ESE 531: Digital Signal Processing

Lec 13: February 27th, 2018

All-Pass Systems and Min Phase
Decomposition
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Iecture Outline

0 Review: Frequency Response of LTI Systems
= Magnitude Response, Phase Response, Group Delay

= HExamples:

s Zero on Real Axis
s 2 order ITIR

s 3 order Low Pass

a Stability and Causality
0 All Pass Systems

0 Minimum Phase Systems

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley



. Review: Frequency Response of L'TT System

()= a(er)x(e”)
0 We can define a magnitude response...
Y(ej“’)

0 a phase response...

- ‘H(ej‘“)

X(ef"”)

LY(ej”) = LH(ej‘”)+LX(eja’)
0 and group delay

grd[H (e’*)] = —%{arg[H ()]}

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley



Review: Group Delay Math

M | M .
, _:[(l—ckz_ ) o [__(1-cke-f”~')
H(z)= 0/;\]1 H(e’) = 01;\]1
“TJa-d.z" “Tla-dey
k=1 k=1
0 Look at each factor:
arg[l-re’’e™/”]=tan™' rsin(@-6)
1-rcos(w-0)

7> —rcos(w —0)
2

ord[1- rejge_j‘”] =
‘1 —re’le™/?

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley



Example: Zero on Real Axis

a0 For 8 #0 H(e'”)=1-re’e™” — =0

S TR I o
:‘ e
N]'s’ -

2w

]
0 s T 3w
2

Penn ESE 531 Spring 2018 — Khanna Radian frequency (v)
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Example: Zero on Real Axis

10

2 10

=20

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley

a For 6 = 7T, how zero location affects magnitude,

phase and group delay

——
- ——

-
.\.

T

H(e)=1-re’’e™

He)=1+re’”

Radian frequency (@)

Radians

Samples

———— =5
p—— Y,

]
0 T 7 3w 2m
2
Radian frequency (w)
2
] = R A P e e
N LY
= WA
-4
-6 |-
-8 |-
~10 | | |
T T 3w 2
2

Radian frequency ()



28d Order IR with Complex Poles

1
(1 — rej95_1)(1 — re—ifz—1)

H(z) = r=0.9, O =7 /4

magnitude

dB

|
m
2

Penn ESE 531 Spring 2018 - Khanna

Radian frequency (w)



28d Order IR with Complex Poles

H(z) =

1

(1 — rej95_1)(1 — re—ifz—1)

magnitude

dB

Ny

Radian frequency (w)

Penn ESE 531 Spring 2018 - Khanna

Radians

t=0.9, B =7 /4
phase

|

L 3 2

NTER

Radian frequency (w)

group delay

3
w
m!ﬁ

Radian frequency (@)



3td Order IIR Example

0.05634(1 4+ z~1)(1 — 1.0166z~! + 772)
H(z) =

(1 —0.683z-1)(1 — 1.4461z~1 + 0.795722)

Penn ESE 531 Spring 2018 - Khanna
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3td Order IIR Example

0.05634(1 4+ z~ (1 — 1.0166z~1 + z72) Im z-plane

Unit circle

(1—0.683z2-1)(1 — 1.44612-1 + 0.79572-2) N

H(z) =

| |
T 3 2

(o]
EW S

Radian frequency (w)

Penn ESE 531 Spring 2018 - Khanna 10



3td Order IIR Example

0.05634(1 4+ z~1)(1 — 1.0166z~! + 772)
H(z) =

(1 —0.683z-1)(1 - 1.4461z~1 4+ 0.79572-2)

20 !
0 .

-20

8 -40
-60

~-80

~100 | | |
T 3 2

<
13

Radian frequency (w)

Radians
|
~
/

—4 | 1 1
T 3 2

Ny
()

Radian frequency (w)

Penn ESE 531 Spring 2018 - Khanna
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3td Order IIR Example

0.05634(1 + z~1)(1 — 1016621 + z72) Unit circle Tm zplane
H(z) = - 1 i ) .
(1 —0.683z~1)(1 — 1.4461z~1 + 0.79572~2)
X

’\\\\ " Re
| — |\

S A\ x
A —

Radians
|
~
/

—4 | 1 1
i T 3 2
2 . 2

Radian frequency (w)

Penn ESE 531 Spring 2018 - Khanna 12



3td Order IIR Example

0.05634(1 4+ z~1)(1 — 1.0166z~! + 772)

H(z) =

(1 —0.683z-1)(1 - 1.4461z~1 4+ 0.79572-2)

Radian:
o =
/

\

3w 2

0 .

aT

[SIE

Radian frequency ()

Penn ESE 531 Spring 2018 - Khanna

3w o

Im zZ-plane
Unit circle B
X
" Re
X

20

Radian frequency (w)
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Review: Group Delay Math

M | M .
, _:[(l—ckz_ ) o [__(1-cke-f”~')
H(z)= 0/;\]1 H(e’) = 01;\]1
“TJa-d.z" “Tla-dey
k=1 k=1
0 Look at each factor:
arg[l-re’’e™/”]=tan™' rsin(@-6)
1-rcos(w-0)

7> —rcos(w —0)
2

ord[1- rejge_j‘”] =
‘1 —re’le™/?

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Review: Group Delay Math

(1- cke_j“’)
I

M
, | [a-¢2™ -,
H(Z)= 0 A;l H(ejcu)= 0
a, - _ a
"T]a-d,.z 0

k=1

arg of products is sum of args
M N

Bl
L

— =i =

_(l—dke_j‘“)

arg[ H(e’)] = Earg[l — cke_j‘“] — Earg[l — dke_jw]

k=1 k=1

M N
grd[H(e”)]= Y grd[l1-c,e™”]- Y grd[1-d,e ]
k=1 k=1

Penn ESE 531 Spring 2017 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Stability and Causality

0} L]
#Penn
Penn ESE 531 Spring 2018 - Khanna ‘



I'T System

*

Zaky[n — k| = Z brz[n — k
k=0 k=0

Example: ¥[n| = z[n| +0.1y[n — 1]

— — M —
H(z):b0+b12 1++bMZ M_b() szl(l—ckz 1)

ao+a1z7 4+ ... +anz N ag ch\’zl(l — drz1)

0 Transfer function 1s not unique without ROC

= [If diff. eq represents LTI and causal system, ROC is
region outside all singularities

= [If diff. eq represents LTI and stable system, ROC

includes unit circle in z-plane
Penn ESE 531 Spring 2018 - Khanna
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Example: ROC from Pole-Zero Plot

ROC 1: right-sided

Unit circle

Penn ESE 531 Spring 2018 - Khanna
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: LTI System
N M
Zaky[n — k| = Z brz[n — k
k=0 k=0
Stable and causal
Example: Y[n] = z[n] +0.1y[n — 1] if all poles inside
unit circle

B bo + blz"l + ...+ bMZ—M . bo Hiwzl(]. — ckz_l)

H(z —
(2) ag+a1z7 1 +...+anz ™  ag ch\’zl(l_dkz—l)

0 Transfer function 1s not unique without ROC

= [If diff. eq represents LTI and causal system, ROC is
region outside all singularities

= [If diff. eq represents LTI and stable system, ROC

includes unit circle in z-plane
Penn ESE 531 Spring 2018 - Khanna 19



All-Pass Systems

0} L]
#Penn
Penn ESE 531 Spring 2018 - Khanna ‘



All-Pass Filters

0 A system 1s an all-pass system 1f

\H(efw)\ =1, all @

a Its phase response 6(w) may be non-trivial

Penn ESE 531 Spring 2018 - Khanna
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! First Order All-Pass Filter (a real)

-1 *

—d

H(z)=Z

_1
1-az

Penn ESE 531 Spring 2018 - Khanna
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First Order All-Pass Filter (a real)

-1 *

z —a
H(z) = —
l-az
| e’ —a
H(e")| = ——
1-ae™”

Il
Il
ek

Penn ESE 531 Spring 2018 - Khanna
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: General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

M —_ —
C @ =)@ - e

Mr -1 4,
Hiyn(z) = A
ap (2) kl-:[l 1 — dez-1

g (L—ezHd —efz71)

Penn ESE 531 Spring 2018 - Khanna
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General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

M, -1 X -1
-1 _ g, (z7  —e )Nz7" — ex)
Hap(2) = AH e
l—dkz ok 1(1-ekz’ Y1 —epz™t)
0 Example: 3
d =-=
4
e =0.8¢/™*

Penn ESE 531 Spring 2018 - Khanna
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General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

ozl —d 2 (2 — ez — &)
Hap(z) = 4 n 1—diz-t 1Y (1 -z 1) = e}z 1)
pe=1 k k=1 k& k
A
0 Example: 3
dk =—Z
e, = 0.8¢7"* _ 9 R

Real zero/pole

Penn ESE 531 Spring 2018 - Khanna 26



General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

L A ez — ex)
Hap(z) = 4 I—[ 1—diz-t 1Y (1 -z 1) = e}z 1)
k=1 K< o k2 SN =&
A
0 Example: 3
dk =—Z
e, = 0.8¢7"* _ 9 R

Penn ESE 531 Spring 2018 - Khanna 27



General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

L A ez — ex)
Hap(z) = 4 I—[ 1—diz-t 1Y (1 -z 1) = e}z 1)
k=1 K< o k2 SN =&
A
0 Example: 3
dk =—Z
e, = 0.8¢7"* _ 9 R

Penn ESE 531 Spring 2018 - Khanna 28



All Pass Filter Phase Response

_'a) *
'Y _a

a First order system H(e'™) =5
1—ae™”
e/ —pe?

- -0 _-
1-re/’e™”

0 phase

Penn ESE 531 Spring 2018 - Khanna
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First Order Example

a0 Magnitude:

2|
1 -
== I
-1 I
o2 | | I
0 ” w 3m
2 2

Radian frequency ()

Penn ESE 531 Spring 2018 - Khanna
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All Pass Filter Phase Response

_'a) *
'Y _a

a First order system H(e'™) =5
1—ae™”
e/ —pe?

- -0 _-
1-re/’e™”

e /%

—re™l?
U phase arg ' _
( 1—re’e/® )

Penn ESE 531 Spring 2018 - Khanna
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All Pass Filter Phase Response

_'a) *
'Y _a

a First order system H(e'™) =5
1—ae™”
e/ —pe?

- -0 _-
1-re/’e™”

—Jjo -Jjo
e —re
U phase arg r—
1-re’e™”

(e'jw (1-re %e’® )
= arg ,

—
l—re’’e™’”

Penn ESE 531 Spring 2018 - Khanna
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All Pass Filter Phase Response

0 First order system 7 iy e’ —a

1—ae™

Jjo

-jw jo

e —re

9 —
1—re’le™/?

-jw -jO
e —re
Q phase arg R
1-re’’e™/®

(e'jw(l re e’ )
= arg

9 —
1—re’le™®

=arg(e/’)+arg(l-re"e’”) - arg(l-re’’e )

Penn ESE 531 Spring 2018 - Khanna
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All Pass Filter Phase Response

0 First order system 7 iy e’ —a

1—ae™

Jjo

-jw jo

e —re

9 —
1—re’le™/?

—Jjo -Jjo
e —re
U phase arg r—
1-re’e™”

(e'jw(l re e’ )
= arg

9 —
1—re’le™®

=arg(e/’)+arg(l-re"e’”) - arg(l-re’’e )

= —w-arg(l-re’’e’”) —arg(l-re’’e™’")

Penn ESE 531 Spring 2018 - Khanna
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All Pass Filter Phase Response

. - jow *
: e’ —a
0 First order system H(e') = .
1—ae™”
e /P —ype/?
1—rel?e™/®
- jw -jo
e '’ —re
M| phase arg
1—rel?e™/®
e’ (1=re e’
= arg -
1—re’le™/?

=arg(e/’)+arg(l-re"e’”) - arg(l-re’’e )
= —w-arg(l-re’’e”’ ) arg(l1-re’’e™")

=—w-2arg(l-re’’e™?)
Penn ESE 531 Spring 2018 - Khanna
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Group Delay Math

M N
grd[H(e”)]= Y grd[l1-c,e™”]- Y grd[1-d,e ]
k=1 k=1

0 Look at each factor:

arg[l-re’’e™/*]=tan™ ( rsin(@ - 0) )

1-rcos(w-0)

7> —rcos(w —0)
2

ord[1- rejge_j‘”] =
‘1 —re’le™/?

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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First Order Example

0 Phase:
=}
4 i
2 1 1 |
0 T - 3
2 Radian frequency (w) 2
2 ..
2
5 0
o z=09
2 — =0
-4 | | |
0 ™ o 3n 27
2 2

Radian frequency (@)

Penn ESE 531 Spring 2018 - Khanna



First Order Example

a0 Group Delay: :

2 ] 1+
5 \

| !
L im I I 1

LS I o

Radi
L
3 (
dB
N - <
A

Radian frequency (w) 2 - 0 m T 37
2 Radian frequency (w) 2

20

1511
w Z=0.9
o
=8 -
5 10 —
A

5._

o \ | | j

0 T r 3m 2
2

Radian frequency (w) 2

Penn ESE 531 Spring 2018 - Khanna



All Pass Filter Phase Response

0 Second order system with poles at z=re’,re

Z (e=/?@ — re‘je)(e—j“’ — rel?)y
(1 —relfe—io)(1 —re—ife—Jw)

Penn ESE 531 Spring 2018 - Khanna

] = —2@ — 2 arctan [

_]Q

rsin(w — )

1 —rcos(w —8)

—2 arctan [

rsin(w + 9)
1—rcos(w+86) |

|

39



Second Order Example

ijﬂ/4

0 Polesat z=0.9¢ (zeros at conjugates)

4 20
2 15
5 0 g 10
« o
(a4 (91
-2 | b j \\
-4 | J | 0 e ] e’
0 T w 3 2 0 T 37 2

2 Radian frequency (w) 2

Penn ESE 531 Spring 2018 - Khanna 40



Phase Shift Masking

Without PSM With PSM

Light source Light source

iy

Resolution

Today’s chips use A =193nm

Source
http://www.synopsys.com/Tools/Manufacturing/MaskSynthesis/PSMCreate/Pages/default.aspx

Penn ESE 370 Fall 2016 - Khanna 41



Phase Shift Masking

(]
c
2
'
o
o
-
o
o
o

INSd Opnasd

Patrick Naulleau, et al., "The SEMATECH Berkeley MET pushing EUV development beyond 22nm half pitch", Proc. SPIE 7636, Extreme Ultraviolet
(EUV) Lithography, 763611 (March 22, 2010)

Penn ESE 370 Fall 2016 - Khanna 42



All-Pass Properties

0 Claim: For a stable, causal (» < 1) all-pass system:
= arg[H, (¢/“)]<0
= Unwrapped phase always non-positive and decreasing
n grd[Hap(ejw)]>O
= Group delay always positive Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag

Penn ESE 531 Spring 2018 - Khanna
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Minimum-Phase Systems

Penn



Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

Penn ESE 531 Spring 2018 - Khanna
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Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

H(2) 1/H(2)

()
()
v
X
¥

Penn ESE 531 Spring 2018 - Khanna
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All-Pass Min-Phase Decomposition

0 Any stable, causal system can be decomposed to:

H(z)=H,, () H,(2)

a0 Approach:
= (1) First construct H, with all zeros outside unit circle

m (2) Compute

_ H(2)
H (2)

ap

Hmin (Z)

Penn ESE 531 Spring 2018 - Khanna
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Min-Phase Decomposition Example

-1 A
H(z)= l—fz H(z)
1-—z"
2
>¢ o>
1/2 3

Penn ESE 531 Spring 2018 - Khanna 48



Min-Phase Decomposition Example

_1 A
H(z)= 1-3z H(z)
| -
1—52
>€ -
1/2 3
4 1
Z —
a Set H (z2)= 3
" l—lz_1 1
3 Hap(z)
> —_
1/3 3

Penn ESE 531 Spring 2018 - Khanna 49



Min-Phase Decomposition Example

_1 A
H(z)= 1-3z H(z)
|
l-—z
2 - o—>
1/2 3
4 1
Z —
a Set H (z2)= 3
" 1—12_1 1
3 Hap(z)
[ 1) -- -
a1z = 1/3 3
min(Z)=1 :152 1 3
l-—z'1-=Z2"
2\ 3 )

Penn ESE 531 Spring 2018 - Khanna 50



Min-Phase Decomposition Example

_1 A
H(z)= 1-3z H(z)
| -
1—52
>€ -
1/2 3
4 1
Z —
a Set H (z2)= 3
" l—lz_1 1
3 Hap(z)
1/2
1 -1 >— e
1—52 1/3 3
H_ (z)=-3
min 1 _1
l-—z
2

Penn ESE 531 Spring 2018 - Khanna 51



Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

for: G(2)
T T }
: Distorting Compensating| |
e system e sysiem —}——»
s[n] Hy(z) sqln] H_.(2) | Scln]
|

Penn ESE 531 Spring 2018 - Khanna 52



Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

for: G(2)
o T }
: Distorting Compensating| |
e system e sysiem —}—-—»
s[n] Hy(z2) saln] H.(z) | Sclnl
|

a It Hy(z) is min phase, easy:
» H (2)=1/H,(z) € also stable and causal

Penn ESE 531 Spring 2018 - Khanna
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Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

o T d

: Distorting Compensating| |
e system e sysiem —}—->
s[n] Hy(z) sqln] H.(z) | Seln]

|

a It Hy(z) is min phase, easy:
» H (2)=1/H,(z) € also stable and causal

0 Else, decompose Hy(2)=Hy ,i,(2) Hy,,(2)
s H(2)=1/Hymin(2) ?Hi()H(2)=Hg,,(2)

= Compensate for magnitude distortion

d,min

Penn ESE 531 Spring 2018 - Khanna
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Minimum Energy-Delay Property

Unit Im
circle z-plane

Min phase °

| +4‘“—ordcr Re
o pole
o

(a)

Penn ESE 531 Spring 2018 - Khanna
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Minimum Energy-Delay Property

Unit
circle

Min phase

R
/

Im
z-plane

Unit
circle o

s}

z-plane

-

Unit
circle

\o<

+4“‘-ordcr Re
pole

(a)

m
z-plane

e

+4”’-0rdcr Re
pole

(b)

Unit
circle

z-plane

Penn ESE 531 Spring 2018 - Khanna

1

~

4 order | Re
y

(c)

e} (e] s
o o]
3

4t order | Re
pole

(@

Max phase
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Minimum Energy-Delay Property

Min phase

$3.39
2.89

2.19
1.56
[ IO.B]

®
L

3 4 5 6

2 1 0 1 2
(a)
$3.50 heln]

2.51 2.58
[126I l ILm)

2 -1 0 1 2 3 4 5 6 n

Penn ESE 531 Spring 2018 - Khanna

*3.39

Max phase
hy[n]

2.89

]1.56

3 4 5 6 n

-2 -1 0 1 2
(b)
93.50 haln]
2.58 2.51
M I I~
5 3 0 1 2 3 4 5 6 n
(d)
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Big Ideas

a Frequency Response of L'TT Systems
= Magnitude Response, Phase Response, Group Delay

a LTT Stability and Causality

= [f all poles inside unit circle
a All Pass Systems

= Used for delay compensation
0 Minimum Phase Systems

= Can compensate for magnitude distortion

= Minimum energy-delay property

Penn ESE 531 Spring 2018 — Khanna
Adapted from M. Lustig, EECS Berkeley
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Midterm Exam

o Midterm — 3/13

= During class

= Starts at exactly 4:30pm, ends at exactly 5:50pm (80 minutes)
= Location DRLB A8

= Old exam posted on previous year’s website
= Covers Lec 1- 13
= Closed book, one page cheat sheet allowed

= Calculators allowed, no smart phones
= Review Session TBD (likely 3/11)
= Tania office hours moved to Monday (3/12)

Penn ESE 570 Spring 2018 — Khanna
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Admin

a HW 5
s Due Friday 3/2

Penn ESE 531 Spring 2018 - Khanna
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