
- ‘ 7 i=0
4
Xa
o ! g Scale by M=2
Shift by (i=1)"2r/(M=2)
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=0
%\
- \ T i=1 i=2 =0
2n M=3 4rnm 6T
&Y&?@(ﬁ
T | & Scale by M=3

Shift by (i=1)*2r/(M=3)
Sy (=
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Example

2ln (LPF ) (
l—_w/nt J i M ] aln] = EnM]

AW

oelsiese’s

Upsampling

a Definition: Increasing the sampling rate by an
integer number

x[n]=x (nT)
x[n]=x (nT') where T' = % L integer

Obtain z;(n] from z|n| in two steps:

z[n/L] n=0, £L, £2L,---
0

(1) Generate: z.[n]= { otherwise

Penn ESE 531 Spring 2018 - Khanna 9

M=3
Xq
— T T
-7 T
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: Upsampling

(2) Obtain x;[n| from z.[n| by bandlimited interpolation:

Te [O] - sinc (%) ,,,,, Le [n]
V\_/| n
x,[n] = z.[n] * sinc (7)
zi[n|

Penn ESE 531 Spring 2018 - Khanna 10
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Frequency Domain Interpretation

z;[n] = ze[n] * sinc(n/L)

T [n] -
z[n]—» 1L g;m/f

sinc(n/L) DTFT = —I:

L

T
L
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Frequency Domain Interpretation

X (e¥) = Z Te[n] e 9w

n=—00 0 only forn=mL

eelsieeels

(integer m)
= Z xe[mL] e Jwmk X (e?F)
T —afm]

Compress DTFT by a factor of L!
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Example z[n]—» il

eelsieeels

X(59)

/\
( [ oy h
~_sampling T . sampling T'=T/L
X (39 X, (e7%)
uT
—m I T ™
expandingL, } L
\:‘e(ef“’) L
1/T]
.. — :
- T
T
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Non-integer Resampling

& Penn

Non-integer Resampling

oelsiese’s

o T’=TM/L
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Non-integer Resampling

seseees

Non-integer Resampling

seseees

o T'=TM/L
= Upsample by L, then downsample by M

interpolator decimator

i LPF
z["]'*[ L B i /M) ]“[ M ]‘

Penn ESE 531 Spring 2018 - Khanna

o T’=TM/L
= Upsample by L, then downsample by M
interpolator decimator
z[n]
Penn ESE 531 Spring 2018 - Khanna 16
¢ Example

o T'=3/2T - L=2,M=3 [

Xc(jmzﬁ
I ‘
Qn

gainL LPF
min{~/Lx/M}

Q
X(6) sampling T Subsampling M=3
—r ‘ T - m
explqding L=2 LP filtering )
X, (e?*) X = HaXe
N
- [ T - m

Penn ESE 531 Spring 2018 - Khanna 18

Example

eelsieeels

aT=3/2T> 1= M5,

Xc(jnm
/ ‘ Qn

Q
sampling T i
X(e) pl 'mg Subsampling M=3
2/(3T).
/\
- ‘ T - m
exp!gding L=2 LP filtering
A - 2T
X (e?) - Xi = HaXe
~—
- [ T - W
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Non-integer Sampling

oelsiese’s

o T’=TM/L
= Downsample by M, then upsample by L?
interpolator decimator

Or,
gainL. LPF
z[n] [ 1L [ min{x/L,m/M} M
Penn ESE 531 Spring 2018 - Khanna 20

Multi-Rate Signal Processing

oelsiese’s

0 What if we want to resample by 1.01T?
= Expand by L=100
= Filter 7T /101 ($$$$%)
= Downsample by M=101

o Fortunately there are ways around it!
s Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2018 - Khanna 21

Interchanging Operations

p SR (D et

“expander” “compressor”

seseees

Upsampling Downsampling
-expanding in time -compressing in time
-compressing in frequency -expanding in frequency

Penn ESE 531 Spring 2018 - Khanna 22

Interchanging Operations - Expander

-blIIIIIIIIl—_’

“expander”

seseees

Upsampling
-expanding in time
-compressing in frequency

T[Tt 7 (o
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Interchanging Operations - Expander

N,

“expander”

eelsieeels

Upsampling
-expanding in time
-compressing in frequency

z[n]»@—»-—»y[n] ? a1 EG)uin

H(F“L)X((J]“’L)
H(eJ“)X(ej“’)
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Interchanging Operations - Expander

->IIIIIIIIII-_’

“expander”

eelsieeels

Upsampling
-expanding in time
-compressing in frequency

H( jw)l( wf){(‘M) “ (J“%HW)X(FM)
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Interchanging Operations - Expander

£

“expander”

oelsiese’s

Upsampling
-expanding in time
-compressing in frequency

z[n]~ gl = x[n]—»[n]
H(e“L) X
X(e?

H(eij)X(eij) eij (eij)

H(e7) X (e99) “)
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seseees

Interchanging Operations - Compressor

vln]

) ) 1 M -
Y(*) = H(e™) (M 3 x (el ))

=0
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Interchanging Operations - Compressor

Lol

“compressor”

oelsiese’s

Downsampling
-compressing in time
-expanding in frequency

v[n]

Penn ESE 531 Spring 2018 - Khanna 27
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Interchanging Operations - Compressor

Y e W Yo
v[n]

1 M-1
Y(e*) = H(e®) , X(ef(ﬁ-%))

H(e™™)
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Interchanging Operations - Compressor

v[n]

eelsieeels

v - ae) (Y x (e]’(ﬁ’%)))

=0
b3 () x (o)
- = H (eiw—2m)) x (@il =%
M i=0 -
H(e’)
1 M1 ) )
==y H(gM(ﬁJ#)) X (eﬂﬁ—%))
M =0
Penn ESE 531 Spring 2018 - Khanna 30

eelsieeels

Interchanging Operations - Compressor
vlnl

Y(e) =

S

—1

% H (M%) x (o %0))

I
o

5
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Interchanging Operations - Compressor

vln]
1 M-1

V() = Z H(ejmﬁ—%)) X (eﬁﬁ—%)

Penn ESE 531 Spring 2018 - Khanna
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oelsiese’s

Interchanging Operations - Compressor

vlnl

H (EJ’M(ﬁ*% )X (Ej(ﬁ*% )

V(7)) = H(e7M) X (e7*) —_

-1

V(eﬂﬁ—%))

g

g[-

V() =

]
o
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Interchanging Operations - Summary

seseees

Filter and expander

:z[n yn]

Compressor and filter

Expander and expanded filter*

O O
oG}

*Expanded filter = expanded impulse response, compressed freq response

Penn ESE 531 Spring 2018 - Khanna

Expanded filter* and compressor

Multi-Rate Signal Processing

seseees

o What if we want to resample by 1.01T?
= Expand by L=100
= Filter 71 /101 ($$$$9)
= Downsample by M=101

a Fortunately there are ways around it!
= Called multi-rate

= Uses compressors, expanders and filtering

Penn ESE 531 Spring 2018 - Khanna 35

eelsieeels

Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

hln] = Z_ hiln — k|
k=0

hn]

i

ho [n]{ hi[n]

Penn ESE 531 Spring 2018 - Khanna

n

eelsieeels

Polyphase Decomposition

0 We can decompose an impulse response (of our
filter) to:

M-1
hin] = > hgln — k]
k=0
holn]

& AR
il ”“[”-T "

o LT
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Polyphase Decomposition

hio[n] ﬁ ex[n)]

ex[n] = hi[nM]

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Decomposition

hio[n] ﬁ exln]

ex[n] = hig[nM)|

eo[n]

AL, — 1

n [

oelsiese’s

ho[n]

ha[n o e1[n]

LLo— 1l
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seseees

Polyphase Decomposition

ex[n] —’ hi[n]

recall upsampling = scaling

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Decomposition

ex[n] —> hi[n]

recall upsampling = scaling

Also, recall: M—1

seseees

So, 1

Penn ESE 531 Spring 2018 - Khanna 41

Polyphase Decomposition

eelsieeels

M-1
H(z) = Ex(zM)z7*
k=0

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Decimation

eelsieeels

k{1 (> ylnk+{ M | wlnl = gl

o Problem:

= Compute all y[n] and then throw away -- wasted
computation!
= For FIR length N = N mults/unit time

Penn ESE 531 Spring 2018 - Khanna 43




Polyphase Implementation of Decimation

oelsiese’s

slnb{i (> ylnk+{ M} win] = ylnd1)

Polyphase Implementation of Decimation

ainp{t ()} >yln—{ 1M }» wln] = y{nd]

oelsiese’s

Penn ESE 531 Spring 2018 - Khanna
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Interchanging Operations - Summary

seseees

Filter and expander

Expander and expanded filter

O O

Compressor and filter

Penn ESE 531 Spring 2018 - Khanna

xpanded filter and compressor

46

Polyphase Implementation of Decimation

sinp~{i @)+ sln~{ 1M} wln] = yinM]

seseees
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Polyphase Implementation of Decimation

eelsieeels

aln{f () ylni—{ M > i) = yln]

Penn ESE 531 Spring 2018 - Khanna
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Polyphase Implementation of Decimation

alnb{H () yink—{ 1M }> win] = y[a]

Each filter computation:
-N/M multiplications

-1/M rate per sample
->N/M*(1/M) mults/unit time

eelsieeels

z
4 (H—> wln]

z 0

2 1
Total computation:
-M filters
->N/M mults/unit time
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Multi-Rate Signal Processing

oelsiese’s

0 What if we want to resample by 1.01T?
= Expand by L=100
« Filter 7T /101 ($$3$9)
= Downsample by M=101

o Fortunately there are ways around it!
s Called multi-rate

= Uses compressors, expanders and filtering

aln]— Eo(2)
=
= El‘(l) (H— wln]
1 :
ey
50
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Polyphase Implementation of Decimator

oelsiese’s

interpolator decimator

o B -
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Polyphase Implementation of Interpolation

seseees

interpolator decimator
LPF LPF
iz fel e H{
z[n]
2~ 1
. (H— win]

z

2~ 1
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Multi-Rate Filter Banks

seseees

a Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering
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Multi-Rate Filter Banks

eelsieeels

0 Use filter banks to operate on a signal differently in
different frequency bands

= To save computation, reduce the rate after filtering

0 hg[n] is low-pass, h,[n] is high-pass
= Often h,[n]=e/""h[n] € shift freq resp by 7T

(B
NG
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Multi-Rate Filter Banks

eelsieeels

0 Assume hy, h, are ideal l()w/high pass with W =7 /2
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Multi-Rate Filter Banks

oelsiese’s

o Assume hy, h, are ideal low/high pass with W =7 /2

X (e7v)
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seseees

Multi-Rate Filter Banks

o Assume hy, h, are ideal low/high pass with W = /2

W VN

"." (7
ifn] 12

N

X (e7v) ‘

333

Have to be
careful with
order!

Multi-Rate Filter Banks

oelsiese’s

0 Assume hy, h; are ideal low/high pass with W=7 /2
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Multi-Rate Filter Banks

seseees

0 Assume hy, h; are ideal low/high pass with W=7 /2

_AAAA

flipped™
X (M)
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Multi-Rate Filter Banks

eelsieeels

o Assume hy, h, ate ideal low/high pass with @ =7 /2

M O sin)
- s

giln]

flipped!™

=T ™
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Multi-Rate Filter Banks

eelsieeels

0 Assume hy, h, are ideal l()w/high pass with W =7 /2

61
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Multi-Rate Filter Banks

a hy, h; are NOT ideal low/high pass
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Non Ideal Filters

oelsiese’s

a hy, hy are NOT ideal low/high pass

Non Ideal Filters

seseees

X (e?)

AN,

Penn ESE 531 Spring 2018 - Khanna 64
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¢ Perfect Reconstruction non-Ideal Filters
Y(e) = 3 [Gole™)Ho(e) + Gr(e)H(&)] X ()
+5 [Gole) Ho(&~) + G () Hy (=) X (&9 )
T aliasing
need to cancel!
Penn ESE 531 Spring 2018 - Khanna 65

Quadrature Mirror Filters

eelsieeels

Ifl(ejw) = I{U(ej(“h_ﬂ))
Go(ej“’) = QHO(ejw)
Gl(ej“’) = —ZHl(ejw)
Penn ESE 531 Spring 2018 - Khanna 66

Perfect Reconstruction non-Ideal Filters

eelsieeels

2 [Gol(e) Ho(e™) + Gr(e) Hi ()] X ()

1 - ;e §
+5 [Go(&) Ho(e =) + G () Ha (=) X (&)

Y(ej“’) =

T aliasing
need to cancel!

() = Hy@)
Go(e?) = 2Hy(e™*)
Gi(e?™) = —2H(e)

Penn ESE 531 Spring 2018 - Khanna
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Big Ideas

Downsampling/Upsampling 0 HW 4 due Sunday
Practical Interpolation

Non-integer Resampling

[ R S

A N 7o ¥ o IO o o W
Multi-Rate Processing
= Interchanging Operations Ee 0 2 B O T T )

Polyphase Decomposition
Multi-Rate Filter Banks

O

O

analysis. synthesis. il
o Dy
Go-- -
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