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Review, Generalized Linear Phase Systems
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Lecture Outline

oelsiese’s

0 Review: All Pass Systems
0 Review: Minimum Phase Systems

o General Linear Phase Systems

All-Pass Systems

&Penn
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: All-Pass Filters
o A system is an all-pass system if
‘H(ej“’)’ =1, allw
a Its phase response (@) may be non-trivial
M, _ Me . _ -
r ozl —dp @l —e)a - e
Hap@ = A1 15 YA —az (1 —efz7h)
k=1 ke k=t ke A T4
o d,=real pole, e,=complex poles paired w/
conjugate, "
Penn ESE 531 Spring 2018 - Khanna 4

General All-Pass Filter

eelsieeels

a d,=real pole, e,=complex poles paired w/
conjugate, e,

g @ - - )
—diz7t [ (1 —ez (1 —¢fz7h)

M,
Hp@=A|] =
ap(2) g]

0 Example: 3 o
k 4 x
- Jjal4
e, =0.8e
Real zero/pole x
Complex zeros/poles o
Penn ESE 531 Spring 2018 - Khanna 5

All-Pass Properties

eelsieeels

o Claim: For a stable, causal (» < 1) all-pass system:
. arg[Hap(ci “)]=0
= Unwrapped phase always non-positive and decreasing
= grd[H,,(@)]>0

= Group delay always positive

Pg 309 in text book

= Intuition
= delay is positive = system is causal

= Phase negative = phase lag
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Minimum-Phase Systems

& Penn

seseees

Min-Phase Decomposition Example

Penn ESE 531 Spring 2018 - Khanna

-1
H(z)=123% H(2)
1
1-—z
12 3
z’l—1
o Set H,(2)= 31
1--z~ Hunin(Z
3 Hap(z) WH( )
12
1 3%
1—52 13 3
Ho(2)=-3
1-—z7"
2

Minimum-Phase Systems

oelsiese’s

0 Definition: A stable and causal system H(z) (i.c.
poles inside unit circle) whose inverse 1/H(z) is also
stable and causal (i.e. zeros inside unit circle)

» All poles and zeros inside unit circle

H(z) 1/H(2)

Penn ESE 531 Spring 2018 - Khanna
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Min-Phase Decomposition Purpose

o Have some distortion that we want to compensate
for: G(2)

Distorting

] system mm— system

st | @[] H@ [ s
1 1

0 If Hy(2) is min phase, easy:
= H (2)=1/Hy(z) € also stable and causal

0 Else, decompose Hy(2)=Hy 1in(2) Hy,,(2)
= H(2)=1/Hypn(2) PHyAH#)=Hy ,(2)

= Compensate for magnitude distortion

Penn ESE 531 Spring 2018 - Khanna
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eelsieeels

Minimum Energy-Delay Property

Penn ESE 531 Spring 2018 - Khanna

Minimum Energy-Delay Property

eelsieeels

Min phase "$% =
x All Pass ®
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Minimum Energy-Delay Property

oelsiese’s

Max phase Ut
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oelsiese’s

Minimum Energy-Delay Property

Min phase Uitdg o Max phase Ut
o

—
o
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Minimum Energy-Delay Property

seseees

seseees

Minimum Energy-Delay Property

Min phase Ut o Max phase Unt¥g
]
) e
o ]
o
Unltd@ Unllw °
o B
o e »
] o
Penn ESE 531 Spring 2018 - Khanna
¢ Energy Delay Property
0 All pass properties
] arg[HaP(elw)]S()
= grd[H, (d)]>0
3 arglH,,, ()] =arg[H (¢ “)*H,,(e1®)]
=arg[H,, ()] + arg[H, ()]
= <0 + <0
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i o g
Min phase Uit o Max phase Ut
o
—_— —_—
o 2 ‘
o o
o
o wm N
Unit gy UnitGgdg
o
—= — =
N ‘
o o
o
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¢ Energy Delay Property

a All pass properties
] arg[Hap(ciw)]SO
= grd[H,(c19)]>0

3 grd[H,, (@9)]=grd[H,,,(¢)*H, (¢ )]

=grd[H,;,(@*)] + grd[H, ()]
= =0 o+ >0
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Minimum Energy-Delay Property

oelsiese’s

Min phase Max phase
339 falr] 3.39 nlr)
289 289
1.56 1.56
{ P o 1
B R S R N S S R .
(a)y (®)
350 heln] 350 haln)
I\M 100 100 126
T ER S S S 5 % o 1 2 3 s+ 5 &
(©) )
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Generalized Linear Phase Systems

Penn ESE 531 Spring 2018 - Khanna

& Penn

Generalized Linear Phase

seseees

0 An LTI system has generalized linear phase if
frequency response H (€’®) can be expressed as:

|H(ej"’) = Aw)e P, |a|<x |

0 Where A(W) is a real function.

Penn ESE 531 Spring 2018 - Khanna

seseees

Generalized Linear Phase

o An LTI system has generalized linear phase if
frequency response H(e™) can be expressed as:

|H(ej“’) = Aw)e P, |a|<x |

0 Where A(W) is a real function.

a What is the group delay?

Penn ESE 531 Spring 2018 - Khanna 2

Causal FIR Systems

eelsieeels

yn]l= byx[n] + bx[n—1] +...+ byx[n—M], alln

M
H(z)=by+bz " +..+b,z " = [ [U-¢,z™)

k=1

b,, n=0,1,..M

hn]=
0, otherwise

Penn ESE 531 Spring 2018 - Khanna
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Causal FIR Systems

0 Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

o It can be shown if

hm:{glM—n], O<n=<M,

otherwise,

0 then

H(el®) = A (el®)e oM

Penn ESE 531 Spring 2018 - Khanna 24




Example: Moving Average

oelsiese’s

0 Moving Average Filter
= Causal: M;=0, M,=M

x[n-M]+...+x[n]

nl=
o] M +1
Impulse
response
Penn ESE 531 Spring 2018 - Khanna 25

Example: Moving Average

oelsiese’s

a Moving Average Filter
= Causal: M,=0, M,=M
yin]

=x[n—M]+...+x[n]
M +1

Impulse
response

w[n] ‘“window”

Scaled &Time
Shifted window

Penn ESE 531 Spring 2018 - Khanna
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Example: Moving Average

seseees

sin((N+l/2)a))

sin(w/2)

wln]<W(e'")=

emoM/2 sin((M/2+1/2))
sin (a)/Z)

Penn ESE 531 Spring 2018 - Khanna 27

1
— -M/2]l<>W(")=
M+1W[n /] ) M+1

Example: Moving Average

seseees

1 L ()] ZH (')
kJ i J\
-7 T —T T

Penn ESE 531 Spring 2018 - Khanna
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Causal FIR Systems

eelsieeels

o Causal FIR systems have generalized linear phase if
they have impulse response length (M+1)

o It can be shown if

hmz{gw—n], O<n<M,

otherwise,
0 Then

H(el®) = Ao(el®)e 1M,
0 Sufficient conditions to guarantee GLP, not

necessary
= Causal IIR can also have GLP

Penn ESE 531 Spring 2018 - Khanna 29

FIR GLP: Type

eelsieeels

Type 1 Even Symmetry, M even

hn]=hM —n], n=0,1,...M

| Center of
" symmetry
|
0 M M=4 n

2

Penn ESE 531 Spring 2018 - Khanna
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{ FIR GLP: Type I

Type I Even Symmetry, M even

n=0,1,...

M | Cenerot
) [+ symmetry

ERANI

hWn]=hM —n],

M .
Then H(e'®)= Zh[n]e*/am = Aw) e—ij/?
n=0 Real, Even " integer delay

31
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: FIR GLP: Type I

Type I Even Symmetry, M even

u .
Then H(ef”’):zh[n]eﬁfwn = A(w) eJoMn
2

n=0 Real, Even " integer delay

Penn ESE 531 Spring 2018 - Khanna

M= MM =), n=0l.,M
LT
. M . X
Then H(e’”)= Zh[n]e’lw" = A(w) e joM 2
n=0 Real, Even " integer delay
My
H(e/®) = ¢71M/2 | 3™ a[k] cos wk
k=0
al0] = h[M/2],
Penn ESE 531 Spring 2018 - Khanna alk] =2h[(M/2) —k].  k=1,2,....M/2. 33
¢ FIR GLP: Type 11
TypeIll Even Symmetry, M odd
hn]=hM —n], n=0,1,..M .

35

{ FIR GLP: Type I — Example, M=4

Type 1 Even Symmetry, M even

hn]=hM —n], n=0,1,...M

M
Then H(e™)= hnle ™ = A(w) oM
n=0 R;:E:En " integer delay
H(e’)=h[0]+ h[1]e 7@ + h[2]e 72® + h[3]e > + h[4]e/*®
= e [ H0Je’ + H1Je + 21+ Allle 7 + W0Je > |
=[2h[0]cos(2w) + 2h[1]cos(w) + A[2]] e />
A(w) (even)

Penn ESE 531 Spring 2018 - Khanna 3
{ FIR GLP: Type II
Typell Even Symmetry, M odd
An]=hM —n], n=0,1,.,M
\ Center of
r/ symmetry
1 |
|
[TLTT]
0 M M=5 n
2
34
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! FIR GLP: Type 11 — Example, M=3

Typell Even Symmetry, M odd

M N
Then H(e’”)= Zh[n]e’ﬂ”" = A(w) e joM 2
=0 Real,Even " integer delay

H(e’”) = h[0]+ H[1]e® + h[2]e >® + h[3]e >

H(e’”)=[2h[0]cos(3w / 2) + 2h[1]cos(w / 2)] & >
A(w)

Penn ESE 531 Spring 2018 - Khanna




oelsiese’s

FIR GLP: Type 11

TypeIl Even Symmetry, M odd

Center of

|
Sy
! !
!
:
oy _ i joM /2
Then H(e™)=Y h[nle /" = A(w) e /"
n=0 Real, Even " integer delay
(M+1)/2
H(ei®) = emeMP LY bk cos[w (k- )]
k=1
bIKI=2h[(M +1)/2 =K. k=1,2,...,(M+1)/2.
Penn ESE 531 Spring 2018 - Khanna 37

oelsiese’s

FIR GLP: Type I and 11

seseees

FIR GLP: Type I and 11

| Centerof ard

T Pes

jor _ —joM2 (M+1)/2 .
H(e®) = ¢ > b[k]cos[w(k ,,)]
k=1

M2
H(e/®) = e~ JoM/2 Za[k] cos wk

15

| Center of
" symmetry
1
1 s
1
I alss,
0 M M=5 n g

2 2er,
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| Center of
" symmetry
11111 (ltf
o
0 M M=4 n
2
| Center of
[+ symmetry
I
111 N
i ol
0 % M=5 n zﬂ_g
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¢ FIR GLP: Type 111

TypeIII Odd Symmetry, M even

Wnl=-h[M —n], n=0,1,.,.M  (note h[M /2]=0)

Center of

,o/ symmetry

|
L M=2
1
i
|
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FIR GLP: Type III

eelsieeels

TypeIIl Odd Symmetry, M even

Hn]=-hM —n], n=0,1,...M  (note LM /2]=0)

Center of
19— symmetry
|
L M=2

o 1 n
i
-1

M . .
H(e/m) _ zh[n]e—/am _ A(W) e—jwM/2+jlr/2
n=0 Real,0dd

Penn ESE 531 Spring 2018 - Khanna 41

eelsieeels

FIR GLP: Type 111 — Example, M=4

TypeIll Odd Symmetry, M even

h[n]=—hM —n], n=0,1,...,M  (note h[M /2]=0)

H(ejm) _ fh[n]e—jmn — ﬂ’@ e—ja)M/2+j7r/2
=0 Real,Odd
H(e’)=h[0]+ h[1]e 7 + h[2]e 7> + h[31e > + h{4]e7**
e/ [h[OJeﬂm +H[1]e’® - H[1]e™® - h[O]e’jZ”’]
=[2h[0]sin(2@) + 2A[1]sin(w)] je />
A(®) (odd)
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FIR GLP: Type III

oelsiese’s

TypelIll Odd Symmetry, M even

h[nl=-hM —n], n=01,.,M  (note h{M/2]=0)

M . .
H(e]w) — zh[n]e—ja)n _ A(W) e*ja)M/2+j7[/2
n=0 Real,0dd

M2
H(’?) =je‘j“’M'/Z Zc[k]sinwk

k=1

clk] =2h[(M/2) — k],  k=1,2,....M/2.
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FIR GLP: Type IV

oelsiese’s

Type IV Odd Symmetry, M Odd

Wnl=—-hM —-n], n=0,1,...M (M /2 not an integer)
Center of

1 ILA/symmetry

I IM=1

OIJ n
-1

Penn ESE 531 Spring 2018 - Khanna 44

FIR GLP: Type IV

seseees

TypeIV Odd Symmetry, M Odd

An)=-hM —n], n=0,1,..,.M (M /2 not an integer)

Center of

1¢ L symmetry
I
IM=1

o1 [ n
Bl

M . .
H(e/m):zh[n]eqmn _ A(W) e*jwM/?2\+j7[/2 ]
- ~ fractional delay
n=0 Real,0dd
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FIR GLP: Type IV — Example, M=3

seseees

Type IV Odd Symmetry, M Odd
hn]=—hM —n], n=0,1..,M (M /2 notan integer)
M . .
H(ej"’) — Zh[n]e*jwn = A(w) g JoM 2+ jx/2
n=0

" fractional delay
Real,Odd

H(e/”)=[2h[01sin(3w/ 2) + 2H[1]sin(w/ 2)] je 7>
A(@)
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FIR GLP: Type IV

eelsieeels

Type IV Odd Symmetry, M Odd

Wnl=-hM -n], n=0,1,...M (M /2 not an integer)

Center of

1t " symmetry
|
IM=1

ol I n
-1

M . .
H(ejw) — zh[n]e—jwn — A(W) efjwM<2+]n/2 )
- —— ~ fractional delay
n=0 Real,0dd

- (M+1)/2 } B
H(e!?) = je Z d[k] sin [(u(k 2)]
k=1

dikl=2h[(M +1)/2 kI,  k=1,2,...,(M+1)/2.
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FIR GLP: Type 111 and IV

eelsieeels

Center of

1 " symmetry
|
| M=2
|
o l " m
! -1

Center of

1 I i« symmetry
0
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: FIR GLP: Type . . up
: P H(e/®) = je 7M1 3™ clk] sin wk
k=1
Center of
1] /symmetry
|
L M=2
o l " T
: -1
Center of
II Iu/symmelry
IM=1
[ l n T
-1 (M+1)72
HE®) = je /M2 |3 dksin[w (k- 3)]
k=1

Penn ESE 531 Spring 2018 - Khanna
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Zeros of GLP System — Type I and 11

oelsiese’s

a FIR GLP System Function

M
H(@z) =) hinlz™"
=0

Penn ESE 531 Spring 2018 - Khanna 50

Zeros of GLP System — Type I and 11

seseees

o FIR GLP System Function

M
H@) =Y hinlz™"
=0

M 0
H@) =) hIM —nlz™" =) hikl*z™™
n=0 k=M

=zMHAZ).

If z, is a zero then z,™" is also a zero.

Penn ESE 531 Spring 2018 - Khanna

Zeros of GLP System — Type I and 11

seseees

o FIR GLP System Function
M
H@) =Y hlnlz™"
=0

If z, is a zero then z,™' is also a zero.
o If hin] is real,

. * .
Ifz, is a zero then z, ~ is also a zero.
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Zeros of GLP System — Type I and 11

eelsieeels

0 FIR GLP System Function
M

H@) =) hinlz™"
=0

Real system — zeros occur in conjugate-reciprocal groups of 4

A =ref®2 Y1 = re 07701 = r ez (1 = r e

Penn ESE 531 Spring 2018 - Khanna

Zeros of GLP System — Type I and 11

eelsieeels

o FIR GLP System Function
M
H@) =) hinlz™"
n=0

Real system — zeros occur in conjugate-reciprocal groups of 4
a- rejaz_l)(l - reﬁjaz_l)(l — r’lejez_])(l - r'le"j‘)z_l)
a If zero is on unit circle (r=1)
(1- ejez_l)(l - e_jgz_l).
o If zero is real and not on unit circle (6 =0)
A £rzHA£r7h.
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Zeros of GLP System — Type I and 11

oelsiese’s

: [} .
Unit Im z-plane Unit Im z-plane

Penn ESE 531 Spring 2018 - Khanna
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oelsiese’s

Zeros of GLP System — Type I and 11

l_J"“ z-plane l_J"i' Im z-plane
circle circle
Re
0.
Penn ESE 531 Spring 2018 - Khanna 56
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Zeros of GLP System — Type I and 11

Unit Im 2z-plane Unit
circle circle

Penn ESE 531 Spring 2018 - Khanna
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Zeros of GLP System — Type 11

o FIR GLP System Function

M 0
H@ =) kM —nlz™" =) hiklz*z™
=0 k=M

=z"MH().
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Zeros of GLP System — Type 11

0 FIR GLP System Function

M 0
H(z) =) hIM —nlz™" = ) hlklz*z™

n=0 k=M
=z"MHET).

Considerz=-1: H(-1)=(-1)" H(-1)

= for M odd, z=-1 mustbea zero (Type H)‘

Penn ESE 531 Spring 2018 - Khanna
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Zeros of GLP System — Type I and 11

Typel Type I

Unit Im z-plane Unit Im z-plane
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FIR GLP: Type I and 11

) Center of }L){f’"")
" symmetry
11111 flv‘
T
0 M M=4 n
2
| Center of
<+ symmetry

111

L "y
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Zeros of GLP System — Type 111 and IV

oelsiese’s

a FIR GLP System Function

M
H(@z) =) hinlz™"
=0

H@ S MHE™).
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Zeros of GLP System — Type 111 and IV

o FIR GLP System Function

M
H@) =Y hinlz™"
=0

H@ =—-zMHE.

If z, is a zero then z,™" is also a zero.
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Zeros of GLP System — Type I1I and IV

seseees

o FIR GLP System Function
M
H@) =Y hinlz™"
n=0

Real system — zeros occur in conjugate-reciprocal groups of 4
1 -—rejez”)(l — re_jez_l)(l — r“lej'gz_l)(l - r_le_joz_])
o If zero is on unit circle (r=1)
(1—ePz7 (1 —e 27,
o If zero is real and not on unit circle (6 =0)
A +rzHa £ 127N,
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Zeros of GLP System — Type 111 and IV

eelsieeels
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Zeros of GLP System — Type 111 and IV

eelsieeels

o FIR GLP System Function

H(z) =—zMHC.

H(1)=-H(l) = z=1mustbe a zero
H(-1)=(-D)™"H(-1)

|3 for M even, z=—1 must be a zero (Type III)|
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Zeros of GLP System — Type 111 and IV

Type 111

Type IV

Penn ESE 531 Spring 2018 - Khanna
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FIR GLP: Type IlII and IV

Center of

1 ] ,4/ symmetry

L M=2

Center of

1 I " symmetry
0
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GLP and Min Phase Systems

0 Any FIR linear-phase system can be decomposed
into:

H(2) = Hpin(2) Hue(2) Hmax(2)

0 A min phase system, system containing only zeros
on unit circle, and max phase system

Penn ESE 531 Spring 2018 - Khanna
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GLP and Min Phase Systems

o Any FIR linear-phase system can be decomposed
into:

. o
H(z) =
4
o
0 A min phase s' /
on unit circle, o~
o
N\,
@)
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Big Ideas

eelsieeels

0 Frequency Response of LTI Systems
= Magnitude Response, Phase Response, Group Delay
o All Pass Systems
= Used for delay compensation
0 Minimum Phase Systems
= Can compensate for magnitude distortion
= Minimum energy-delay property
o Generalized Linear Phase Systems
= Useful for design of causal FIR filters
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Midterm Exam

eelsieeels

o Midterm — 3/13

During class

= Starts at exactly 4:30pm, ends at exactly 5:50pm (80 minutes)
Location DRLB A8
Old exam posted on previous year’s website
Covers Lec 1- 13
Closed book, one page cheat sheet allowed

Calculators allowed, no smart phones
Review Session TBD (likely 3/12)
Tania office hours moved to Monday (3/12)
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Admin

oelsiese’s

o HW 6

= Out now
= Due Friday
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