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Iecture Outline

a Review: All Pass Systems
0 Review: Minimum Phase Systems

0 General Linear Phase Systems
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All-Pass Systems
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All-Pass Filters

0 A system 1s an all-pass system 1f

‘H(ej“’)‘ =1, all @

0 Its phase response 6(w) may be non-trivial

M
_dk “

dyz}

7l —eH ™t - &)
(1 —exz71H(1 —efz71)

Hdp(?) Al—ll_

k=1

0 d,=real pole, e, =complex poles paired w/
conjugate, e,
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General All-Pass Filter

o d,=real pole, e,.=complex poles paired w/
conjugate, e,

Lo lod e (27 — ez — &)
Hap(z) = 4 n 1—diz-t 1Y (1 -z 1) = e}z 1)
k=1 kC T = ke TAE TG
A
0 Example: 3
dk =—Z
e, = 0.8¢7"* _ 9

Real zero/pole
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All-Pass Properties

0 Claim: For a stable, causal (» < 1) all-pass system:
= arg[H, (¢/“)]<0
= Unwrapped phase always non-positive and decreasing
n grd[Hap(ejw)]>O
= Group delay always positive Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag
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Minimum-Phase Systems

Penn



Minimum-Phase Systems

0 Definition: A stable and causal system H(z) (i.e.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

H(2) 1/H(2)

()
()
v
X
¥
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Min-Phase Decomposition Example

-1 A
H(z)= l—fz H(z)
1—52_1
- - —
1/2 3
g4 1
Z —
a Set H (z2)= 3
" l—lz_1 1
3 Hap(z)
1/2
1 36— —
1—52 1/3 3
H_ (z)=-3
min 1 _1
l-—z
2

Penn ESE 531 Spring 2018 - Khanna



Min-Phase Decomposition Purpose

0 Have some distortion that we want to compensate

o T d

: Distorting Compensating| |
e system e sysiem —}—->
s[n] Hy(z) sqln] H.(z) | Seln]

|

a It Hy(z) is min phase, easy:
» H (2)=1/H,(z) € also stable and causal

0 Else, decompose Hy(2)=Hy ,i,(2) Hy,,(2)
s H(2)=1/Hymin(2) ?Hi()H(2)=Hg,,(2)

= Compensate for magnitude distortion

d,min

Penn ESE 531 Spring 2018 - Khanna
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Minimum Energy-Delay Property

Nm

Min phase Utdg o

o
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Minimum Energy-Delay Property

O am
Min phase ""¥% w
X All Pass ®
- - >
Re
®
(o] ®»
(o]
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Minimum Energy-Delay Property

Unit circle

Penn ESE 531 Spring 2018 - Khanna

13



Minimum Energy-Delay Property

Nm

Min phase Utdg o
(@

-

O wm

Unit il
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Minimum Energy-Delay Property

Nm
Min phase Utdg o
(o)
-~ >
Re
(o)
(o)
O am
Unit cjgcle
(o)
. >
Re
(o)
(o)

Penn ESE 531 Spring 2018 - Khanna

Nm
Unit circle
~
>
Re
Nm
Unit cadse o
x
- >
Re
b4
o (o)
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Minimum Energy-Delay Property

Nm
Min phase Utdg o
o
-~ >
Re
(o)
o
O am
Unit qjgcle
o
i >
Re
(o)
(o)
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Unit circle
~
>
Re
Nm
Unit csclse o
- >
Re
(o) (o)
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Energy Delay Property

0 All pass properties
= arg[H, (¢/“)]<0
= grd[H,,(@“)]>0

0 arg[H,,, ()] =arg[H (/%) *H, (/)]

=arg[H,,, ()] + arg[H,,(¢/“)]
= <0 + <0

Penn ESE 531 Spring 2018 - Khanna
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Energy Delay Property

0 All pass properties
= arg[H, (¢/“)]<0
= grd[H,,(@“)]>0

a grd[H

max

()] =grd[H,;,(&*)*H, (e9)]
=grd[H,;,(¢)] + grd[H, (e/“)]
= >0 + >0

Penn ESE 531 Spring 2018 - Khanna
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Minimum Energy-Delay Property

Min phase

$3.39
2.89

2.19
1.56
[ IO.B]

®
L

3 4 5 6

2 1 0 1 2
(a)
$3.50 heln]

2.51 2.58
[126I l ILm)

2 -1 0 1 2 3 4 5 6 n
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*3.39

Max phase
hy[n]

2.89

]1.56

3 4 5 6 n

-2 -1 0 1 2
(b)
93.50 haln]
2.58 2.51
M I I~
5 3 0 1 2 3 4 5 6 n
(d)

19



Generalized Linear Phase Systems
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Generalized Linear Phase

0 An LTT system has generalized linear phase if
frequency response H(e’”) can be expressed as:

H(e®) = A(w)e /***F

a)‘<7z

0 Where A(W) 1s a real function.
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Generalized Linear Phase

0 An LTT system has generalized linear phase if
frequency response H(e’”) can be expressed as:

H(e™®)= A(w)e 7°*P,

a)|<7z

0 Where A(W) 1s a real function.

0 What is the group delay?
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Causal FIR Systems

yln]l= byx[n] + bx[n—1] +...+ b, x[n—M],

M
H(z)=by+bz "' +..+byz" =b| [(1—c,z™)
k=1

b, n=0,1,.,M
h[n]=

0, otherwise

Penn ESE 531 Spring 2018 - Khanna
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

a It can be shown if

hin| = hIM—n], 0<n<M,
= 0, otherwise,

0 then

H(e!?) = A (e!®)e™/oM/2,

Penn ESE 531 Spring 2018 - Khanna 24



Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n—-M]+...+ x[n]

yln]=

M +1

Impulse
response

Penn ESE 531 Spring 2018 - Khanna
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Example: Moving Average

0 Moving Average Filter
= Causal: M,=0, M,=M

x[n—-M]+...+ x[n]

Mn]= M +1

Impulse
response

Scaled &Time
Shifted window

Penn ESE 531 Spring 2018 - Khanna

“‘window”
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Example: Moving Average

w[n] “window”

sin ((N + 1/2)(0)

sin(a)/2)

wln] < W(e’”) =

1 s eIoM2 sin((M/2+1/2)w)
M+1W[n_M/2] Wie™)= M +1 sin(a)/2)
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Example: Moving Average

Penn ESE 531 Spring 2018 - Khanna

|H (e7%)| /H (/%)
A

\7T -

o B
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

a It can be shown if

hin| = hIM—n], 0<n<M,
= 0, otherwise,

0 Then
H(e!®) = A (e!®)e™/oM/2,

0 Sufficient conditions to guarantee GLP, not
necessary
s Causal IIR can also have GLLP

Penn ESE 531 Spring 2018 - Khanna
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. FIR GLP: Type I

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M

| Center of
< symmetry
l
—o , . 4 —& &
0 M M=4 n

2

Penn ESE 531 Spring 2018 - Khanna
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FIR GLP: Type 1

Type I Even Symmetry, M even

h[n] = h[M o n]a n = 0919°°°9M f«/s(;ﬁr:;?s

REAREIS

M M=4
2

Then H(e’®) = Zh[n]e-f“’"= A(w) g /M2
Real Even " integer delay

Penn ESE 531 Spring 2018 - Khanna
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. FIR GLP: Ty

pe I — Example, M=4

Type I Even Symmetry, M even

h[n]=

h[M_n]a n:O,l,...,M

Then H(e’®)= Zh[n]e‘fw”: A(w) o JoM 12

Real Even I integer delay

H(eja’) = h[O] + h[l]e_jw + h[2]e‘j2a’ + h[3]e_j3w + h[4]e—j4w

_'2
_ o /20

=[2h[0

K012 + H[11e™ + H{2]+ h{lJe 7 + h{0Je 72 ]

cos(2w) + 2h[1]cos(w) + A[2]] e />

A(w) Yeven)

Penn ESE 531 Spring 2018 - Khanna 32



FIR GLP: Type 1

Type I Even Symmetry, M even

hinl=h[M —n], n=0,1,...M ,Cameret

M .
Then H(e’”)=Y h[nle ™™ = A(w) e /M
—

n=0

H(eja)) — e—jwM/2 (

Penn ESE 531 Spring 2018 - Khanna

LI

Real, Even

al0] = h[M/2],

alk] = 2h[(M/2) — k],

0 M M=4
2

" integer delay

M/2
Z alk] cos wk)

k=0

k=1,2,...,M/2.

n

33



. FIR GLP: Type II

Typell Even Symmetry, M odd

h[nl=h{M —n], n=0,1,...

Center of

r"'/ symmetry

M

LI

Penn ESE 531 Spring 2018 - Khanna

n
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. FIR GLP: Type II

Typell Even Symmetry, M odd

hWnl=hM —-n], n=0,1,. .M

| Centerof
- symmerey
1L
Then H(e’®)= Zh[n]e‘fw” = A(w) o JOM /2
Real Even S integer delay

Penn ESE 531 Spring 2018 - Khanna
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. FIR GLP: Type I1 — Example, M=3

Typell Even Symmetry, M odd

M
Then H(e’”) = Zh[n]e_”’” = A(w) e /M2
n=0 Real,Even N integer delay

H(e’”) = h[0]+ h[1]e™/ + h[2]e > + h[3]e /*°

H(e’”)=[2h[0]cos(3w / 2) + 2h[1]cos(@ / 2)] e />

- v

A(w)

Penn ESE 531 Spring 2018 - Khanna
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FIR GLP: Type 11

Typell Even Symmetry, M odd

Center of

1;4/ symmetry

TR

M .
Then H(e’”)=Y h[nle ™™ = A(w) e /M
—

n=0 Real, Even

(M+1)/2

|
|
{
0 M M=5
2

" integer delay

Hel?) = e /oM 4 3™ plkjcos|w (k- 1)

k=1
blk] = 2h[(M +1)/2 — k].

Penn ESE 531 Spring 2018 - Khanna

k=1,2,...,(M+1)/2.

n
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FIR GLP: Type I and II

Center of
r‘/ symmetry

RN

M=4 n
2

Center of

[*‘"’ symmetry

I

I

|

I

I

|
M M=5 n
2

Penn ESE 531 Spring 2018 - Khanna
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FIR GLP: Type I and II

M/2
H(e/®) = ¢~ JoM/2 Za[k] cos wk

Center of k=0

r"/ symmetry

1111 Pes

M=4 »

2 (M+1)/2

H(ej“’) — p—J@M/2 { E blk] cos [a) (k - %)] ‘
k=1
Center of
ﬁ”symmetry '\

III%HIM[S,." i
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FIR GLP: Type 111

Type Il Odd Symmetry, M even

hnl=—-hM —n], n=0,1,...M  (note hfM /2]=0)

Center of
19  « symmetry

Penn ESE 531 Spring 2018 - Khanna
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. FIR GLP: Type III

Type Il Odd Symmetry, M even

hnl=—-hM —n], n=0,1,...M  (note hfM /2]=0)
ll ,A/s()::::::t?;

|
L M=2
f r'y *—o—o -
Il l
-1

0 n

—_—

M . .
H(e]a))zzh[n]e—]a)n — A(W) e—]a)M/2+17z/2
n=0 Real,Odd
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: FIR GLP: Type I11 — Example, M=4

Type Il Odd Symmetry, M even

hnl=—-hM —n], n=0,1,...M  (note hfM /2]=0)

M . .
H(eja)):Zh[n]e_]wn — A(W) e—_](t)M/2+_]7Z'/2
n=0 Real,0dd

H(e’®) = h[0]+ A1l + B[2]e /*® + h[3]e >® + h[4]e™/**
= e 2| h[0]e’>” + h[1]e’® — h{1]e 7 — h[0]e /|

=[2h[0]sin(2w) + 2A[1]sin(w)] je /**

A(®) (0dd)
Penn ESE 531 Spring 2018 - Khanna 42




. FIR GLP: Type III

Type Il Odd Symmetry, M even

hnl=—-hM —n], n=0,1,...M  (note hfM /2]=0)

M - .
H(eja))zzh[n]e—ja)n —_ A(W) e—ja)M/2+j7Z/2
n=0

—
Real,Odd
M /2 1
H(e/®) = je /M2 | %" c[k] sin wk
k=1

clk] = 2r[(M/2) — k], k=1,2,..., M/2.
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: FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)
Center of

1 lp«/”symmetry

. ] M=1
0

|
| —e —e - * ° xS
|

| "

Penn ESE 531 Spring 2018 - Khanna
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: FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)

Center of

1? e symmetry
|
. IM=1

—— —@0—0 @
Oll

-1

M | |
) =0 . RW—‘? Oc)i ; " fractional delay
B eal,
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! FIR GLP: Type IV — Example, M=3

Type IV Odd Symmetry, M Odd

Wnl=—-hM —n], n=0,1,...M (M / 2 not an integer)
. M o . .
H(e]w):Zh[n]e_]am _ A(W) e—]a)M/2+]7z/2
n=0 Ty

" fractional delay
Real,Odd

H(e™®) = [2A[0]sin(3ew / 2) + 2A[1]sin(w / 2)] je P3P
AT(O)
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FIR GLP: Type IV

Type IV Odd Symmetry, M Odd

hn)l=—-h[M —n],

M . .
H(ejw):Zh[n]e_Jam _ A(W) e—]a)M/2+j7Z'/2
s —

Penn ESE 531 Spring 2018 - Khanna

n=0,1,..M (M / 2 not an integer)

Center of

1? e symmetry
|
. IM=1

0 |

-1

" fractional delay

Real,0dd
| | (M+1)/2
H(e/®) = je~/*M2 | 3" dik]sin | (k- 1)]
k=1

dlk] =2h[(M +1)/2 — k], k=1,2,...,(M+1)/2.

l —& -9 -& < L 4 *

n

47



FIR GLP: Type III and IV

Center of
1 «—" symmetry

Center of
1? e symmetry
J
IM=1
. 2 t —o -& ® . 4 <
0 |

f.
1 "
=1

Penn ESE 531 Spring 2018 - Khanna
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FIR GLP: Type | | M/
P H(e/®) = je /M2 1 %" c[k] sin wk

Center of
1 ,A/symmetry
|
l -
° 41 M—2+ *~—o—o .
O l " o
l -1
Center of ¢
1? e symmetry
J
:M =1 ﬁ
& + * — 2 2 L 2 L 2 * —
R 1 n /N
-1 [ (M+1)/2 Ny
H(e!?) = je“"""M/z Z d|k]sin [w (k — %)]
k=1
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Z.eros of GLP System — Type I and 11

0 FIR GLP System Function

M

H(z) = Z hinlz™"
n=0

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type I and 11

0 FIR GLP System Function

M
H(z) = Z hinlz™"
—0

M 0
H(z) =) hIM —nlz™" = ) hlklz*z™"
k=M

n=()

7MH (.

If z, is a zero then z, ' is also a zero.

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type I and 11

0 FIR GLP System Function

M

H(z) =) hinlz™"
=()

If z, is a zero then z, ' is also a zero.
a If h|n] is real,

. X .
Ifz, 1s a zero then z, * 1s also a zero.

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type I and 11

0 FIR GLP System Function
M

H(z) = Z hinlz "
n=0

Real system — zeros occur in conjugate-reciprocal groups of 4

(1 - rejgz“l)(l - re‘jez_l)(l — r“lejaz"l)(l - r'le—jaz“l)

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type I and 11

0 FIR GLP System Function
M

H(z) = Z hinlz "
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - re’27 (1 —re %7711 = r 17711 = r e 7]
a If zero 1s on unit circle (r=1)
(1-¢e/%7711 —e 19770y,
0 If zero is real and not on unit circle (6 =0)
(1+ rz_l)(l +r71;7h,
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Z.eros of GLP System — Type I and 11

Unit
circle

z-plane

@)
Im
-\
j
QO
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Zeros of GLP System — Type I and 11

Unit
circle

Penn ESE 531 Spring 2018 - Khanna

Unit
circle

z-plane

>

rul
EN
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Zeros of GLP System — Type I and 11

. @)
Unit

z-plane

Im
circle _\
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circle
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Z.eros of GLP System — Type 11

0 FIR GLP System Function

M 0
H(z) =) hIM —nlz™" = ) hlklz*z™"

n=() k=M

zMH ().

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type 11

0 FIR GLP System Function

M 0
H(@) =) hM—nlz""= ) hlklz*z™
n=() k=M

=z"MHz D).

Considerz=-1: H(-1)=(-1)""H(-1)

— for M odd, z=-1 must be a zero (Type II)

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type I and 11

Type I

Unit
circle

z-plane

O
Im
-\
j
O
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I
7

Re

Unit
circle

Type 11
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FIR GLP: Type I and II

r/ Center of [ A (€ Jo)
symmetry

1 II \
. 5
0 M M=4 n

2

Center of

r‘/ symmetry '\
CLLLIL <1

" 2&57
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Z.eros of GLP System — Type III and IV

0 FIR GLP System Function

M

H(z) =) hinlz™"
=()

Hiz) = -y "Muac.

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type III and IV

0 FIR GLP System Function

M
H(z) =) hinlz™"
=()

Hiz =—-z"MHE).
If z, is a zero then z, ™" is also a zero.

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLP System — Type III and IV

0 FIR GLP System Function
M

H(z) = Z hinlz "
n=()

Real system — zeros occur in conjugate-reciprocal groups of 4
(1 - rejgz“l)(l, - re‘jez_l)(l - r“lejaz"l)(l —r 171971y
a If zero 1s on unit circle (r=1)
(1-¢e/%7711 —e 19770y,
0 If zero is real and not on unit circle (6 =0)
Axrz Haxr127h.

Penn ESE 531 Spring 2018 - Khanna 64



Z.eros of GLLP System —

Type III and IV

Unit 0O Im

circle
o) o
/AR
Re
kj)

O

Penn ESE 531 Spring 2018 - Khanna

circle | z-plane

A

65



Z.eros of GLP System — Type III and IV

0 FIR GLP System Function

Hiz =—-z"MHE.

H()=-H(1) = z=1mustbe a zero
H(-1)=(-)™"H(-1)

— for M even, z=—1 must be a zero (Type III)

Penn ESE 531 Spring 2018 - Khanna
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Z.eros of GLLP System —

Type 111 and IV

Type III

circle

R

O
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Type IV

Unit T
circle | z-plane

AP
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FIR GLP: Type III and IV

Center of
1 «—" symmetry

Center of
1? e symmetry
J
IM=1
. 2 t —o -& ® . 4 <
0 |

f.
1 "
=1
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GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(z) = Hyin(2) Hue(2) Hmax (2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 531 Spring 2018 - Khanna
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GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
INto:

. O

H(z) =

()
LN
o
¢
D

0 A min phase s

on unit circle, :

el
(
o,

[
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Big Ideas

a Frequency Response of L'TT Systems
= Magnitude Response, Phase Response, Group Delay

a All Pass Systems

= Used for delay compensation

0 Minimum Phase Systems
= Can compensate for magnitude distortion

= Minimum energy-delay property

0 Generalized Linear Phase Systems
= Useful for design of causal FIR filters

Penn ESE 531 Spring 2018 — Khanna
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Midterm Exam

o Midterm — 3/13

= During class

= Starts at exactly 4:30pm, ends at exactly 5:50pm (80 minutes)
= Location DRLB A8

= Old exam posted on previous year’s website
= Covers Lec 1- 13
= Closed book, one page cheat sheet allowed

= Calculators allowed, no smart phones
s Review Session TBD (likely 3/12)
= Tania office hours moved to Monday (3/12)

Penn ESE 570 Spring 2018 — Khanna

72



Admin

a HW 6

s Out now
| Due Fﬂday
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