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Frequency Response of LTI Systems
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Frequency Response of LTI System

o LTT Systems are uniquely determined by their impulse
response ©
y[n] = E x[k] h[n—k] =x[k]*h[k]
k-
0 We can write the input-output relation also in the z-domain
Y(z) = H(Z)X(Z)
0 Or we can define an LTT system with its frequency response
r(er)=H{e)x(e)
0 H(e™) defines magnitude and phase change at each frequency

Penn ESE 531 Spring 2018 — Khanna
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Phase Response

eelsieeels

0 Limit the range of the phase response

—7 < ARG[H (¢/)] < 7.

Penn ESE 531 Spring 2018 — Khanna

Lecture Outline

oelsiese’s

a Frequency Response of LTI Systems
= Magnitude Response
= Simple Filters
= Phase Response
= Group Delay

= Example: Zero on Real Axis
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Frequency Response of LTI System

seseees

o) e )

0 We can define a magnitude response

‘Y(e”") ¥ (")

0 And a phase response

e

2y (e)=2H (e} X (")

Penn ESE 531 Spring 2018 — Khanna
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Phase Response

0 Limit the range of the phase response

—7 < ARG[H (e/°)] < 7.

}:ﬂg{ll ()]
T
)

ARG[H(e™)] .
”F \/\\_/ N~/
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Group Delay

oelsiese’s

0 General phase response at a given frequency can be
charactetized with group delay, which is related to
phase

grd[H(*)] =~ {arg[H(c)]}

o More later...

Penn ESE 531 Spring 2018 — Khanna
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a

Linear Difference Equations

oelsiese’s

N M
Zaky[n — k= z brz[n — k|
k=0 k=0

Example: ¥[n] = z[n] + 0.1y[n — 1]

Cbotbiz by by Hi\l:1(1 —cpzY)

Penn ESE 531 Spring 2018 — Khanna
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a+az 4. +anz N a HkN:1(1 —dgz1)

Magnitude Response

seseees

Magnitude of products is product of magnitudes
, b M |1 —crei@
()| = (2. oL e
a0 ol —dre=3%|
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Magnitude Response

seseees

Magnitude of products is product of magnitudes

; b Mo |1 — crei®
()| = 2. oL e
@0 [l —dre=7¢|

Consider one of the poles:
1 —dpe™%| = [e™% — dg| = |v1]

Penn ESE 531 Spring 2018 — Khanna
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Magnitude Response

eelsieeels

Magnitude of products is product of magnitudes
(o)) = ). Mizo It = cxe™
a0’ ey |1 — dxe—3v|

Consider one of the poles:

|1~ dge™3| = : o

P

K

d

k
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Magnitude Response

eelsieeels

Magnitude of products is product of magnitudes

, b M1 — cremi@
(@) = 2. Dol =™
a0 [lp_o|l — dre—3v|

Consider one of the poles:

1= - ()
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Adapted from M. Lustig, EECS Berkeley




Magnitude Response

oelsiese’s

Magnitude of products is product of magnitudes

. b Mol — crei@
) =2 ol Z e
a0 [Ji=ol — dre=7¢|

Consider one of the poles:
|1 _ dke—jw| = |e+jw _ dk| — |v1‘

jo
P
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oelsiese’s

Magnitude Response

Magnitude of products is product of magnitudes

. b Mol — crei@
ety =120 Lizoll —cae]
@0 [l —dre=7¢|

Consider one of the poles:
|1 _ dke_j“’| = |e+jw _ dk| = |vq|

Penn ESE 531 Spring 2018 — Khanna
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Magnitude Response

Magnitude of products is product of magnitudes

, b M |1 —crei@
()] = |2 Lol = ere ]
a0 ol —dre=3%|

Consider one of the poles:
|1 —dre ™| = ™% — dg| = |v1]

e

\
N

~ Vl
—\Eh)(_)

dy
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Magnitude Response

Magnitude of products is product of magnitudes
(o)) = ). Mizo It = cxe™
a0’ ey |1 — dxe—3v|

Consider one of the poles:

—Jjw| — |ptiw —

11— dye| = [ — dy| = [ui]

o

Y

O ey o
dk
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¢ Magnitude Response
Magnitude of products is product of magnitudes
M W
H(e)| =% Uzl = e
= N —
@0 [l —dre=7¢|
Consider one of the poles:
1 —dpe™%| = [e™% — dg| = |v1]
oo
VI
__4__.-_Zb_qe___>
d/r
Penn ESE 531 Spring 2018 — Khanna
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¢ Magnitude Response Example
14271
H =005——
(2) =005 =55 =
[va]
H(2)| =0.05-—
[H(2)] = 0.05, %
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 18




oelsiese’s

Magnitude Response Example

14271

H(z) = 0057 G =
[ve

H(z)| =0.06—

B ()| =005

Penn ESE 531 Spring 2018 — Khanna
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oelsiese’s

Magnitude Response Example

1+271
H(z)=0.05———
1-0.9z—
V2
|H(2)| = 0.05U
o1
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 20
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Magnitude Response Example

14271
H(z)=005— 2
(z2)=0 051 09,1
—ooslel
B ()| =005,
‘H(e/"’)

IRys

seseees

Simple Low Pass Filter

w
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 21
¢ Simple Low Pass Filter
l—a 14271
Hpp(z) = —F—7——— o <1
2 1—az
‘ H(e /‘w)
1
N2p----- ,
1
L |
I T w
ak T
. 1 — sin(w,)
Wc is the 3dB cutoff frequency Q= —"F"--—
cos(w)
Penn ESE 531 Spring 2018 — Khanna
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l—a 14271
HLP(Z) S a—— |a| <1
2 1—az
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 22
: Simple High Pass Filter
l+a 1—271
HHP(Z) =5 T -1 |C¥| <1
2 1+az
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 24




Simple High Pass Filter

oelsiese’s

l+a 1—271
2 1+az!

la| < 1

HHP(Z) =

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 2
¢ Simple Band-Stop (Notch) Filter
1+ 1-282z"14+272 lal <1
HBS(Z) =5 1 2
2 1-B(l+a)z7t+az 1Bl <1
Note: 1-2827 4272 = (1 — &0z 1) (1 — e w0z7Y)
cos(wo) = 8
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 27
¢ Simple Band-Stop (Notch) Filter
1+a 1-282z71+272 o <1
Hps(z) = —— T+ az2
2 1-B(1+a)z7'+az 1Bl <1
Note: 1-282" 4272 = (1 -z 1)(1 — e Iw0Y)
cos(wo) = 8
i
@, T
Penn ESE 531 Sifring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 2

Simple High Pass Filter

oelsiese’s

l+a 1—271
Hup(z) = 222122 jaj<1
2 1+az
‘H(eﬂ")
1
N2 /
1
1 ]
1 1 w
w, s
) 1 — sin(w,)
Wec is the 3dB cutoff frequency o= ——""
cos(we)
Penn ESE 531 Spring 2018 — Khanna
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¢ Simple Band-Stop (Notch) Filter
I (Z)_1+a 1-282"1 4272 lal <1
BV = Ty 1B ta)z ltazr? |Bl<1
Note: 1-282" 4272 =(1 -z 1)1 —e 9wz 1)
cos(wo) = B
Penn ESE 531 Spjring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 28
¢ Simple Band-Stop (Notch) Filter
% (z)il—ﬁ-a 1—-2B2z71 4272 la| <1
B S Ty 1Bl +a)z taz 2 |Bl<1
Note:
l+a 2428
Hes(FV = 5~ Araazp ~
[rrce)
1
1 P i
o 7T
Penn ESE 531 Spfring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 30




Simple Band-Stop (Notch) Filter

oelsiese’s

Hps(z) l+a 1-2Bz71+272 la] <1
BS\E Ty 1-B(1+a)zl+az2 B <1
Note: As «a — 1 poles approach zeros

C1ta 2428
Hes(FV) = 5~ Graasp

Simple Band-Pass Filter

oelsiese’s

l-a 1—272 la] <1
Hpp(z) =
Br(2) 2 1-Bl+a)zl+az2 |B<1
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 32
Simple Band-Pass Filter
-« 1—272 la| <1
Hpp(z) =
wp(2) = =3 1-B1+a)z+az2 |B<1
‘H(e )
1
1 oy @
Penn ESE 531 Sping 2018 — Khanna cos(wo) = B

‘H(ef‘“)
1 '\‘ I’
\Y/
U
f w
, T
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: Simple Band-Pass Filter
1—a 1—272 al <1
Hpp(z) = — - |ev|
2 1-B8(1+a)z"t+az 18] <1
Penn ESE 531 Sgring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 33
¢ Simple Band-Pass Filter
l-a 1—272 al<1
HBP( Z) _ — — | I
2 1-B81+a)z7+az Bl <1
Penn ESE 531 Sgring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 35

Adapted from M. Lustig, EECS Berkeley 34
¢ Phase Response
:
0 Limit the range of the phase response
1 < ARG[H (e/”)] < 7.
arg[H(e™)] ARG[H(e/)] .
# ”F AN
)
a— T e
> I~
=27
3w
—4n
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 36




Phase Response Example

oelsiese’s

H(e) = & & hln] = b[n —nJ|
H(e)| = 1

ARG is the wrapped phase
arg is the unwrapped phase

arg[H (e?*)] = —wnq

[¢)]

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 37
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Phase Response Example

H(™) = &™ ¢ hln] = 8n—ng]
H()| = 1

ARG is the wrapped phase
arg s the unwrapped phase

arg[H (e’%)] = —wnq

ARG

M

w

;}7
4

=TT
gr[H (™)) = — = {arglH()]}

Penn ESE 531 Spring 2018 — Khanna For linear phase system, group delay is ny
Adapted from M. Lustig, EECS Berkeley 39

Group Delay

oelsiese’s

a General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H ()] = L {arglH(c)]}

arg[H(¢*)]

a% .
T
1
1
1
1

- sITope el

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Group Delay

o General phase response at a given frequency can be
characterized with group delay, which is related to
phase

grd[H ()] = = {arglH(c)]}

arg[H(e?)]

aﬁ .
T w
1
1
1
1

Penn ESE 531 Spring 2018 — Khanna - S|0pe /

Group Delay

eelsieeels

grd[H ()] =~ {arg[H(e)]}

arg[H(e)]

T w 50 £ %0 w0

wl
T
1
1
1
4

(_.____]¢

- slope .~

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 4
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¢ Group Delay
Jw d Jw
grd[H(e™)] = — -~ {arg[H (e")]}
arg[H(ei)]
.
- w
i
1
|
- slope .~
Penn ESE 531 Spring 2018 — Khanna
42
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oelsiese’s

Group Delay Math

M
H(I - cke’/“’)
()= ia

% ﬁ(l—d eI
kel k

b I_[(l—ckz")

H(z)= 2k
“TJa-dz"
k=1

Penn ESE 531 Spring 2018 — Khanna
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oelsiese’s

Group Delay Math

M
b H(l—cke”‘”)
H(e/m)=7olf;|

a,
0 ﬂ(l -de)

b I_[(I -¢z ")

H(z)=-0kt
“Tla-d:z"
k=1
arg of products is sum of args

M N
arg[H(e™)]= Y arg[1-c,e”"]- Y arg[1-d,e "]
k=1 k=1

grd[H (@)= Ngrd[1-¢,e 1= Y grd[1-d,e "]

k=1 k=1

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 44
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Group Delay Math

M N
grd[H (e’)] = Egrd[l -ce - Egrd[l —de ]

k=1 k=1

o Look at each factor:

arg[l—ref”e'f”]=tan‘l( rsin(w - 6) )

1-rcos(w-0)

2 —rcos(w-6)

grd[1-re’’e ] = >
‘1 —relfe I

Penn ESE 531 Spring 2018 — Khanna
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Example: Zero on Real Axis

o Geometric Interpretation for (6 =0)

arg[l-re™"]

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 46

Adapted from M. Lustig, EECS Berkeley 45
¢ Example: Zero on Real Axis
:
o Geometric Interpretation for (8 =0)
arg[l-re™ ] = arg[(e’” - r)e /] = arg[e’” - r]-arg[e’”]
— =
@ [
r
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 47

Example: Zero on Real Axis

eelsieeels

o Geometric Interpretation for (8 =0)

arg[l-re "] =arg[(e’” —r)e”’"]=arg[e’” —r]-arg[e’”]
@ w
(0]
r
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 48




Example: Zero on Real Axis

oelsiese’s

o Geometric Interpretation for (8 =0)

)= argle’” - r]-arg[e’]

— Y~
@ w

arg[l-re™ "] =arg[(e’” - r)e

&

Penn ESE 531 Spring 2018 - Khanna

Example: Zero on Real Axis

oelsiese’s

o Geometric Interpretation for (8 =0)

arg[l-re "] =arg[(e’’ —r)e™/”] = arg[e’” - r]-arg[e’’]

S Y~
@ 1)

Penn ESE 531 Spring 2018 - Khanna 50
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Example: Zero on Real Axis

o Geometric Interpretation for (8 =0)

arg[l-re™”]=arg[(e’” - r)e™*] = arg[e’” - r]-arg[e’”]
—
@ w
-

Penn ESE 531 Spring 2018 - Khanna

seseees

Example: Zero on Real Axis

o Geometric Interpretation for (6 =0)

arg[l-re ] =arg[(e’” - r)e™/”] = arg[e’” — r]-arg[e’]
—
w=0 ® @

arg

/AN "

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 52

Example: Zero on Real Axis

eelsieeels

o Geometric Interpretation for (8 =0)

arg[l-re™ ] = arg[(e’” - r)e /] = arg[e’” - r]-arg[e’”]
H—/ W—/
@ w
¢-

arg

LA
S

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

Example: Zero on Real Axis

eelsieeels

o Geometric Interpretation for (8 =0)

- jo jo jo

-r)e”]=argle’” - r]-arg[e™]

H_/W_/
@ w

arg[l-re™’"]=arg[(e

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 54




Example: Zero on Real Axis

oelsiese’s

o Geometric Interpretation for (8 =0)
arg[l-re™ ] = arg[(e’” - r)e /] = arg[e’” - r]-arg[e’]

H_/w_/

w=rm @ @

arg

Penn ESE 531 Spring 2018 — Khanna

oelsiese’s

Example: Zero on Real Axis

o Geometric Interpretation for (8 =0)

arg[l-re "] =arg[(e’’ —r)e™/”] = arg[e’” - r]-arg[e’’]

arg grd

T

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 56
¢ Example: Zero on Real Axis
2
a For 6 #0
arg grd
» 2
o
: '
3 £
& 3
p
N
-10 L 1
L = L il
2 2
i e o)
Penn ESE 531 Spring 2018 — Khanna
58

Adapted from M. Lustig, EECS Berkeley

Adapted from M. Lustig, EECS Berkeley 55
¢ Group Delay Math
M . N .
grd[H(e’")] = Egrd[l R Egrd[l -d.e]
k=1 k=1
o Look at each factor:
0 _if rsin(w-6
arg[1-re’’e™/”] = tan™ _rsin(@-6)
1-rcos(w-0)
2
0 —rcos(w-6
grd[1-re’’e™] = rreosw=-6) > )
‘1 —relfe I
Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley 57
¢ Example: Zero on Real Axis
0 Magnitude Response
o
Radian frequency (@)
Penn ESE 531 Spring 2018 — Khanna
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Example: Zero on Real Axis

eelsieeels

a For 8 =7, how does zeto location effect
magnitude, phase and group delay?

10
=
N,
=TI
204
30 I
w
2

Radian frequency (w)

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley
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oelsiese’s

Example: Zero on Real Axis

a For 8 =7, how does zero location effect
magnitude, phase and group delay?

Radians

L

vy -

vy

Radian frequency (w)

Penn ESE 531 Spring 2018 — Khanna
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: 27 Order IR with Complex Poles
1
H(z) = - —
“ (1 —reffz=1y(1 — re=ibz—1)
magnitude
Rty 0
Penn ESE 531 Spring 2018 - Khanna 63

Penn ESE 531 Spring 2018 - Khanna

: 31 Order IIR Example
H@) = 0.05634(1 + z71)(1 — 1.0166z™1 +z72) Uit circle o aplane
T (1= 0.6832-1)(1 - 1.44617-1 +0.79572-2)

65

Example: Zero on Real Axis

oelsiese’s

a For B =7, how does zero location effect
magnitude, phase and group delay?

2 —_—r=1

Samples
|
L
T

T 3 2m

wis

Radian frequency ()

Penn ESE 531 Spring 2018 — Khanna

Adapted from M. Lustig, EECS Berkeley 62
: 27 Order IIR with Complex Poles
1
H@) = - -
A —reifz=hH1 — re=ibz—1)
) phase
magnitude . |
2 e — 3°r
.. group delay
.
Radian frequency (w) i
Penn ESE 531 Spring 2018 - Khanna 64
: 3" Order IIR Example
0.05634(1 + z71)(1 — 10166z +z72) Unit circle o zplane
H(z) = - - -
(1 —0.683z-1)(1 — 1.4461z~1 +0.7957z—2)
20 =

B

B

ola

~lg
©
§

Radian frequency (w)

Penn ESE 531 Spring 2018 - Khanna
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34 Order IIR Example

0.05634(1 + z71)(1 — 1.0166z 1 +z72)

H(z) =
) (1-0.683z-1)(1 — 1446171 +0.79572-2)

Unit circle

Penn ESE 531 Spring 2018 - Khanna

2-plane

seseees

Big Ideas

0 Frequency Response of LTI Systems
= Magnitude Response
= Simple Filters
= Phase Response
= Group Delay

= Example: Zero on Real Axis

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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3 Order IIR Example

0.05634(1 + z71)(1 — 10166z +z72)

H =
@ (1-0.683z-1)(1 — 1.4461z~1 +0.7957z2)

= £

H

Penn ESE 531 Spring 2018 - Khanna

Unit circle

2-plane

68
¢ Admin
o HW 5
= Duc Friday 2/23
0 Homework solutions to be posted soon...
Penn ESE 531 Spring 2018 - Khanna 70
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